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Abstract: The purpose of this work is to
mathematically describe the problem of traction trans-
mission control to suppress deviations from a schedule.
A mathematical description of the algorithm solves the
problem of traction transmission control. The description
of the problematic issue is based on the device
variations. The object of the analysis is a specified
performance criterion of the studied system, being
considered as a function of the significant parameters of
the system and the environment. The goal of
optimization is to attain minimum operation per running
unit at given trajectory values. The optimization resource
comprises the control values of a traction motor, a
parameter of complex traction control, and parameters
for control of a braking force component.
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1. Introduction

The category of running electrotechnical complexes
include a great variety of the equipment available for use
in the transportation process — trains, diesel trains and
traction locomotives, electric cars, traction buses,
autonomous electric  vehicles, electrically driven
agriculture vehicles (tractors, combines, self-propelled
machines) and others. The main purpose of all these
objects is to provide planned execution of transportation
processes and certain related or major technical tasks
(tillage, harvesting, spraying, etc.).

There are various circumstances - deviation of a true
value of the moving object weight from the estimated,
presence of strong head or side wind, road condition,
failure to keep the time on certain areas of the path,
boarding-deplaning delays or cargo-handling delays and
other factors, that make it possible for the planned
schedule to be deviated from. Therefore, it is necessary
to adjust the magnitude of the average velocity to
perform the schedule set [1-3].

2. Statement of the problem
When setting the problem of a rational control, we
have to deal with competing indices of the operation of a

running electrotechnical complex — time, speed, and
energy costs. The problem of finding a rational solution is
to choose a compromise for the given set of parameters.

Note the characteristic stages of the task to be
solved:

1. The object of the analysis is a specified
performance criterion of the studied system, considered
as a function of the significant parameters of the system
and the environment - minimizing the time of travelling
along a certain route section at the least traction.

2. The optimization is aimed at a minimum amount
of work done by the object at given point values of the
trajectory. That is to say, an optimization criterion is the
amount of work to be done to transport the complex
from one trajectory point to another.

3. The optimization resource comprises the values of
control variables of a traction motor, as well as the
control parameter of tractive force, and the control
parameters of a braking force value component, which is
determined by the action of mechanical and electrical
brakes.

Note that these values are considered continuous in
terms of technical characteristics of modern systems for
traction units control using on-board computers.

4. The optimization is performed taking into account
the limitations imposed on phase motion coordinates
(setting certain standard motion parameters — time,
ranges of speed).

3. Analysis of recent research and publications

Many works are dedicated to the research into the
process of motion parameter optimization and the
process of traction control [1-7]. This confirms the
relevance of the subject. However, almost all of them are
devoted to operation of a railway rolling stock without
including a wide range of characteristic differences of
the class of running electrotechnical systems — absence
of railway tracks, appearance of related technical
problems along with the task of transportation, the
autonomy of traction transmission of a centralized power
supply system, etc.

In general, the problem of finding a rational control
law can be formulated as the problem of searching an
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extremum (the largest or smallest value) of the function
f(x) of n-dimensional vector argument x taking into

account certain constraints. This task can be described
by the following set of expressions

min f(x),
where x e X.
Here X

Euclidean space E, . Thatis, X is the permissible set of

1S a certain subset of #»-dimensional

the task, and the points belonging to X are its valid
points.

Electromagnetic variables are considered as control
variables if the duration of electromagnetic transients
can be neglected compared to electromechanical ones.

The solution to the stated problem should generally
provide:

1. Optimal movement in performing the constraints
imposed on the given values by the schedule and related
technical problems. At the same time, it should be taken
into consideration that in the process of operational
traction transmission control, the determined motion
parameters may vary within certain limits, also new
parameters may be introduced, and old limitations may
be abolished.

2. The best operation of the traction transmission
elements in case of limitations that depend on the
parameters of traction electric transmission and
corresponding actuating mechanisms of the mechanical
part of the electrical complex.

Where the duration of electromagnetic transients or
parts thereof cannot be neglected in comparison with
duration of electromechanical processes, it is necessary
to consider a corresponding differential equation with
appropriate variables. Then as control variables the
characteristic coefficients are chosen that correspond to
electromagnetic transients or their parts (that cannot be
neglected in comparison with electromechanical
processes) and, as well, to their differential equations;
for example, voltages may be chosen as the
characteristic coefficients.

The local constraints, which are primary in stating
the problem, and originate from the traction
asynchronous motor include:

— heat restriction, which is determined by a
maximum allowable temperature curve of the traction
machine elements;

— restriction due to the maximum value of the supply
voltage modulus;

— restriction due to power consumption associated
with the limit performance of a diesel generator or a
primary source of energy;

— restriction of mechanical strength of a traction
asynchronous machine rotor.

