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Abstract. In the paper thereis proposed a method of
differentiation with respect to an argument of direct and
inverse matrices of satic and differential parameters
through the derivative of static parameters; the method
claims to be the simplest one. The method proposes,
after finding the simplest derivative, to find three more
complicated derivatives on the basis of formal matrix
operations. The results may be used in the theory of
parametric sengitivity of first and higher degrees. As an
example, the direct and inverse matrices of static and
differential inductances of a saturated three-phase
induction motor are considered, provided that single-
phase and three-phase power supply is applied.

Key words. derivative of matrix with respect to an
argument, static and differential parameter, saturated
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1. Introduction

In the problems of analysis of nonlinear physical
systems often there is a necessity to differentiate the
parameter matrices, static or differential, with respect
to an argument. In most cases one can circumvent such
differentiation if so-called auxiliary variational
equations [1-4] are applied. But there are some
problems in which this differentiation can not be
avoided, for example, at the construction of variational
equations of higher order in the theory of parametric
senditivity etc. The way of simplifying such a
complicated problem is shown below [5].

2. Theoretical foundations
Let us consider the vector function 3'/ with the

argument of X
= Y(X) (1)

The relation between the vectors can be written in
four possible ways:

Y=s% x=S('y
dy=D()dx; dx=D(x) ',
where S(x),D(X) are matrices of static and differential
parameters, accordingly.

(2

In general case these matrices are difficult enough
for differentiation, especially the reverse ones. In
practice, only the matrix of datic parameters (the
smplest among them) can be easily differentiated.
Therefore, the derivative dS(X) / dX is considered to be

given. In such case a question arises how to express
other derivatives through the given derivative.
The derivative of the inverse matrix of static para—
r r
meters dS(X)''/dx can be found through the
operations of multiplication according to the formula (3)

dS(x)
Tk

The matrix of differential parameters D(X) can also

be obtained formally from the matrix of static parameters
as a result of operations of multiplication and addition
according to aformula givenin [2, 4]

dS(x) r

1 dS(X)

=-S(x) 1 rr S(x) . ©)

D(X) = X +S(X). (4)
Having differentiated (4) with respect to X, we
obtain the sought derivative of the matrix of differential
parameters
dD(x) d? S(x) ds&)
I J , (5)
dx dx dx

which isthe aim of this operation.

For finding the corresponding derivative of the
inverse matrix of differentia parameters, let us use the
same expression (3)

dD(X) !
=

dx
Subgtituting (5) in (6), we obtain

1 dD(X)

-D(x) M2 D(X) (6)

D! _ D(;).lg@%&) T

ax & dx?

dS(x) o
o D( 0

Thus, using the simplest derivative dS(x)/ dx as

well the expressions (3), (5), (7) we can find other much
more entangled derivatives by formal matrix operations.
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3. An example of application

The fact that formulae (3), (5) (7) give us a practical
mathematical instrument, we can illustrate on the
example of a rather complicated multipole e ement, that
is, a saturated induction motor. The matrix of static
inductances used in the reduced equations of its state and
received as a result of ortogona linear coordinate
transformations has a comparatively simple form [1,3]*

S =L, +1, (A, ®)
where
I 1] J1
| 1 1
L, = S D A, = )
Iy 1] |1
Iy 1] |1
where Ig,l; are constant leakage inductances of the

stator and rotor windings; I, =1, (i,,) is basic static
inductance, found from the magnetization characterigtic
Y (i) of the magnetic conductor

Gy =Yl 10
m
where i, iSamagnetization current
Iy, = (|X+|y) Iy =g Hige Iy =lg, +igy, (11)
and
| =(isols irein ) (12)

is the column of the transformed stator and rotor currents
1 U |
serving as argument of the vector function Y =Y (i).

Regarding other matrices S(X)"%, D(X), D(X)%, we
can say that they are much more complicated, so their direct
differentiation is highly problematic. To illudrate the task
comlexity, we give examples of those matrices below.

