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Abstract

The results of experimental and theoretical investigation of dynamic and static characteristics of a thermal object
(electric oven) as a controlled plant are presented in the paper. The up-to-date microprocessor instruments were
applied during the investigation. The experimental study of the plant was made by obtaining the step response curves
for the controlling action channel and for the disturbance channel. Fifteen step response curves were recorded during
the study. These curves were applied for development of the mathematical model of the plant in the form of static
characteristics equations, transfer functions and differential equations. The structure of the model was chosen. The
numerical values of the model parameters were calculated. The adequacy of the model was verified. The relative
errors of the calculated values of the static characteristics points do not exceed 5 %. The maximum reduced error of
the simulated step response curve in comparison to the experimental curve is 7% for the proposed combined method
of defining the time constants. The developed model was implemented in a programmable logic controller in order to
provide the possibility of studying the automatic control loop with various control laws.
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1. Introduction

Development of a mathematical model is an important step on the way of a controlled plant investigation. The
model provides the possibility of studying the behavior of the plant at disturbances of various types and of various
values through modeling without making the additional experiments. The mathematical model enables also the
structure of an automatic controller to be designed and the tuning parameters of the controller to be calculated in
order to provide the needed quality of the transient processes in the closed loop control system. That is why the
problem of mathematical model development for a controlled plant is an important one.

The mathematical model of a controlled plant can be developed by means of the following two ways [1,2]:
- theoretical way (development of the differential equations on the basis of mass and energy conservation laws);

- experimental way (development of the model on the basis of the registered transient processes for the known
input disturbances).

The aim of this work is to develop a mathematical model of a controlled plant on the basis of the obtained
experimental data and to implement the developed model in a programmable logic controller (PLC). A thermal object
(i.e. electric oven) was chosen to be a controlled plant.

2. Experimental study

The experimental facility (see Fig. 1) consisted of a laboratory electric oven (SUOL-0,15.2/12M), air blower
(VK-2) for blowing the air through the oven. A resistance thermometer (Pt100 of Techprylad Company) was installed
inside the oven and connected (according to a three-wire diagram) to a programmable logic controller MIK-51H of
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Microl company. The output signal of the thermometer was recorded by means of a personal computer with
application of specialized software for data logging (MIK-registrator 1.1.14). A variable autotransformer (PHO-250-
2) was used to change the electric power at the input of the oven. The secondary connection of the transformer was
rotated by means of an electric actuator with a position meter (KDU-1). A position indicator (DUP-K) was used for
defining the position of the electric actuator.
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Fig.1. Experimental facility diagram: 1 — electric oven; 2 — variable autotransformer (VATR); 3 — butterfly valve; 4 — air blower
with an electric motor; 5 — resistance thermometer; 6 — programmable logic controller; 7 — voltmeter; 8 — electric actuator;
9 — amplifier; 10 — manual control station; 11 — actuator position meter; 12 — actuator position indicator.

There are two input variables and one output variable in the controlled plant under investigation. The output
variable is the temperature (6) measured by means of the resistance thermometer. One of the input variables is the
position of the secondary connection of the variable autotransformer (iy,7z) being applied for changing the electric
power at the input of the electric oven. This variable served as a controlling action for the plant. Another input
variable is the position of the butterfly valve on the line of air input to the oven (W,4.) for changing the air flow rate.
This variable served as a disturbance for the controlled plant. The diagram of the controlled plant variables relations
is presented in Fig. 2.

Fig.2. Diagram of the controlled plant variables relations: x — first input variable (W7, controlling action),
z — second input variable (fL,,., disturbance), y — output variable (8).

Fifteen step response curves were registered during the experimental investigation. Thirteen of them were
registered for the controlling action channel (by changing the position of VATR secondary connection). Two of the
step response curves were registered for the disturbance channel (by changing the butterfly valve position).

Ten step response curves for the controlling action channel were registered during the first experiment. The
position of VATR secondary connection was being changed in the range from 5 % to 100 % with the step of 20 %
through the upward and downward change in the position. The position of VATR secondary connection (py,7z) and
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its output voltage (U) were registered for each equilibrium state of the plant. The registered points of the transient
processes were transferred to MATLAB software where the curves of the transient processes were built (see Fig. 3).
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Fig.3. Step response curves for the controlling action channel (first experiment).

