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Abstract. Nowadays there is a tendency towards the
replacement of small direct current motors with
electromagnetic excitation by permanent magnet direct
current (PMDC) motors. Application of field methods
for simulation of PMDC motor complicates its
mathematical model and requires considerable amount of
time for the processing of the results obtained. The
purpose of the paper is development of a mathematical
model of PMDC motor on the basis of theory of electric
and magnetic circuits. The mathematical mode of
PMDC motor has been developed on the basis of the
ramified equivalent circuit of the motor magnetic core
featured by high level of magnetic core detailing. In the
paper, the procedure for the equivalent circuit
development and the method used for determination of
its elements are described. The equations of magnetic,
electric, and mechanical equilibrium of PMDC motor
have been obtained. The mathematical model enables us
to calculate transients and steady state characteristics of
a PMDC moator with sufficient accuracy.
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1. Introduction

Owing to the absence of excitation losses, PMDC
motors have a higher output-input ratio and |ess mass per
unit of power versus DC motors with eectromagnetic
excitation. Today there is a tendency towards replacing
small electrically-exited DC motors with PMDC motors.

PMDC motor is widely used in such fields of
industry as

a) dectrical appliances and portable e ectric tools;

b) automobile industry (drive electric motors of
automobile ventilators, automobile starters);

¢) computer disc drives.

There is a wide variety of the congtructions of PMDC
motors. The widespread one is a sndl motor with a
paralle epiped-shaped permanent magnet that is magnetized
redially (Fig. 1). This magnetic sysem is obtained by
subgtituting of motor’ s excitation winding by the permanent
magnets 1 attached to the ferromagnetic yoke of the sator 2
through which the magnetic flux flows. The armature
winding 4 islocated at the armature 3.

The procedure of optimum geometry selection for a
brushless direct current (BLDC) motor on the basis of
finite-element method was considered in [1]. Such motor
consists of a slotless stator and a magnetized cylindrical
rotor positioned in a uniform air gap. The methods of
forming the magnetic systems created by varying
magnetization vectors of adjacent magnets were shown
in [2]. In [3], agorithms for computationa analysis of
BLDC motor with the magnetic systems described in [2]
were developed on the basis of finite-element method. In
[4], a simplified linear physical model of PMDC motor
was considered. The obtained analytical equations
enable us to calculate the overall dimensions of PMDC
motor. In [5], there were given technical characteristics
which determine the magnetic flux magnitude in PMDC
motor with permanent magnets of different size after
attenuation of overload currents effect. Their compu-
tation was performed using two- and three-dimensional
models developed by combination of field and circuit
methods. As one can see, methods based on the
calculation of magnetic field [1-3, 5] are the most exact
and quite labour-intensive ones. The application of the
simplified models [4] enables obtaining equations which
can be used for approximate engineering cal culations.

Fig. 1. PMDC motor with radial magnets.
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While designing new PMDC motors it is often
expedient to use armature plates, permanent magnets and
stator yokes of existent PMDC motors or armature plates
of DC motors with eectromagnetic excitation. In this
case, the process of design comes to the series of
verification calculations. Using the field methods for
those calculations results in the complication of
mathematical models and considerable amount of time
spent on the processing of the results obtained. Let us
mention that PMDC motors are micromotors whose
output characteristics are substantidly influenced by
various technological deviations (deviation of air gap
size, properties of magnet materias, fringe effects and
others). It can be logically assumed, that the influence of
the totality of the noted technological deviations on the
results of calculations makes the surplus complication of
PMDC motor mathematical models needless.

Hereupon it is necessary to create an engineering
mathematical model of PMDC motor with such features:

a) sufficient appropriateness, that is taking into
account basic processes in PMDC motor on the
condition of neglecting secondary phenomena (eg.
commutation effects);

b) usability for practical design of PMDC motor.

The mathematical model of a shaded-pole induction
(SPI) motor developed in [6] is based on representing the
magnetic core by an equivalent circuit. This mode
enables us to calculate transients and steady-states of the
SPI motor quite adequately.

In our opinion, the anaysis of processes and
calculation of technica characteristic of the PMDC
motor can be conducted on the basis of theory of eectric
and magnetic circuits [6] with accuracy sufficient for
engineering practice.

The purpose of the paper is the development of a
mathematical model of PMDC motor on the basis of
theory of eectric and magnetic circuits.