The aim of this article is a mathematical description
of the problem of traction transmission control so that
the running electrotechnical complex can suppress the
deviations from a schedule provided the main technical
task assigned to the object has been accomplished.

4. Delivery of research material

Let us suppose that a running -electrotechnical
complex left timely its starting point and came timely to
the motion curve point (tl ,Sl) , but for the objective

reasons described above, it did not arrive at the point
with coordinates (7, ,S,), i.e. there is a deviation of the

timetable curve from ¢, (Fig. 1).

Fig. 1. Change of the upper boundary condition
of a motion curve.

Let the object arrive at the point with the ordinate

S, att,, i.e. the time deviation from the schedule is:
At,=t,—t,. (1)

We reduce the problem of changing the parameters
of traction electric transmission control to overcome the
actual deviation from the schedule to the problem of the
calculus of variations with moving ends. The task of
overcoming the actual deviation from the schedule will
be solved by using the methods, the solution of which is
in [8-12].

Let us suppose that the endpoint of a complex
motion curve specified by certain boundary conditions
can change its place. Then the class of acceptable curves
connecting two points of the motion curve given by the
boundary conditions is expanded — except the
comparison curves that have common boundary points
with the studied motion curve, according to research
[11], it is also possible to take curves with displaced
boundary points. So if for any curve S =S(¢)the

condition of existing an extremum in the problem with
moving boundary conditions is met, then the condition
of existing an extremum is very likely to be met for a
narrower class of the curves having common boundary
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points with the curve S =S5(¢). Therefore, the basic

condition for achieving an extremum in the problem with
moving boundary points [10] is to be met — a function
has to be a solution to the Euler equations.

That is to say, the curves S =S(#)on which the

extremum is implemented in the task set have to be
extremums [9, 10].
According to the methods [12], we write down the

functional variation as
12

5= (F—é-a—F,)é‘t+a—E5S
di as')” a5
' 2

+I oS {G_F - i(a—Fﬂdt
: oS d\osS

As, according to [11], the extremum can only be
achieved by the following solutions

+

S=S(,a,,a,), (3)
where a,,a, are the options for the Euler equation

solution, then to solve the problem set, it is necessary to
consider the functional value only with respect to the
functions of the given family.

Then the functional ¢[S(t,al,a2)] becomes a
function of the parameters a,,a, and the boundary

conditions #,,¢,, and functional variation (1) coincides

with the differential of this function.

Let an increment for the endpoint of a motion curve
be specified within the schedule overrun, i.e. the incre-
ment of the endpoint from the boundary traffic condi-
tions within the time deviation from the schedule (1):

AS,=S,-S,, 4)

where S; is the final value of the motion curve ordinate

on the corresponding motion curve.
In accordance with the accepted system of notations,
we introduce the following substitution:

ot, =At,;
08, =AS,.

The curves S=S() and S=S({)+6S can be

considered close if the following system of requirements
is met [12]:

oty = 0ty
0S8, > 068, (5)
08>S,

where ot,,. ,08S,,.,0S ~ stand for the minimum

possible value of the deviation of curve parameters
within the schedule overrun.

The relevant extremals that are possible solutions to
the problem and pass through the initial boundary
condition form the following set of extremals:

S=8(,a). (6)

Then the functional ¢[S (t,al)] on the curves of the

set (6) is transformed into a function of two variables —
t, anda, .

If the curves of the set (6) in the neighbourhood of

the extremal which is the best solution to the problem,

do not intersect, the functional ¢[S (t,a])] can be

considered as a unambiguous function of the upper
boundary conditions for solving the problem [12]. This
is because the upper boundary conditions of the motion
curve determine an extremal of the curves set (6) and
thus determine the value of the functional. The latter
statement is illustrated in Fig. 2, which shows a set of
curves (6).

Fig. 2. Bunch of curves in terms of (6).

Let us perform the calculation of the variation of
functional ¢[S (t,a, )] with respect to the extremals of the
set S=35(t,a,) when moving the boundary point of the

motion curve from coordinates (t2 ,Sz) to coordinates

(5.57).

Because the functional ¢[S (t,al)] on the curves of
the set is a function of the coordinates of the initial upper
boundary condition fixed by coordinates(z, , Sz) its

variation coincides with the differential of this function
[9].

