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1. Introduction

In many manufacturing processes, technological heating is commonly used, particularly in the manufac-
ture of vacuum technology equipment. The main elements of this technique are usually glass elements
of the shell type. Constructive and other diversities, especially under the conditions of gradient dis-
tribution of temperature, tend to significant stresses that can exceed the permissible values and lead
to the breaking of such shell system [1–3, et al.]. Due to the low level of permissible stresses for glass
(fragile material), the levels of stresses can exceed these permissible stresses and lead to the breaking
such shells. Therefore, it s necessary to develop methods of constructing heating regimes being optimal
with respect to the stress for glass piecewise homogeneous shells of rotation, which are widely used in
engineering practice (as constituents of many devices).

During the manufacturing, treatment, and operation, the piecewise homogeneous glass shells or
elements of these shells are exposed to unsteady temperature fields as a result of technological or
concomitant heating and also to force loading. The levels of stresses and strains that occur significantly
depend on both the heterogeneity of temperature distribution or the force load and the heterogeneity
of material properties. Under overdimension of the permissible stresses, they can lead to arising cracks
and breaking these shells.

Therefore, the problem of optimization with respect to the stress of regimes of heating such shells
with taking into account their heterogeneity for the given domains of temperature permissible changes
and thermal stresses that reflect the specific and performance capabilities of the particular method of
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Mathematical models and methods of optimization of technological heating regimes 141

technological or operational heating, as well as the durable properties of the material is very actual
and urgent. Solving various aspects of this issue is important in constructing optimal thermal regimes
of many types of target heat treatment of piecewise homogeneous shell elements (made of glass and
other materials) — the constituents of a significant number of modern devices of target usage, including
vacuum and power equipment, and therefore relating to the scientific trend of optimization in thermal
mechanics.

2. State of the problem

In scientific direction, the optimization in thermomechanics is focused on the optimization of temper-
ature fields and stresses in structural elements and devices (or within them in general) with integrated
loads of different physical nature (force, thermal, electromagnetic, etc.), as well as optimization of
factors of technological actions by the level of thermostressed state of elements under consideration.

Moreover we note that before, the needs of engineering were related to the development of structural
optimization that is still urgent at present stage of industrial production, in particular, due to the
extensive use of structures which operate under extreme loads of different nature. In this way, there are
obtained a number of important theoretical and experimental results of general and applied nature [4–
14, et al.].

Analytical investigations to determine the temperature fields which ensure the maximum low tem-
perature of stresses to be occurred within the boundaries specified by conditions of local heating
originate in 1967 from the work of Ye.Grigolyuk, Ya. Pidstryhach, Ya.Burak [15, et al.], the mathe-
matical formulation and the solution of the problem to determine in the shells of rotation the local
axially symmetric temperature fields constant with respect to the thickness under restrictions on quite
general key functions are represented. The problems were solved on the basis of minimizing the en-
ergy functional of elastic deformation of the shell. When reducing the obtained nonclassical extreme
problems to the problems of the calculus of variations, the mathematical tool of generalized functions
was applied.

Further development of research in this field is obtained in Refs. [16,20, et al.]. They studied the
optimal conditions for local heating isotropic inhomogeneous shells of rotation, flat orthotropic thin
shells. The possibility of lowering the stress-strain state by power load and accompanied local heating
was shown. As the criteria for optimality, along with the elastic displacement energy functional the
forming energy functional was used and control functions were limited with domains of acceptable
change.

The developed theoretical fundamentals and mathematical methods of optimization of the stress-
strain state of thermoelastic shells and plates are generalized and systematized in the monograph [21],
in which along with the stated above, the results are represented for investigations in optimal control
under heat transfer and induction heating, optimization of local heat treatment of the welded thin-
walled structures, the influence of temperature dependence of the characteristics of the material on
optimal conditions of local heating.

Methods of optimal control of heating spherical shell at heat transfer outlined in [21], was developed
for the class of thin shells of different geometry with constraints that are characteristic of existing in
engineering methods of heating. Here the initial stage is minimization of the elastic displacement
energy functional over the time of heating. The temperature field and the stress state are assumed
to be non-stationary (quasi-static formulation of direct thermomechanics problems) and the regimes
of heating are to be optimized. Some summarized results in this area of research, as well as solutions
of the relevant extreme problems of thermoelasticity arising during optimization of thermal regimes of
production and processing of certain elements of electric vacuum devices are contained in the book [22].

