odeling
MATHEMATICAL MODELING AND COMPUTING, Vol.2, No.1, pp. 77-87 (2015) I\/I @puting

athematical

Thermal stresses in a long cylinder under Gaussian-distributed
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An axisymmetric problem for Gaussian-distributed heating of a lateral surface of an infi-
nite cylinder is solved in the framework of fractional thermoelasticity based on the time-
fractional heat conduction equation with the Caputo derivative. The representation of
stresses in terms of displacement potential and Love function is used to satisfy the bound-
ary conditions on a surface of a cylinder. The results of numerical calculation are presented
for different values of the order of fractional derivative and nondimensional time.
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1. Introduction

The standard thermoelasticity combines the elasticity theory and the classical heat conduction based
on the Fourier law for the heat flux

q=—kgradT (1)
and the parabolic heat conduction equation for temperature
oT
— =aAT. 2
5 = @ (2)

However, many theoretical and experimental studies of transport phenomena testify that in media
with complex internal structure the classical Fourier law and parabolic heat conduction equation are
no longer accurate enough. Several nonclassical theories have been proposed, in which the Fourier
law and the parabolic heat conduction equation are replaced by more complicated equations. In the
theory of heat conduction proposed by Gurtin and Pipkin [1], the Fourier law was substituted by the
time-nonlocal dependence between the heat flux vector and the temperature gradient. The different
choice of the memory kernel results in the corresponding generalized theories of heat conduction. A
survey of such generalizations of the Fourier law can be found in [2-5].

Each generalization of the theory of heat conduction results in the corresponding generalization of
thermoelasticity. For example, Cattaneo theory |6] of heat conduction with the “short-tail” exponential
kernel leads to the telegraph equation for temperature

oT 0T

and the generalized thermoelasticity of Lord and Shulman [7]. Heat conduction with “total” memory
is described by the wave equation for temperature [8, 9]

0T

52— ¢ AT (4)
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and creates the basis of thermoelasticity without energy dissipation developed by Green and Naghdi [9].
It was shown in |2, 3, 10, 11] that the “long-tail” memory with the power memory kernel

q=—kDp,* gradT(t), 0<a<l, (5)
q=—kI*lgradT(t), 1<a<2, (6)
in combination with the energy equation results in the time-fractional heat conduction equation

0T
ote

=aAT. (7)

Here I¢f(t) and D%, f(t) are the Riemann-Liouville fractional integral and derivative of order «,

respectively, d dtit) is the Caputo derivative [12-14]:

o) = ﬁ / (t— 1) () dr, a0, (8)
0
D¢, f(t) = j;; I‘(ml— o) /(t —r)ymetlf(rydr|, m—-1<a<m, 9)
0
d(;i;(lt) = F(ml— ) /(t - T)malidzzg—) dr, m-1<a<m, (10)
0

where I'(«) is the gamma function.

The thermoelasticity theory based on equation (7) was proposed in [10]. This approach was devel-
oped in succeeding papers [2-5, 15-24] and was reviewed in the book [25].

The time-fractional heat conduction equation in cylindrical coordinates was studied in [26-37]. In
this paper we will investigate axisymmetric thermal stresses in an infinite cylinder with the Gaussian-
distributed boundary value of temperature on its lateral surface.

2. Statement of the problem

A quasi-static uncoupled theory of thermal stresses based on time-fractional heat conduction equation
is governed by the following system of equations |2, 10, 24, 25|

e the equilibrium equation in terms of displacements
pAu+ (A + p) graddivu = frKp grad T, (11)
e the stress-strain-temperature relation
o=2ue+ (Mre— grKrT)1, (12)

e the time-fractional heat conduction equation

0T <82T 10T 0°T
=a

Here o is the stress tensor, e is the strain tensor, A and p are Lamé constants, Kp = X\ + 2u/3 is the
modulus of dilatation, 87 is the thermal coefficient of volumetric expansion, a is the thermal diffusivity
coefficient, I denotes the unit tensor.
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We assume the zero initial conditions

t=0: T=0, 0<a<2, (14)
oT

and the Dirichlet boundary condition corresponding to the Gaussian-distributed heating of a surface

2
wo z
= N = —_— . 1
r=R 1 e exp< 2’)’2> (16)

The surface of a cylinder is traction free:
r=R: o.,=0, orz = 0. (17)

In a quasi-static statement of the thermoelasticity problem initial values of mechanical quantities are
not considered. The zero conditions at infinity

lim u(r,z,t) =0, lim T(r,z,t) =0 (18)

z—Foo z—Foo

are also assumed.