Let us extract the main part from the increment A¢ ,
which is linear with restect to appropriate coordinate
increments of the upper boundary conditions 0t,,55S, .
On the basis of (2), taking into account that Ag = d¢ , we

have the following:
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1 +0t
e das d(cSS)
Ag= S+0S,— di 7
@ J]. (r + dt = ] t + 7

;{ (15vos B 00, 5 Sy,

The augend of the second member of equation we
transform, using the mean value theorem [12], into the
following form:

1,+01,
I [t 5+55. % d(és)jdt_
7 dt dt

Sty ®)

where the value o is limited as follows: o € (0;1) .

t=t,+00t,

Given the continuity of the function F', it can be
considered, based on study [8] that
das

F|t:t;+a¢>‘t2 = F[t’ S’ jt) - +52, (9)

where &, —0 in the fulfilment of the system of

conditions (5). Then, based on (9), we write down
expression (8) as follows:

1 +01,
I (t S+08S, ﬁ d(5s)jdt_
dt dt (10)

4
= F|,:tz Sty +&,0t,.

In (7), the addend of the second member of equation
will be transformed via the development of the integrand
to a Taylor series causing the following results:

’j{ [ 005,95 d<jf>j e Sc;_jﬂdt:

(t S, dSJ5S+
’ dt

:j Sﬁj@ t+R,,

N 4+F (
o dt) dt

where according to [10] the constant (in terms of a single

an

problem with one set of initial parameters) quantity R,

is imposed by the following system of restrictions:

{R —>0; R, [0S R, Dd(és)

Let us integrate by parts the second term of the expre-
1-
¢ d(oS
( )} »

ssion under the integral sign J-|:FS5S +F

f dt

which is a writing of the linear part of (11). As a result of
the integration, we obtain the following:

JTFS&S‘ +F d(jts)}r -

6 (12)
{ d 55)}
=|Fy-——
= dt

12 d
| +J[FS —EFZ,:}JI.

According to [9], the value of a functional should be
determined only on the extremals. Then we can write
down the following identity:

(;s ds j d F(;sd_sj
dt) dt -, dt

dt

(13)

Based on the assumption on a constant quantity of
initial coordinates of the starting route point, defined as

(t1 , 51) , we have the expression

58|, =o.

=t
That is to say, taking into account the last formula,
we receive from the expression (12)

j{FséS +Fys d(jts)}dt =

4 dt

dt

(14)

1=t
According to the comparison of increments and
differentials of the respective functions for classical

calculus of variations problems in [11], §S|t:, is not

to oS, ,

coordinates S, . This is because 5, is the increment of

equal which is an increment of the

the coordinates S, when a boundary condition (a
boundary point in the graph of a motion curve) is shifted
to the position with the coordinates (¢, + ¢, , S, + 55, ),

and oS |t_t represents the increment in the ordinate point
-

t, when transiting from the extremal passing through
the points (7, ,S,) and (¢,
through the points (7,,S,) and (¢, +6t,,S, +685,). To
investigate these statements, we denote the boundary

conditions with the points that is shown in Fig. 3.
Then, on the basis of studies [10], we write down

that BD = 8S|_ , FC =$58,, EC ~ S(1,)t,

, Sz) to the extremal passing

(the given

approximated equality, according to [12], is valid to
infinitesimals of higher order accuracy)
BD=FC-EC.

The given geometric interpretation of the increment
in the upper boundary condition allows the following
equation to be ultimately added:

S|, =58, - S(t,)5t,. (15)
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Fig. 3. Interpretation of increment
in upper boundary conditions.

Then, finally, we can write down that
1,401,
[ Fdt=F|_ ot
t=t,

4

(16)

Taking into account (15), we can write the following:

J.{F(t, S+5S,d—S+M]—F(t, S,ﬁﬂdzz
dr d

dt

(55‘2 _ dS(t2)§t2j,
dt

4

~F

ds
dt

(17

t=t,

which, similarly to the above given approximated
equality in [12], is valid with an accuracy up to

infinitesimals of higher order than 05, and J¢, .

Then according to expression (7), we shall have

-(552 —%&2) (18)

t=t,

Ap=F6t,+F

dt

After analytic transformations and using the idea of
the identity of increment and functional differential
(mathematical manipulation for their axes decomposing
is shown in [11]), we write down (18) as

5[ For
45(5) [ r-r %)

dt
( j
dt

where ¢ (IZ,SZ) is the vector function, into which the

S=S(t,a) s

transformed, with the expressions for increments in

dt, +

t=t,

(19)
ds,,

t=t,

extremal-established functional

corresponding coordinates of boundary points of a
motion curve and differentials of the functions of the
same variables being equivalent, that is the following
dt, =t, = Aty;

equations being performed:
a P {dSz =55, = AS,.