To the development of theoretical fundamentals of optimization of heating regimes for thin glass
shells variable in time and by the coordinates at specified domains of permissible changes of temperature
field and stresses are devoted Refs. [23–36, et al.]. In these works, there are suggested optimization
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techniques in which the initial mathematical models are more adequate to the processes and phenomena
under consideration (three-dimentional accounting for the vitrification process, etc.), as well as systems
of restrictions, control functions, and criteria of optimality.

Further development of mathematical models of calculation and optimization of heating regimes
for metal and glass plates and shells, in particular the thermal heating with radiation, heating with
material phase transformations, including cases of shape memory effect, is suggested in [37].

To the construction and study of optimal transients regimes of loading thermoelastic shells in order
to reduce the impact of the dynamic effects on their stress state while reducing the level of stress are
dedicated Refs. [19, et al.].

Ya. Pidstryhach and V.Vihak (in 1972-1973) suggested the method of inverse problem of heat
conduction and thermoelasticity for solving the optimal control (with respect to performance) of non-
stationary temperature regimes in strain solids with constraints on the control, quasistatic temperature
stresses and settings of thermal regime (under control, which is realised under the conditions described
by the system of given constraints). The method was substantiated and developed, and applied to
solving problems of optimization of thermoelastic stresses and displacements control in the body due
to internal heat sources in Refs. [38–40, et al.]. Results on the present state of this research, including
generalizations of the elastic-plastic formulation, are systematized in [40].

In Refs. [41,42, et al.], the computational schemes and effective analytical methods for determin-
ing and optimizing thermostressed state of conductive bodies, including plates and shells, under the
influence of harmonic electromagnetic field are developed. Optimal by stresses regimes for induction
heating plate elements are constructed.

To the said above areas of research, close by their scientific nature researches conducted under the
guidance of Yu. Nyashin can be referred [43,44, et al.], by their model construction and optimization
techniques for initial stresses and strains, which account for thermo-elastic and plastic nature of the
character of deformation. Here are developed general principles of stress control through initial stresses
in the bodies of different materials, as well as there are suggested approaches to the generalizing of
control theory to living tissues.

Along with sufficiently developed methodology for optimizing by the stress state of physical and
mechanical processes in homogeneous plates and shells, there are only a few studies dedicated to the
development of the considered above issues for piecewise homogeneous shells [17,60, et al.]. These
studies are fragmented and require generalization and systematization.

3. Piecewise homogeneous shells

Homogeneous and piecewise-homogeneous elements of different structures and devices of modern tech-
nology, including glass ones, are exposed to multifactor loads. One of them is the thermal load, the
effect of which is the basis of the various energy devices operating and it also is used in existing tech-
nologies of the treatment of structural elements in many industries, including energy, electrical and
electronic.

The main source of heat action is convection way of heating. There are used often the method
of heating with the help of heat sources, in particular caused by infrared electromagnetic radiation.
Structural elements can be subjected to the direct force load as a result of appropriate fixation and
additional force action. Items can be subjected to such acts both during the manufacturing and during
exploitation.

Heating and force load in constructive elements give rise to temperature and mechanical (stress
and strain) fields that depend both on the nature of the distribution of temperature and force load and
the nonhomogeneity of material, and they can reach considerable values and exceed allowable levels,
lead to cracks and destruction of these elements.

It is mentioned above, that the development of theoretical research in optimizing the mechanics of
deformable solids can be divided into two directions: optimization of structural design and optimization
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of control of physical and mechanical fields in structural elements, in particular their stress-strain state
in the manufacturing, treatment, and exploitation.

The need to reduce the material consumption of structures and to improve their mechanical prop-
erties, and to create new technology products, in recent decades led to the intensive development of the
first direction. The theory of optimization of stress-strain state control of structural elements in their
manufacturing, treatment, and use, as compared to the first direction is less developed. There are a
number of studies on this subject for homogeneous shells and bodies with canonical geometry, which
are produced on the basis of methods of optimal control. There are only a few known results related
to the optimization of the stress state of piecewise homogeneous shells obtained by constructing the
respective local stationary temperature field of annealing for piecewise homogeneous cylindrical and
spherical shells. However, the suggested there method of optimization of the stress-strain state does
not allow us to construct by the stress state the optimal heating regime of piecewise homogeneous
shells for a given range of allowable values of temperature and stresses.