Five step response curves were registered during the second experiment. Three of them were registered for the
controlling action channel (curves 1, 2, 3 in Fig. 4). And two of the step response curves were registered for the
disturbance channel (curves 4 and 5 in Fig. 4).
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Fig.4. Step response curves for the controlling action channel and for the disturbance channel (second experiment).

It can be seen from the obtained experimental data that increase in the position of the VATR secondary
connection leads to electric oven temperature raising (heating) and vice versa decrease in i,z leads to cooling of the
oven. By changing the position of the butterfly valve in the direction of closing the electric oven temperature becomes
higher (see curve 4 in Fig. 4) and opening of the valve leads to cooling of the oven (curve 5 in Fig. 4).
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3. Development of the mathematical model

The obtained experimental data are the basis for development of the controlled plant mathematical model. The
model consists of the following two parts: static model and dynamical model. The static model was developed in the
form of static characteristics equations for the controlling action channel and for the disturbance channel. The
dynamical model was developed in the form of transfer functions and differential equations for the controlling action
channel and for the disturbance channel.

3.1. Static model of the controlled plant

The static characteristics equation describes the dependence of the output variable of the controlled plant on the
input variable in the equilibrium state [3]. The static characteristics equations for the controlled plant under
investigation were developed by means of approximating the experimental points of the controlled plant output
variable in equilibrium states by linear equations. For this purpose polyfit function of MATLAB software was applied
[4]. This function provides polynomial curve fitting.

As a result of approximation of the experimental points the following static characteristics equation was obtained
for the controlling action channel:

0 =0.5446 - Wyarr + 32.5359. (1)
The following static characteristics equation was obtained for the disturbance channel:
0 =-0.2320 - p,ane t+ 68.7000. 2)

The absolute and relative errors of the calculated values of static characteristics are presented in Table 1 and
Table 2. The following notations are made in these tables: A is the absolute error of the calculated values with relation
to the experimental points (8.uc — Bewperim); O is the relative error of the calculated values with relation to the
experimental points (Ocue — Oeperim)/ Oexperim™ 100%.

Table 1. Comparison of calculated and experimental values of static characteristics points for the controlling action channel

WrATR, % eaperim, °C | ecalc, °C | A, °C 8, %
First experiment (Wyane = 100 %)

5.0 34.60 35.26 0.66 1.91
20.0 43.73 43.43 -0.30 -0.69
40.0 54.26 54.32 0.06 0.11
60.5 65.41 65.48 0.07 0.11
81.0 80.62 76.65 -3.97 -4.92
100.0 98.01 87.00 -11.01 -11.23
80.5 79.06 76.38 -2.68 -3.39
59.5 63.93 64.94 1.01 1.58
39.5 53.16 54.05 0.89 1.67
20.0 43.34 43.43 0.09 0.21

5.0 35.15 35.26 0.11 0.31

Second experiment (Wyame = 100 %)

5.0 34.6 35.26 0.66 1.91
26.0 47.0 46.70 -0.30 -0.64
71.0 71.2 71.20 0.00 0.00
24.0 453 45.61 0.31 0.68

Table 2. Comparison of calculated and experimental values of static characteristics points for the disturbance channel
Hyatves %0 Ocxperim, °C Ocaie, °C A, °C 3, %
Second experiment (Wyrr = 24 %)

100 453 45.5 0.2 0.44

50 57.1 57.1 0.0 0.00

100 45.7 45.5 -0.2 -0.44
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We can see from Table 1 that the maximum relative error of the calculated values of static characteristics for the
controlling action channel is not more than 5 % in the range of py, 7z from 5 to 80 % at p,4,,=100%. The maximum
relative error of the calculated values of static characteristics for the disturbance channel is not more than 0.5 % in the
range of ,qy. from 50 to 100 % at py 7%= 24 %.

3.2. Dynamical model of the plant for the controlling action channel

Development of the dynamical model of the plant for the controlling action channel was made on the basis of the
following two experimental step response curves: heating curve (curve 2 in Fig. 4) and cooling curve (curve 3 in Fig.
4). These two curves were normalized (see Fig. 5).

The dynamics of the transient processes is influenced by the electric oven inertia and by the thermometer inertia.
So the controlled plant includes two capacities and its behavior can be described by the second-order lag element.
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Fig.5. Normalized experimental step response curves for the controlling action channel.