2. Mathematical model of PM DC motor

The mathematical model of PMDC motor has been
developed on the basis of the ramified equivalent circuit
of the motor magnetic core featured by high level of
magnetic core detailing.

Let us make the following assumptions for the
mathematical model of PMDC motor to be devel oped:

a) themain magnetic fidd of the motor isplane-pardld;

b) the crosscoupling between the leskage flux of the
armature winding and themain magnetic flux isneglectable;

c) the armature winding is represented by an
infinitely thin layer of its current, evenly distributed on
the surface of the dotless armature;

d) calculation of magnetization characterigtics for
different areas of the magnetic circuit of PMDC motor is
carried out on the basis of the basic magnetization curve;

€) the tooth zone of the armature is represented by
an equivalent homogeneous layer whose magnetization
characteristic in the radia direction is the same as the
characteristic of thereal tooth zone;

f) the permanent magnet is represented by a lumped
magnetomotive force (MMF) which is given by the
curve Fy =Fy [&u ]

0) brushes are placed at the geometrical neutral axis;
the direct-axis armature reaction is absent;

h) armature reaction to commutation is absent.

For the analysis of the magnetic circuit of the PMDC
motor an equivaent circuit with lumped parameters
Fig. 2) is used. For convenience, the magnetic core of
the PMDC motor is divided into separate areas where the
field is considered to be homogeneous. The areas of
magnetic core made of electric sted as well as the
armature tooth zone are represented by nonlinear
magnetic resistances (MR) given by the characteristics
of F[@] as the dependences of magnetic voltage drop

on magnetic flux. The areas of the air gap are repre-
sented by linear MR,

Within the limits of the pole pitch the armature with
the air gap is divided by radial planes into s uniform
areas. m areas out of those s areas correspond to the part
of the armature located under the magnet, and n of them
correspond to the part of the armature located in the
space between magnets.

The area of the armature under the magnet, the air-
gap and the tooth zone of the armature are represented in
the equivalent circuit by a branch, where linear MR Ry,

MMF of the armature T and nonlinear MR R, are con-
nected in series. Nonlinear MR Ry is described by the
curve Fy [@4], where Fyis magnetic voltage drop in
the tooth zone and @4 is magnetic flux in the air gap

adjacent to this area. In the equivalent circuit, the areas
of the armature between poles which are adjacent to the
areas of the armature under the magnet are represented
by a branch with linear MR Rys , MMF of the armature

T and nonlinear MR R, connected in series. The linear
MR Rys corresponds to the magnetic flux @y (Fig. 1)
that flows from the latera side of the magnet to the
armature. Other areas of the armature between poles are
represented in the equivalent circuit by a branch
consisting of MMF of the armature T and MR Ry
connected in series. Between those radial branches of the
armature there are nonlinear MR R, given by the curves

Fa[®,], where F, and @, are magnetic voltage drop

and magnetic flux of the armature yoke in this area. In
the circuit shown in Fig. 2 we have m = 3; n = 3. The



Mathematical Model of Permanent Magnet Direct Current Motor 35

permanent magnet is represented by the lumped MMF
described by the curve of demagnetization

Fm =Fum [@u]. Aress of the stator yoke contacting

with the magnet surface are represented by nonlinear
MR Ry, Ry, Ry, Rg, what are described by the

curve Fg[®g|, where Fg and &g are magnetic voltage

drop and magnetic flux of the stator yoke in this area.
Areas of the stator yoke located beyond the zone
contacting with the magnet surface are represented by
nonlinear MR Ry, Ry, described by the curve

Fig. 2. Equivalent circuit of magnetic core of PMDC motor with radial magnets.

Fa[®q], where Fg and @y are magnetic voltage

drop and magnetic flux of the stator yoke in this area.
Linear magnetic leakage resistances Ry 1, R 2. Ry 3,
R 54 correspond to the magnetic leakage flux @
(Fig. 1) between the magnet and the internal surface of
the stator yoke.

MMF T of the i-th area of the armature (Fig. 2)
depends on the currents of the armature, its winding
specification and the location of the area in relation to
the direct axisd

T, =Tw (20/t); Ty = (N/4p) (ix/2a) (1ab)
where g; stands for the angle that determines the
position of the center line of the i-th area of the
armature in relation to the axis d; t is a pole pitch;
iz is current in the armature circuit; N and 2a are a
number of armature conductors and a number of
parallel branches of the armature winding; p is a
number of pole pairs.