Therefore, the development of a methodology for determining optimal by stresses statre heating
regimes for piecewise homogeneous glass shells with taking into account their heterogeneity for a
given range of allowable temperature and stresses changes that reflect the specifics and possibilities
of a specific way of technological or operational heating as well as durable (thermal and strength)
characteristics of the material. A solution of this class of problems is essential for the development
of thermal regimes of different types of target treating piecewise homogeneous glass shells, which are
widely used in various fields of modern technology [24,26, et al.].

Formulation and solving the optimization problems in mechanical systems with distributed param-
eters, which include the general problems, are connected with solving of the following key tasks:

– choise of a system of defining functions that include functions and parameters of control;
– formulation of a corresponding analytical model of optimization;
– development of basic mathematical models describing thermomechanical behavior of systems under

consideration and optimality criteria;
– forming restrictions on temperature, stress and strain in the proposed glass design;
– development of analytical or numerical-analytical methods for solving the existing direct and inverse

component problems;
– correction of regime parameters of heat treatment depending on the size of the construction and

on the way of treating in the particular technology.

Since most of the technological processes take place in conditions of intense heat load, which occurs
in a wide temperature interval, we must take into account the temperature dependence of physical
and mechanical characteristics of the material. As it is known, the values of coefficients of linear ther-
mal expansion for different types of technical glass (used in the production) with temperature being
increasing, significantly change [1–3,46,47 et al.], and coefficients of temperature conductivity, Poisson
and Young’s modulus within limits of considered temperatures (0◦C − 460◦C) change insignificantly
and they can be taken as constants. Therefore, for describing the stress-strain state of the consid-
ered piecewise homogeneous glass shells, it is expedient to begin to proceed with relations unbound
thermoelasticity problem with temperature-dependent thermal expansion coefficient, which is often
used in the study of thermomechanical behavior of specific glass elements caused by non-stationary
thermal-force load.

In the formulation of problems of stress-stain state optimization, it is of great important the choise
of optimality criterion. For homogeneous shells, as a rule, the appropriate functionality is chosen,
which in integral sense reflects the objectives of optimization. In particular, the functionality of elastic
strain energy used in the construction of optimal technological regimes of heating homogeneous shells
is related to the heat resistance of glassware at heating-cooling stages [21,22, et al.]. Piecewise homo-
geneous shells have the peculiarity that thermal stresses that occur during heat treatment, can greatly
depend not only on the nature of the distribution of temperature, but also on the heterogeneity of
the material properties. And, as a rule [2,47 et al.], the maximal normal stresses (the magnitude of
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which according to the first theory of strength can break glass) arise in the near contact (local) field
of coupling heterogeneous parts of piecewise homogeneous shell. Therefore, in the case of optimizing
the stress-strain state of piecewise homogeneous shell it is expedient to use a local criterion of opti-
mality that characterizes the stress state. As such optimality criterion, the maximal normal stresses
functionality can be chosen.

In this approach, the initial complex nonlinear optimization problem can be greatly simplified by
the assumption about the behaviour of the temperature distribution with respect to the thickness of the
shell. As such assumption, quite often the cubic law of temperature distribution in the thickness of each
composite element of the shell can be taken, thus with sufficient accuracy the nature of temperature
changes in the thickness coordinate is described [21 et al.]. This is still a nonlinear optimization problem
and it can be solved only using numerical methods of optimization theory. As a method for solving the
formulated optimization problems, the method of local variations (phased parametric optimization)
can be chosen, moreover, for implementation of the search of constrained minimum of the mentioned
above functionality the direct search methods are applied [49–52 et al.] at a known solution of the
direct problem.

4. Optimization of physical and mechanical processes

In this passage, with taking into account the research results represented in monographs and review
articles [7,16,19,21,38–40,45,47,48, et al.], some approaches to building optimization models of con-
structions and physical and mechanical processes in thermomechanical systems that can be used in
the development of methods for optimizing by the stress state of target regimes of heating piecewise
homogeneous glass shells.

As noted above, it happened historically that the development of research in the optimization in
the mechanics of deformable solids can be divided into two directions: control and optimization of
physical and mechanical processes in structural elements in their manufacturing and exploitation.