We can see from Fig. 5 that the heating curve and the cooling one almost coincide. It means that for the
controlling action channel the dynamics of the plant during heating and during cooling is the same. It also can be seen
from Fig. 5 that there is an inflection point at the beginning of the curve. Since there are two capacities in the
controlled plant (CP), the following structure of the transfer function for the controlling action channel was chosen:

“k—x, (3)
T;s” +Ts+1

Wep(s) =
where £k, is the gain coefficient of the plant for the controlling action channel; Ti,, 7>, are time constants for the
controlling action channel; s is Laplace operator.

An averaged experimental curve was built on the basis of the normalized heating and cooling curves. This
averaged experimental curve was approximated by a theoretical one using the following three methods for defining
the time constants 77, and 7>, of transfer function (3): numerical, graphic-analytical and combined method.

The numerical method of defining the time constants consists in application of fininsearch function of MATLAB
software [4]. Fminsearch finds the minimum of a multi-parameter goal function using the Nelder-Mead simplex
method. In our case the goal function was the sum of squares of deviations of the theoretical curve from the
experimental one. And the time constants 7', and 75, were the parameters defined by fminsearch.
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According to the graphic-analytical method an inflection point should be found on the experimental curve and a
tangent line should be built through this point. The values of the time constants are calculated using the length of
some segments and the area between the curve and the asymptote. The graphic-analytical method of defining the time
constants on the basis of the step response curves is described in [5].

The results of time constants definition using various methods are presented in Table 3. There are also values of
maximum reduced errors (3,,,,) of theoretical curve with relation to the experimental one for each method in the table.

Table 3. The results of time constants definition for the controlled plant transfer function
(controlling action channel)

Method of time constants definition T\, sec T, sec Smax, %0
Numerical 524.770 32:10° 5
Graphic-analytical 352.827 112.238 14
Combined 524.77 112.238 7

As we can see from Table 3 the smallest error is provided by the numerical method. The error is equal to 5 %.
However, the time constant 7, is approximately equal to zero for this method. It means that the dual-capacity plant is
approximated by a first-order lag element which is not an adequate description of a dual-capacity plant behavior.

The graphic-analytical method provides a good description of a dual-capacity plant behavior because the time
constants 77, and 7>, are commensurable here and there is an inflection point on the theoretical curve at the same time
moment as on the experimental curve. However, the error of this method is big. It is equal to 14 %.

It is proposed to apply the combined method for the time constants definition. According to this method the time
constant 7, is taken from the numerical method and 75, from the graphic-analytical one. The combined method
provides an adequate description of the dual-capacity plant behavior with an acceptable error. The value of the error
is equal to 7 % for the combined method.

The transfer function of a second-order lag element (3) can be presented in the form of a product of two first-
order lag elements:

k 1
L. . 4
(a,s+1) (bys+1) @

Wep(s) =

The time constants @, and b, here for the combined method of time constants definition take the following
values: @,=499.55 sec, b,=25.22 sec. The gain coefficient on the basis of the static characteristics equation for the
controlling action channel takes the following value £,=0.5446 °C/%.

3.3. Dynamical model of the plant for the disturbance channel

Development of the dynamical model of the plant for the disturbance channel was made on the basis of the
following two experimental step response curves: heating curve (curve 4 in Fig. 4) and cooling curve (curve 5 in Fig.
4). The disturbance was introduced by means of changing the air flow rate through the oven, i.e. by changing the
position of the butterfly valve. The valve was closed by 50 % and the temperature started to rise (curve 4 in Fig. 4).
After coming to the equilibrium state the valve was opened back to 100 % and the temperature started to drop (curve
5 in Fig. 4). These two curves were normalized (see Fig. 6).

It can be seen from Fig. 6 that the dynamics during heating is different from that during cooling. The following
structure of the transfer function for the disturbance channel (second-order lag element) was chosen:

ks 5)

Wep(s) =———"———>
& Tzzzs2 + 1,5 +1

where £, is the gain coefficient of the plant for the disturbance channel; 7., 75, are time constants for the disturbance
channel.
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Fig.6. Normalized experimental step response curves for the disturbance channel.

An averaged experimental curve was built on the basis of the normalized heating and cooling curves presented in
Fig. 6. This averaged experimental curve was approximated by a theoretical one using the three methods for defining
the time constants 77, and 7, of transfer function (5) in a similar way like it was done for the controlling action
channel (numerical, graphic-analytical and combined method). However, none of the methods provided an acceptable
accuracy of the theoretical curve. The errors were equal to 11 % for the numerical method, 18 % for the graphic-
analytical method and 12 % for the combined method. Since the values of the errors were big, it was decided to
change the structure of the model. The mathematical model of the controlled plant for the disturbance channel was
developed in two stages.