The equation of the dectric state of the PMDC
motor is presented as follows

u:dYa

+iara ()

where u is voltage of the motor; Y 5 istotal armature

flux linkage; r, isresistance of the armature winding.
Total armature flux linkage Y , is presented as a

sum of leakage flux linkage Y ¢ and main flux linkage

Yd

Ya:Ys+Yd; Ys:Lsia; (3a1b)
N | t/2 d

= — A 3c

Yd=o _t(?ZBg g (30)

where g is leskage inductance of the armature; | is
the length of the magnetic core; By is flux density in
thei-th area of the armature.

The system of equations of the magnetic equilibrium
describing the equivalent circuit of the magnetic core of
the PMDC motor (Fig. 2) can be presented as follows

W T -G E®) =0, (4)
where W is a matrix of a number of coils;, G isa matrix
of connections in the magnetic circuit; F, O are
vectors of magnetic voltage drops and magnetic fluxes.

Having solved the system (5) using one of numeral

methods, we obtain the values of flux density and flux
itself on all areas of the magnetic core of the PMDC
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motor. On the basis of these values we obtain the total
armatureflux linkage Y , .

The equation of moments of the PMDC motor is
presented asfollows

M- M, - J%—\;V:O; M=Cy ia @4, (5

where M istorgue; M, isloading moment; J is inertia
moment at the motor shaft, w is motor speed; Cy; is
torque congtant; @ ismain flux linkage of the armature:

3. Conclusions

The mathematical model of PMDC motor has been
developed on the basis of representation of the motor
magnetic core by the ramified equivalent circuit. Input
values of the modd are ingantaneous values of the
armature current; applying the model, we obtain on their
basis flux magnitudesin all areas of the magnetic core as
wel as linkage magnitudes of the armature winding.
Moreover, the obtained data allow us to compute
transents and steady-state characteristics of PMDC
motor with accuracy sufficient for engineering practice.
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MATEMATHYHA MOJEJIb
KOJIEKTOPHOI'O JIBUT'YHA
MOCTIMHOI'O CTPYMY 31
3BYJI)KEHHSIM Bl HOCTIMHUX
MATHITIB

Bacuab Mansp, Irop I'aBabo

CporonHi iCHye TEHICHINSI 3aMiHM MIKPOIBHIYHIB IIOC-
TIHHOrO CTPYMy 3 €JIEKTPOMAarHiTHUM 30y/UKCHHSM Ha JIBHU-
IYHH IIOCTIHHOrO CTpyMy 3i 30yMKEHHSIM BiJl MOCTiHHHX
marnitis (JIIC IIM). Bukopucranns s pospaxyHki JIIC
IIM 1nonboBHX METOHIB IPU3BOAMTH 1O  HAJMIPHOTO
YCKJIQJIHEHHS] MaTeMaTHYHUX MOJIeJIeH Ta 3HAYHUX 3aTpaT 4acy
Ha OOpoOKy OTpUMaHHX pe3yabTaTiB. MeTol crarTi €
po3pobiiennst matematndaHoi moxeni JIIC IIM Ha ocHOBi
Teopii eNIeKTPUYHUX Ta MArHITHUX Kul. MaremaTrnuHa Mozelb
JIIC TIM noOymoBaHa Ha OCHOBI PO3Tay)KEHOI 3acTYIHOL
CXEMH MAarHiTHOrO KOJIa MAIlMHH 3 BHCOKMM DiBHEM
Jieranisanii Marsironposoay. OnucaHo HOCIiTOBHICTh Po3po0-
JICHHSI 3aCTYITHOI CXeMH, METOJMKY BU3HAYCHHS ii €JIEeMEeHTIB.
IpencraBneno cucreMy piBHSHb €IEKTPUYHOI, MarHiTHOi Ta
mexaniunoi piBoBaru [IIC IIM. Po3pobieHa maremarnyHa
MOZENb Ja€ 3MOTYy pO3paxyBaTH IIE€peXiJHi NpOIeCH Ta
crarmyni  xapakrepuctuku JIIC TIM 3 pocraTHbOIO st
IHXKEHEepHOI PaKTHKU TOYHICTIO.
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