The need to reduce material consumption of constructions and to improve their mechanical charac-
teristics led to the rapid development in recent decades both the optimal control theory and numerical
methods for solving extreme problems [50,52, et al.]. This led to the intensive development of struc-
tural design optimization as evidenced by numerous articles and monographs on issues that are related
to this direction [4,7–11,52, et al.].

Structural optimization problems in most cases can be reduced to problems of optimal control in
systems with distributed parameters. The fundamentals of theory and methods of optimal control in
such systems are set out in Refs. [52,54, et al.].

There are a number of approaches and numerical algorithms for solving various problems of optimal
control in systems with distributed parameters. First of all, here we should mention direct methods
[49,51,52,57 et al.]. Solving a number of problems is connected with indirect methods, in which using
the principle of maximum by A. Pontryagin, the initial variational problem is reduced to the boundary
value problem [48,51,52,58 et al.]. The solving methods based on nonlinear programming for variational
problems have made great progress [51,52,59 et al.]. In Refs. [51,52, et al.], the approach based on
variations of the control function state in space at a known solution of direct problems was suggested.

The results of studies on the development and application the numerical and analytical meth-
ods to solving direct problems of mechanics of thin-shelled structural elements are contained in
Refs. [21,38,39,53, et al.].

The theory of control optimization of physical and mechanical processes in structural elements
is processed in literature much less (compared to the previous direction). Here, works on con-
trol of thermostressed displacements in important applied problems of production are distinguished
[16,17,18,23,27,45,54 et al.].

To the first researches in this area it should be referred the works on building local temperature fields
of annealing of welded thin-walled structures [16,18,21, et al.]. Here the boundaries set restrictions on
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the distribution of temperature and stresses under heating ensure optimal conditions for relaxation of
residual stresses. It should also emphasize the Refs. [15,21, et al.], in which the optimal temperature
fields near the circular welded joint zone are determined under the assumption that the temperature
outside this zone is set, and for cylindrical shell under local heating vicinity of helical welded joint.

In Refs. [15,21,27 et al.] the theoretical fundamentals of optimal thermal heating conditions for
homogeneous thin-walled shells were developed. Using methods of calculus of variations, on the basis
of various criteria of optimality, the solution of a number of certain optimization problems for shells of
rotation under the assumption of linear and the cubic law of change of temperature with the thickness
coordinate were obtained. Based on this theory, a number of methods to determine the optimal target
heating temperature fields have been suggested [17,20,23,27,28,42,45, et al.]. These techniques are
developed for a broad class of optimization problems for stress state of thermoelastic shells, both
thermal and force loads being controlled. A more complete review of the literature in this area is
presented in Refs. [14,16,21,22, et al.]. Note that if to compare the results of the above studies, only
in Refs. [17,45] the local temperature fields in piecewise-homogeneous cylindrical and spherical shells
are considered. In Refs. [26,55,56, et al.] a numerical method of heat treatment process optimization
of piecewise homogeneous solids of rotation under constraints on the stress state. Here, to describe the
thermomechanical behavior of such solids, there are used the model of thermosensitive elastic body in
three-dimensional formulation under condition of the dependence of the characteristics of the material
on the spatial coordinate. However, these proposed optimization methods do not allow us to build
the piecewise homogeneous shells heating regimes to be optimal by stresses for the specified rages of
allowable temperature and stress changes.

For determining the optimal temperature fields at local heating of thin shells, we did not impose
any restrictions on a law of changes with respect to the coordinates and time, ambient temperature,
heating rate, etc. At the same time, based on optimal temperature fields of engineering applications, it
must be taken into account restrictions associated with specific features and capabilities of a particular
method of heating. Such restrictions at heating the shell by means of convective heat exchange with
the environment can correspond to, for example, the setting the limits of allowable changes of ambient
temperature, temperature on the surface of the shell, etc.

These researches on optimization of the stress-strain state of structural elements and products were
based mainly on optimality criteria — the minimum of elastic strain energy [15,21,27,28, et al.]. It was
assumed a heating scheme to be given, a regime of heat treatment being required.

The optimal regimes of heating of thin shells of rotation in conditions of heat transfer from the
lateral surfaces at the specific permissible changes of temperature field and temperature stress. The
investigations were carried out for homogeneous shells without accounting the temperature dependence
of material characteristics assuming cubic law of temperature change in the thickness of the shell. Built
using such techniques regimes of thermovacuum treatment of glass shells of specific electron-beam
devices are widely used in electrovacuum manufacturing [21,22, et al.].