The inverse matrix of static parameters looks like
this[3]

. ag(ag +t) -asag
S as(ag+1) -a@g |, (13)
-agdg aR(aS +t)
-asg aR(aS +t)
where
_1. 1
ag = o ar-= o
S . R . (14)
T= t(im) =
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The matrix of differential parameters can be
received by the subgtitution of (8) in (4). Then we obtain

r 1
D(i)=L1+5>
|

m

2> 2 — 2.2

i +1A5 (- 1)idy | L+ [
- > 2 -

(lr - lt)lxly ltlx +Irly (lr - lt)lxly

> 2 — 2.2

i +1A5 (- 1)iddy | L+ [

« . .2 .2 « .
(lr - lt)lxly ltlx +Irly (lr - lt)lxly

r” lt)lxly
P2 P2
lig +1,iy
—

r” lt)lxly

2 2
i +10y

(15)

where |, (i,,) is found in the same way as it has been

donefor |, (i,,) in (10)

4y i)

() == (16)

The inverse matrix of differential parameters is the
most complicated. On the basis of theory of eectric
circuits it is even impossible to obtain it anayticaly.
However, it is possible to find it with help of the theory
of electromagnetic circuits devel oped in [1-4]

ag(l-ag(T+hg) | -adiy
-adbiy ag(l-ag(T+hi2) | ..
-aag(T+hy) | -agaghiy
I 'aSaRuxiy 'aSaR(T"'U)Z/)
D(i)*= (17)
-agaR(T+biy) | -agagbidy
'aSaRuxiy 'aSaR(T"'U)Z/)
|ag(-ag(T+bid) | -adhii,
-agbiy | aR(l- ag(T+bif)
where
Rzé; r =i; bzé(R- T). (18)
r+ag +ag [ i

Now let us give our attention to the derivative

156/ 9
g ‘HI aqn
KRtN 'nl
191,

. and differentiate it (8) with respect to |

T I Wy O
i,

® A, -i—ﬂl—As(i ),

m m

where

r [ [
A;(I)=N® A,; N=

i |y |y

y

(19)

, |- (20
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Here and further the arrow ® indicates that the left
one-row matrix replaces every nonzero eement of the
right matrix, enlarging its dimension by a unit, since the
result of differentiation of a 2-dimensional matrix with
respect to a vector is a 3-dimensional matrix. Every
matrix eement should be multiplied by the coefficient
before the matrix.

The second derivative we receive as a result of
differentiating with respect to | of thefirst derivative (19)

2 'r 2
s _ 1a?,
2 i, &2

where

i19A4(r) 1:11‘ A, (21)

ﬂlm %) Im m

A()=N® Ay A,=TA,/1i =const. (22)

Naturally, the  direct differentiation  of
S(i)%,D(1),D(i )* can not be performed.

One may have the impression that, the higher the
order of parameter matrix is, the more difficult the
calculation of its elements is. It is not true, as we will
show on the example of the parameter matrices of a
saturated singly fed induction motor (three-phase motor
in the mode of single phase power supply) [3, 6].

The inverse matrix of differentia parameters of such
amachinelookslike

i 1 [Ag | Ag
D) "'=0a[Ans | An | An (23)
Ags | Asa | As

Here A-coefficients are calculated by the following
formulae:

aT-CC- GG Ag
Apns =7 CsCy - GGy

=- GG - GG,
Ags =- GC4 - GGy,
Ap=G1a+AsAs; Ax =C 1 0+AsAg; (24)
Apn =G 1+ AgsAg; Ag =G/t AgAg;
q=1/(q +*CAq tCGAg),
where
D=09,9,;
C =C,-C+2/agc,=b(2d, - d; - d,)+1/t;
C,=b(d, +d;- 2d,)- 1/t;c, =D(cs +¢y) - 1/ ag;
c5=b(2d +d,)/ D+1/ g, =-b(d, +2d,) / D;

=-D(c; +¢g) +1/ag;A, =-b(d, +2d,) / D;
cg=b(2d +d,)/D+1/g; d,=i3,d, =i3, dy =i,ig;
101 1.1 1.1
b—gge—L-—o— g =1+t g =1 (25

Tglm p ag T apg

and t,r arereverse static and differential inductances.