3. Solution of the heat conduction equation

Application of the Laplace transform with respect to time ¢ and the exponential Fourier transfom with
respect to the axial coordinate z to the fractional heat conduction equation (13) and the boundary
condition (16) give

~ 9*T* 19T+ ~
Tt =g = 4= —n?T* 19
5 “ < Or? + r Or n ) ’ (19)
_ 2,9
r=R: T*=_-2 exp <——fy 1 > ; (20)
svV2m 2

where the asterisk denotes the Laplace transform, the tilde marks the Fourier transform, s is the
Laplace transform variable, 1 is the Fourier transform variable. In (19) we have used the following
Laplace transform rule for the Caputo derivative [12-14]

m—1
[’{d({tg)}_ FEONsF m—1<a<m. (21)
k=0

Next, we use the finite Hankel transform with respect to the radial coordinate r [38|. Recall that
for Dirichlet boundary condition this transform has the following form:

R

HF(r)} = Fle) = / F(r) Jo(rée) rdr, (22)
0

M Fle) = 1) RZZfsk s (23)

with the sum over all positive roots of the zeroth-order Bessel function
Jo(REk) = 0. (24)
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In this case

dr? r dr

2
2 {d f(r) I ldf(r)} = —&2f(&) + R (RE) f(R). (25)

Taking into account (20) and (25), from (19) we obtain the solution in the transform domain:

= R 21 1
T (&1, 8) = %Jﬂm)exp (—”2” ) PP e (26)
or
= _ Ruwo & J1(RE) ¥n*\ [1 "
T (gkvnv 3) - \/% gz +n2 exp <_T> I:; - SO + a(f;%. +n2) . (27)

To inverse the Laplace transform the following formula [12-14]

o {S‘Za:b} — Eo(—bt®) (28)

will be used. Here E,(z) is the Mittag-Leffler function in one parameter « [12-14, 40]:

0 zn
_E R 2
2) nOF(n 1), a>0, zed(, (29)

being a generalization of the exponential function

z __ - zn
e —nzzoir(n_i_l), zeC. (30)

Inversion of the Laplace transform gives:

~ 2,2
Flent) = T2 S oy (20 {1 £, [a ) ) . (31)

Inversion of the Fourier and finite Hankel transforms allows us to arrive at the expression for the
temperature field in a cylinder

[ i Jo(rék) (22 e
T(r, z,t) 4Z(£k+n Jlek){l Ea[ a(fk+77)t]}
X exp <—%> cos(zn) dn. (32)

It is worth noting that the relation [38]

2 .- EkJo(ré) _ Jo(rp)
R Z:l — B2) Ji(RE,)  Jo(RB) (33)

for 5 = in can be rewritten as

25 kaO (ré)  _ Io(rn)
R ; §k+77 J1(REx) Io(Rn)’ (34)

where I,,(r) is the modified Bessel function of order n.
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Hence (32) takes the form

T 2,2
T(r,z,t) = % / I;)((;Z)) exp (——7 277 )cos(zn) dn
Wo [ 2, .2\ §xJo(rér) v2n?
e ) 2 e ey e (75 ) eosteman. @9

At the boundary surface r = R, the first integral in (35) satisfies the boundary condition (16),
whereas the second one equals zero due to (24).

4. Investigation of thermal stresses

As in the classical thermoelasticity [40, 41] we can use the representation of the stress tensor in terms
of the displacement potential ®. The part of stresses due to the displacement potential describes the
influence of the temperature field and satisfies the equation

1+v Br
Ad =mT = —. 36
ml,  m=— (36)
In cylindrical coordinates in the axisymmetric case

e 102 9@
o —mT 37
oz rar 92 (37)

and
1 0
07(’7’) =2pu (W - A‘I’> ’ (38)
1 100
Uée) =2 (; o Aq)) , (39)
0*®
ngz) = 2p 9.2 A‘I’) , (40)
>*®
o) =25 (41)
After applying the Fourier and finite Hankel transforms to equation (36) it assumes the form
= m =

d=—-——" 42
&+ )

or taking into account (31)

= R J1(R 272
b S e (<5) (- B e ey ) (

which gives

~ Y2\ =, Jo(r&)
® = —C exp (_T> I;Pk T (Ren)’ (44)
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where
2
¢ = Y2mun (45)
Ry
&k 2 2
P,=——"—= 11— E,|—a(& +n°)t*| ;. (46)
The components of the stress tensor o(!) (38)-(41) in the Fourier transform domain are expressed
as
2,2\ 2 2
() _ _9 ' P EJ1(r&k) + rn*Jo(rék) A
Opp ,LLC exp ( 2 ) ; k ’I"Jl(ng.) ) ( 7)
2,2\ 2 4 2
~(1) _ ' &1 (rék) — v (&2 +1?) Jo(rée)
7o =20 exp( 2 ),;P’“ r (&) ’ 48)
2P\ & ()
o ex ,
2,2\
~(1) _ o e EiJ1(ré)
Tps 2uiCnexp < - > Z Py BACDE (50)

k=1

The stress tensor o(!) does not satisfy the traction free condition (17). The part of the stress field
expressed in terms of the biharmonic Love function L [41]:

r 2
c? = 2;1% vAL — (83712;] , (51)
@ _o 0 [ Ap_LOL
Tpg = 2“82 -Z/AL vl (52)
- 2
ol = 2u6% (2-v)AL - ‘27’;} : (53)
o[ L
2 —9,2 |(1- _ZZ
g 2”87“ _(1 v)AL 822} . (54)

allows us to satisfy the prescribed boundary conditions for the components of the total stress tensor
o = 0-(1) + 0'(2):
r=R: o) +5® =0, (55)

r=R: U,(é) + JT(E) =0. (56)