To the development of this technique (the determining optimal stress regimes) with induction
heating in plates and shells, the works [21,42] are devoted, in which the heating control is carried
out by internal heat sources created by electromagnetic means. To the construction of theoretical
fundamentals and methods of optimization of dynamic stress state of thin shells when the control
functions are external force load and heat sources, there are dedicated Refs. [19,20, et al.].

Approaches to identify and study the optimal by thermal processes control speed in thermoelastic
and thermoviscoelastic bodies by their reduction to the corresponding correct or incorrect inverse heat
conduction problems (with constraints on the control parameters, parameters of heat treatment and
stress-strain state) are suggested in Refs. [38–40, et al.]. Here it is also formulated sufficient conditions
for optimality and proved the existence of the solution. However, such approaches do not allow us to
implement optimality criteria, as well as to provide a satisfaction of certain restrictions.

The performed analysis of the literature shows that the issues of optimization by the stress state
of the piecewise homogeneous shells heating regimes are still not enough studied.
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In Ref. [21], there are formulated the theoretical bases of optimal thermal heating regimes construc-
tions for homogeneous shells during their annealing process. Using methods of calculus of variations
at different optimality criteria, a method of solving a number of specific optimization problems for
shells of rotation under the assumption of linear and cubic law of temperature change in the thick-
ness of the shell is suggested. This method is developed and extended to a wide class of problems of
optimization by the stress state of thermoelastic shells of the thermal regimes of aging for different
ways of heating and force load. But only a few studies [17,60, et al.] were dedicated to determining
local temperature fields of aging in piecewise homogeneous cylindrical and spherical shells. However,
the suggested in these studies approaches to optimize the stress-strain states do not allow building the
optimal by stresses regimes of heating piecewise homogeneous shells, particularly under the specified
allowable temperature and stress change ranges that always occur in real regimes of a certain product
heating.

In publications relevant to this direction, for piecewise homogeneous shells in recent years
[29,31,32,55], the mathematical formulation has been done as well as a method for solving optimization
problems by heating regime stress state has been suggested for thin glass composite shells of rotation
(including their heterogeneity). Heating the shell (of the thickness 2h consisting of n heterogeneous
units, referred to the mixed orthogonal coordinate system α1, α2, γ, in which the coordinates of the
curve are curves of the main curvatures, and the coordinate γ determines the position of a point along
the normal to the middle surface (−h 6 γ 6 h)) is performed due to convective heat exchange with
the environment, the temperature of which f = {tc1(k), t

c
2(k)} is a control function (heating factor). The

conditions of heat exchange on the shell surface have the form:

∂t(k)

∂γ
+ h

(1)
t(k)

(t(k) − tc1 (k)) = 0, γ = h,

∂t(k)

∂γ
− h

(2)
t(k)

(t(k) − tc2 (k)) = 0, γ = −h,

(1)

where t(k) is the temperature of the shell, h
(1)
t(k)

, h
(2)
t(k)

are the relative rates of heat transfer from the

surfaces γ = ±h; tc1(k), tc2(k) are the ambient temperatures on these surfaces; k = 1, n is the index
introduced to denote quantities belonging to regions of homogeneity.

In addition to these boundary conditions for convective heat transfer, the closed shell can be in
more difficult conditions of heat exchange with the internal medium, which can be expressed by means
of functional correlations, namely

tc2(k) = F (t(k), h
(2)
t(k)

, λ(k), . . .), (2)

which links the temperature of the medium with the temperature and geometry of the shell as well as
with the thermal properties of the material and the medium.

The temperature field inside the shell region is described by known heat conduction equation

p2(k)t(k) +
∂2t(k)

∂γ2
= 0, (3)

where t(k) is temperature, which is measured from the initial t0;

p2(k) = ∆−
1

a(k)

∂

∂τ
; ∆ =

1

A1A2

[

∂

∂α1

(

A2

A1

∂

∂α1

)

+
∂

∂α2

(

A1

A2

∂

∂α2

)]

,
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a(k) =
λ(k)

c(k)ρ(k)
is the temperature conductivity coefficient; λ(k) is the thermal conductivity coefficient;

c(k) is the specific heat capacities; ρ(k) are the densities; A1, A2 are the coefficients of the first quadratic
forms of middle surface.