They can be found with the help of the magnetization
curve of the singly fed machine as follows

, ) -1
T _(?\Vm(lm)lil . ed\Vm('m)u (26)
- e—[’:l ) ed— ]
& Im 0 e

where i, is the module of a spatial vector of

magnetization currents

i =22 +iig +i2)/3, 27)

The magnetization currents by spatial phase axes are
found in such away

i i +ina; g =g +igs. (28)

Input data for the construction of this matrix are
ag, ag, the magnetization curve y,(i,) and input
signalsU,, ©,, M (o,t).

The inverse matrix of static parameters is simpler

than the corresponding inverse matrix of differential
parameters (23), but yet complex enough:

ag(ag +t) -agdg
r. ap & 2to
1_ R
)yt=—| -a.a Aa,+—-
i) PR i ERTT S
2
a.a
agag S:;
i (29)
agag
aSazR
agp+t ’
a 2t G
> 8%-saR +=22
agta, To
where
T=1/(agtag+t) (30)

As we can see, matrices of lower order (23) and (29)
are more difficult for differentiating with respect to the
argument, than corresponding matrices of higher order
(13) and (17).

We have given the concrete examples from the field
of electromechanics in order to show how much difficult
the mathematical problem solved in thisarticleis.

The proposed formulae of differentiation (3)—(7) are
not simple, but their complexity is related only to the
formal mathematical matrix operations in case of high-
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15 15 (%)
— 1 y

dimensional spatia matrices, because 1 —ﬂ'_
X X

J _1,r 2.
ng—) M are 3-dimensional matrices and m
X ix ™2

isa4- dimensional matrix.

The computational algorithm is based on the rules of
differentiation with respect to a 1-dimensiona matrix
(a vector) X. Let | beascdar, é] be a 1- dimensiona
matrix, A be a 2- dimensional matrix, B be a
3-dimendgond matrix, and C bea4- dmendona matrix:
dx e T gy

4

_di L, %
dg o
Every differentiation of a matrix with respect to a
vector enlarges its dimendonality by a unit, every

multiplying of matrix by a vector, on the contrary,
reduces its dimengionality by a unit

(AX); =8 gjX;;
J

Yi s by =

(BX) jx :%ijxk? Cijk =& GjiXe: (3D
z
Let us remark that operations with multi—
dimensional matrices are smple enough. However, their
visual presentation is rather cumbersome. This statement
refers to 3-dimensional matrices and matrices of higher
dimensions.

4. Conclusion

If the analysis of nonlinear systems requires the
differentiation of direct and inverce matrices of static
and differential parameters mmep respect to the
argument, then the practical option of solving the
problem consists, in general, in finding the simplest
derivative (i.e. the matrix of static parameters). The
remaining derivatives can be computed through
formal matrix operations such as multiplication and
addition.
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HOXIAHI MATPULIb ITAPAMETPIB

Bacuinb Yaban

3arporoHoBaHO MeTo qu(epeHIiIOBAHHS 32 apIyMEHTOM
OpsIMUX Ta OOEpPHEHMX MaTpHlb CTaTMyHuUX 1 aude-
peHIianbHuX napaMerpis. Moro 3miifcHIOIOTH uyepe3 MoXimHy
MaTpulli CTaTUYHUX IApaMeTpiB SIK HAMIpocTiuly i Taky, 110
BB@KAETbCS 33/IaHOI0 B HAIIOMY BHIajAKy. Merox aHamizy
HoJjsira€ B TOMy, 1100 uepe3 BiOMY HAWNPOCTILly MOXiAHY
0y10 MOXIIMBO Ha ITizicTaBi ()OpMabHUX MAaTPUYHMX Onepaniii
3HAWTH iHIII TpM CKiIaaHimi noxixi. Oxep:kaHi pe3ynbTaTH
MOJKHa BHMKOPHCTAaTH B TEOpil NapamMeTpu4HOl YyTJIMBOCTH
HEepLIoro i BUIMX MOPsAKIB. SIK NpHKiIan po3ristHYTO NpsiMi i
oOepHeHI MaTpuli iHIYKTUBHOCTEH HACHMYEHOro TpH(pa3HOro
IHIYKIifHOro MoTopa 3a omgHodas3Horo i TpudasHOro >xuB-
JICHHSL.
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