The main prerequisite of the existence of the
extremum O¢ =0 has the following form [12]:

ds

dt

St,+F| -58,=0. (20)

dt

1=t 1=ty
If the variations &S, and J¢, are independent, it is
necessary to add the following system of conditions [9]:

ds

dt

t=t,

e2y)
FdS

dr

=0.

t=t,

Let us suppose that the upper boundary condition of
a motion curve can move along a certain curve (Fig. 4)

S = (). (22)

This curve passes through all possible locations of
the boundary conditions of the extremal set that are the
possible solutions to the problem set (Fig. 4).

Based on the presented mathematical steps for
determination of an electric vehicle complex trajectory,
we choose a monitoring system for the traction
transmission.

Fig. 4. The curve along which the locus
of the upper boundary conditions of a motion curve is located.

5. Conclusions

Using the presented mathematical model of
monitoring the motion modes allows an efficient change
of traction for keeping the object schedule. To ensure the
practical realization of the problem by using an
information-control system of traction transmission
performance, the proposed algorithmic problem solution
sequence is to be used as a tool for implementing the
traffic control algorithm. Further research in this direction
consists both in developing a complete mathematical
model of the controlled object and in simulating solutions
developed on its basis.



16 Dmytro Kulagin, Petro Andriyenko

References

[11 G. K. Getman and V. Ye. Vasilyev, “The analysis of
power consumption for traction career trains”,
Visnyk Dnipropetrovskoho natsionalnoho
universytetu  zaliznychnoho  transportu  imeni
akademika V. Lazariana, no. 36, pp. 70-74,2011.

[2] G. K. Getman, Theory of electric traction.
Dnipropetrovsk, Ukraine: Makovetskiy Publ., 2011.
(Russian)

[3] G. K. Getman, Scientific basis for definition of
rational power range of traction rolling stock.
Dnipropetrovsk, Ukraine: DNUZhT Publ., 2008.
(Russian)

[4] D. O. Kulagin and P. D. Andriyenko, Mechanizati-
on, automation, informatization, telecommunicati-
ons and communications in the sectors of industry.
Novosibirsk, Russia: SibAK Publ., 2014. (Russian)

[5] D. O. Kulagin Designing of control systems of
traction electrical transmission of EMU-trains.
Berdyansk, Ukraine: Tkachuk Publ., 2014.

[6] N. O. Lohvinova, D. O. Bosyi, and O. M. Poliakh,
“Reducing operating costs by using energy-optimal
motion of trains”, Visnyk Dnipropetrovskoho
natsionalnoho universytetu zaliznychnoho
transportu imeni akademika V. Lazariana, no. 42,
pp- 110-113., 2012.

[7] V. V. Pankratov Energy-optimal control vector of
asynchronous electric drives. Novosibirsk, Russia:
NGTU Publ., 2005. (Russian)

[8] K. W. Cassel, “Variational Methods with Applicati-
ons in Science and Engineering”. Cambridge,
Cambridge University Press Publ.,2013.

[9] I. M. Gelfand and S.V. Fomin, Calculus of
Variations. New York, USA: Courier Dover
Publications, 2000.

[10] L. P. Lebedev and M. J. Cloud, The Calculus of
Variations and Functional Analysis with Optimal
Control and Applications in Mechanics. Singapore:
World Scientific Publ., 2003.

[11] David J. Logan, Applied Mathematics, 3rd ed. New
York, USA: John Wiley & Sons Publ., 2006.

[12] V. I. Vanko, O. V. Yermoshina, Calculus of varia-
tions and optimal control. Moscow, Russia: MGTU
im. N. Ye. Baumana Publ., 2006. (Russian)

OCOBJIHBOCTI 3AJAYI KEPYBAHHA
TAT'OBOIO EJIEKTPOIIEPEJAYEIO
PYXOMOTI O EJIEKTPOTEXHIYHOT' O
KOMILIEKCY ITPH BLIIXWJIEHHI
BIA TPA®IKA PYXY

Hvutpo Kymarig, [Tetpo AHnpieHKO

ABTOpPH MaTeMaTHYHO OIMCAIM 3adadi KepyBaHHS Ts-
TOBOK E€JIEKTPOIIEPENAYeto IS ITOJ0JaHHS PYyXOMHM €JIEKT-
POTeXHIYHUM KOMIUIEKCOM BiIXWieHHS Bim rpadika pyxy. B
CTATTi 3allPOTIOHOBAHO MaTeMaTHYHe OIMCAHHS alTOpHTMY
BUpIIIEHH TOCTABJICHO] 3a7adi KepyBaHHA TATOBOKO EJIEKT-
ponepenavero. OnmcaHHs MpodIeMHOTO THTAHHS 3AificHeHO Ha
OCHOBi amapary BapiamifiHoro uncienus. O0’exTOM aHamisy
3aTaHui KpUTEpii ePeKTHBHOCTI TOCTiIKYBAHOT CHCTEMH.
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