The biharmonic equation for the Love function

— +

0?2 n 10 0?2
or2  r Or 022

2
)L:O, 0<r<R, —-o0<z<o0, (57)
in the Fourier transform domain is rewritten as
2 10 L\~
_ L= _ L=0 58
<6r2 + ror ! ) (58)
and has the following solution finite at r = 0 [38]:

L = A(n)Io(rn) + B(n)rnli(rn) (59)
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with A(n) and B(n) being the integration coefficients.
From (51)—(54) and (59) we get

52 = 20i{n* A@) [To(rm) — (r) " L)) + 0* B) [(1 = 20)Io(rm) + Ty (rm)] }, (60)
Gy = 2ui [ Am)r ™ L () + (1= 20)0* Bn)o(rn)|, (61)
52 = —2ui{n* A Io(rm) + " B(n) 22 = ) Io(rm) + T ()|}, (62)
52 = 2u{n* AL (rn) + 1 B(n) [2(1 = ) L) + ()|}, (63)

which allows us to determine the integration constants

iC ,72,'72 0
A = e (=55 ) { [P + 20 - )] 1iRo) + 20 - iR} 6P (1)
k=1
iC 72772 oo
B =~ e (<150 ) Ran(n) Y- 6um. (65)
1D (n) 2 ;
where
D(n) = [R*n* +2(1 = v)] I (Rn) — R*p*I5(Rn). (66)
0.7 0.20
a=1.95
0.15 - P
5TT
a=1.75
0.10
a=0.5
0.05
a=1
0.00 | | | |
0.0 0.2 0.4 0.6 0.8 1.0
r 7
Fig. 1. Dependence of temperature on distance for Fig. 2. Dependence of the stress component o, on
z=0,k =0.5,5 =1 and different values of «. distance for Z = 0, k = 0.5, 4 = 1 and different values
of a.

The results of numerical calculations are shown in Figs. 1-6. The following nondimensional quan-

tities 1
— RT Roj r z Vat®

Wo s Oij 2,U/mw07 R’ R’ R v ( )

have been introduced; in calculations we have assumed v = 0.25. To evaluate the Mittag-Leffler func-

tion E,(z) we have used the algorithm suggested in [42]. Figures 1 and 2 show the dependence of

temperature and the stress component o, on distance for various values of order of the fractional

derivative. Figures 3 and 4 present the dependence of the solution on distance for various values of the

Mathematical Modeling and Computing, Vol.2, No. 1, pp. 77-87 (2015)



4 Povstenko Yu.

0.6 0.15
Kk =0.25
0.10
a'm“
0.05
0.00
7 7
Fig. 3. Dependence of temperature on distance for Fig. 4. Dependence of the stress component o, on
z=0,a =1, =1 and different values of . distance for Z =0, « = 1, ¥ = 1 and different values
of k.
0.6 0.20
k=05 k= 0.65 k=05
0.5
0.15
0.4 _
Orr
T 0.3 0.10
0.2
0.05
0.1
0.0 . 0.00
0.0 0.2 0.4 0.6 0.8 1.0 1.0
r 7
Fig. 5. Dependence of temperature on distance for Fig. 6. Dependence of the stress component o, on
z=0, a =1.75, 4 = 1 and different values of k. distance for z = 0, a = 1.75, ¥ = 1 and different
values of k.

parameter x obtained in the framework of the classical thermoelasticity, whereas Figs.5 and 6 depict
the corresponding results for fractional thermoelasticity with o = 1.75.

5. Conclusions

In the case 0 < o < 1, the time-fractional heat conduction equation with the Caputo derivative of
order « interpolates the elliptic Helmholtz equation for temperature (o = 0) and the parabolic heat
conduction equation (o= 1). The associated fractional thermoelasticity interpolates the so-called
“localized thermoelasticity” [25] and the classical thermoelasticity. In the case 1 < a < 2, the time-
fractional heat conduction equation interpolates the standard heat conduction equation (o = 1) and
the hyperbolic wave equation (o = 2); the considered theory interpolates the classical theory of thermal
stresses and thermoelasticity without energy dissipation introduced by Green and Naghdi [9]. Figure 1
shows how the wave front appearing in the case of the wave equation is approximated by the solution of
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the fractional heat conduction equation with oo approaching 2. In the case of classical thermoelasticity
both temperature and the stress component ¢,, change with nondimensional time x monotonically
(see Figs.3 and 4). The nonmonotonic character of such a dependence of the stress component o, for
a = 1.75 is evident from Fig. 6. Fractional thermoelasticity offers considerable possibilities for better
describing thermal stresses in porous materials, random and disordered media, fractals, and other
solids with complicated internal structure.
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