At the first stage a correction element was introduced into the transfer function of the controlled plant for the
disturbance channel. This correction element is a real differentiation element with a transport delay. A modified
structure of the model can be presented by the following transfer function:

k 1 kyags e ™’
z k%K . (6)

Wer(s)= (a,s+1) . (b.s+1) (s +1) (bys+1)

where a., b, are time constants for the disturbance channel; &, is the gain coefficient of the correction element; a, by
are time constants of the correction element; 7 is transport delay of the correction element.

This type of the correction element was defined in the following way (see Fig. 7): the blue curve is the
normalized experimental step response curve (cooling curve); the green curve is the theoretical curve on the basis of
the first term of transfer function (6) with time constants obtained by means of the graphic-analytical method. By
subtracting the blue curve from the green one the red curve was obtained. The red curve was approximated by the
cyan curve using the transfer function of a real differentiation element with a transport delay which corresponds to the
introduced correction element (second term of transfer function (6)). By subtracting the cyan curve from the green
one the violet curve was obtained. The violet curve corresponds to the theoretical step response curve obtained by
means of transfer function (6).

At the second stage the first multiplier of the first term of transfer function (6) was replaced by a nonlinear
differential equation (in order to provide different dynamics during heating and during cooling):

k

it
z i1 WY YR L S 7
e e— el SR Q)

where y;,, is the intermediate signal between the two firs-order lag elements of the first term of transfer function (6);
n is an index providing the nonlinearity of the differential equation; c is a correcting factor.
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Fig.7. Experimental and theoretical step response curves.

The obtained dynamical model of the controlled plant for the disturbance channel can be presented by means of
the following system of differential equations:

dy;
¢ .#”Jf(%'ml)n =c-k, z

dy,
b =1V, = Vi

odt
dy'nt2 dz
ap —=+ Y0 =k a, - —;, 8
k i Yint2 kK i )]
dy
by, ._dtk T Ve = Vine2

Y@=y, (O)-y, (-1,

where y,,» is the intermediate signal between the two multipliers of the second term of transfer function (6).

The product of the two first-order lag elements of the first term of transfer function (6) with the introduced
nonlinearity is described by the first two equations of system (8). The product of the two transfer functions of the
correction element (second term of transfer function (6)) without taking into account the transport delay is described
by the third and fourth equations of system (8). The difference of the two terms of transfer function (6) and the
transport delay of the correction element is described by the fifth equation of system (8). The numerical values of the
obtained model parameters are as follows:

a.=90.46 sec; =35¢;

b.=10.91 sec; a;=b, =282.66 sec;
k.= -0.2320 °C/%, n=0.8494,
kiy=-0.1339 °C/%; ¢c=0.6913.

If n and ¢ in the first equation of system (8) were equal to unity, this system of differential equations would
become linear and it would completely correspond to the transfer function (6).

Based on the obtained model the step response curves were simulated and compared to the experimental ones.
The maximum reduced error of the theoretical heating curve is 9 %. For cooling curve this error is 6 %.
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4. Implementation of the developed model by means of a PLC

The developed mathematical model of the controlled plant was implemented (programmed) in MIK-51H PLC of
MICROL Company [6]. For this purpose Alfa 2.0 software [7] was applied. The trends of the transient processes
were registered by means of MIK-registrator 1.1.14 software [8]. The structural diagram of the controlled plant model
implemented in the PLC is presented in Fig. 8. This diagram consists of the following two parts: lower part (it is the
model of the plant for the controlling action channel); upper part (it is the model of the plant for the disturbance
channel). Transfer function (4) is implemented in the lower part of this diagram. The system of differential equations
(8) is implemented in the upper part of the diagram.

The first-order lag elements are presented by the integrators with negative feedbacks in the diagram of the
controlled plant model (Fig. 8). This schematic solution was applied in order to switch the model into the initial
condition quickly by zeroing the integrators. Such a solution provides significant saving of time during the
experimental study of the model implemented in the PLC (e.g. when the experiment needs to be restarted with
modified parameters of the model or program in PLC).
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Fig.8. Structural diagram of the controlled plant model implemented in the PLC.
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Fig.9. Comparison of the experimental transient processes: red curve — output variable, 0 (electric oven); green curve — output
variable, 6 (PLC); blue curve — input variable, py47» (controlling action); violet curve — input variable, W, (disturbance).
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The experimental transient processes registered in the actual controlled plant (electric oven) were compared to
the experimental transient processes registered in the PLC where the model of the plant was implemented. The curves
of these transient processes are presented in Fig. 9.

It can be seen from Fig. 9 that the transient processes registered in the PLC (green curve) almost coincide with
the experimental transient processes registered in the actual controlled plant (red curve). The maximum reduced error
for each curve registered in the PLC correspond to the total error introduced by the dynamical model and by the static
model. The values of the errors do not exceed 10%.

5. Conclusion

Experimental investigation of a controlled plant (electric oven) was made. Step response curves for the controlling
action channel and for the disturbance channel were registered. Mathematical model of the controlled plant was developed
on the basis of the obtained experimental data. The adequacy of the model was proved by comparing the theoretical step
response curves with the experimental ones. The developed model was implemented in a PLC.

The mathematical model of the controlled plant can be applied for designing the structure of an automatic
controller, for calculating the numerical values of the controller tuning parameters as well as for studying the transient
processes in the closed loop control system.
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InenTndikanisa 00’ekra peryjl0oBaHHs Ta No0ya10Ba
ioro mogeJti 3a gonomoroxo IJIK

Poman ®enopumun, CesitocnaB Kiboch, Bonmogumup CaBunbkuii, Oner MacHsk

Hayionanvnuii ynieepcumem «JIvsiecoka nonimexuixa», eyi. Cmenana Banoepu, 12, Jlveie, 79013, Vrpaina

AHoTalifa

[pencraBneHo pe3yabTaTH €KCHEPUMEHTAIBHOIO Ta TEOPETHYHOrO JOCIIDKEHHS TUHAMIYHUX Ta CTaTHYHHX
XapaKTePUCTUK TEIUIOBOr0 00’€KTy (eNeKTpHYHOI Tedi) sk 00’€KTa KepyBaHHS 13 3aCTOCYBaHHSM CYYaCHHX
MIKpOMpoIecCOpHUX 3aco0iB. ExcrepuMeHTanbHE MOCTIIKEHHS 00’e€kTa OYyJlnOo BHKOHAaHE UUISIXOM HAaHECEHHS
CTPHOKOIOIOHMX 30ypeHb KaHaJOM PperyjIrorouoi Jii Ta KaHaioM 30ypeHHs. Y pe3ylbTaTi JOCHiIKeHb Oyio
3apeeCTPOBAHO I’ ATHAIUATh KPUBUX PO3TOHY, SIKI CTajli OCHOBOIO ISl MOOYJOBM MaTeMaTHYHOI MOJIeb 00’ €KTa y
BUTJISIIII PIBHAHB CTAaTHYHUX XapaKTEPUCTHK, (GYHKINH repeaadi Ta AudepeHIiiaabHuX piBHsIHb. BUOpaHo cTpyKkTypy
MOJIEJi, pO3paxoBaHO YMCIIOBI 3HAYEHHS ii MapaMeTpiB Ta 3/iHCHEHO MepEeBipKy aJleKBaTHOCTI i€l Mozeni. BiqHocHa
MoXnOKa pPO3paxyHKy TOUOK CTATHYHOI XapaKTEpPUCTUKH He mepeBuirye 5%. MakcumanbHa 3BelleHa IMOXHOKa
3MOJIENTLOBAHOT KPUBOI PO3TOHY LIS KaHAIly PETYJIIOBaHHS BiTHOCHO €KCIIEPUMEHTANBHOI KPUBOi CTAHOBUTH 7 % 1St
3aIpPONOHOBAHOTO KOMOIHOBAHOTO CIOCO0Y BH3HAYCHHS CTajdMx dacy. Po3poOieHa Momenb 00°ekra Oyma
peasizoBaHa y MpOrpaMoBaHO-JIOTIYHOMY KOHTPOJIEpI LUISIXOM MPOrpaMyBaHHs, 10 Ja€ MOXJIMBICTb JOCIIIKYBaTH
pOOOTY 3aMKHEHOI CUCTEMH aBTOMAaTUYHOT'O PEryJIIOBaHHS 13 PI3HUMHU 3aKOHAMU PEryTIOBaHHS.

KiarouoBi cioBa: 00’€KT pery/aioBaHHS, KpHBa pPO3TOHY, MEPEXiTHHNA IMPOIEC; MaTeMaTHYHa MOJICTIb;
CJICKTPUYHA ITiY.