The regions of allowable temperature changes and temperature stresses reflecting the specificity
and possibilities of a certain method of heating, as well as describing the durable properties of the
material are given. It is assumed, in particular, that restrictions on the temperature and temperature
stresses are given by means of the following inequalities:

t±0l 6 t±(k) 6 t±∗l, tc01 6 tc1(k) 6 tc∗1,

tc02 6 tA2(k) 6 tA∗2, VT1 6 dt±
(k)

/dτ 6 VT2,
(4)

σ
(k)±
011 6 σ

(k)±
11 6 σ

(k)±
∗11 , σ

(k)±
022 6 σ

(k)±
22 6 σ

(k)±
∗22 , (5)

where σ
(k)±
011 6 0, σ

(k)±
022 6 0, σ

(k)±
∗11 > 0, σ

(k)±
∗22 > 0, VT1, VT2 are the given allowable heating rates;

t±0l, t
±
∗l, t

c
01, t

c
∗1, t

c
02, t

c
∗2, σ

(k)±
011 , σ

(k)±
∗11 , σ

(k)±
022 , σ

(k)±
∗22 are the given values of allowable temperatures and

stresses.
Hereinafter, the signs “+”, “−” are used to denote the functions and variables on the outer and

inner surfaces of the shell respectively.
Problems are solved in quasi-static formulation and assuming that distribution of the temperature

with the thickness’ coordinates is described by the third degree polynomial (cubic distribution law),
and the coefficients of thermal expansion depend on the temperature. As the optimality criterion, the
minimum of the maximal normal stresses functional is chosen.

N = max
{

σ
(k)
11 (α1, α2, γ, τ) , σ

(k)
22 (α1, α2, γ, τ)

}

,

α1, α2, γ ∈ (V0) ; k = 1, n, 0 6 τ 6 τ∗, (6)

where τ∗ is the duration of the heat treatment regime, V0 is the range of coordinate changes in three-
dimensional Euclidean space, which a piecewise homogeneous shell occupies. The control function is
the temperature of the heating medium. Problems are solved by numerical method of local variations
(successive approximation) based on variations in state space of the control function at a known solution
of the direct problem. It is also suggested an algorithm for constructing the control function initial
approximation.

The analytical model of the direct problem of the corresponding structural part of the optimization
problem by the stress state is developed for technological heating regimes of the thin glass piecewise
homogeneous shells of rotation, which is reduced to determining the temperature field in the cor-
responding heat conduction problem (1)–(3) for piecewise homogeneous shell and further obtaining
the parameters of the stress-strain state based on the thermoelastic thin shells correlations for ther-
mosensitive coefficient of linear expansion of the material. Moreover, besides the representation of
the temperature distribution with the thickness coordinate as a third degree polynomial, the methods
of net-points and least squares at finite-element approximation of the average temperature and the
temperature moment are used. The correlations of thermomechanics of piecewise homogeneous shells
of classical geometry (with components of cylindrical, spherical or conical profile) are reduced to the
key equations whose solution is obtained in analytical form.

For such shells, the method of constructing the initial approximation of the control function, in
which the reference condition is the optimal thermal regime for homogeneous spherical shell, when as
an optimality criterion is chosen the appropriate functional of shell elastic deformation energy over
the time of heating, is suggested. Based on the proposed method, a number of optimization problems
by the stress state of heating regimes for glass piecewise homogeneous shells of classical geometry are
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solved, in particular, in the presence of heat and force load, thermal sensitivity of allowable stresses
some technologies of manufacturing and treatment of elements of glass products are studied.

The change in time of the optimal temperature for piecewise homogeneous cylindrical shell (con-
sisting of three heterogeneous parts) calculated using the above-described methods taking the values
of permissible tensile stresses on the inner and outer surfaces equal to 9MPa and 7MPa respectively
is illustrated in Fig. 1. The solid curves show the change in time of the optimal temperature t+(τ)
and temperature stresses σ on the outer and inner surfaces of the shell. When heating from the initial
temperature to the maximum temperature, tensile stresses occur on the inner surface of the shell and
when cooling — on the outside. Thus, on the inner surface the stresses to be calculated are circular
ones, and on the outer surface — the meridional ones. In Fig. 1, the dotted-dashed curves illustrate the
change in optimal surface temperature for homogeneous cylindrical shell made of a material of the third
part of piecewise homogeneous shell. The temperature is determined on the basis of minimizing the
elastic deformation energy functional. Dashed curves show the refined on the basis of local variations
optimal heating regime while the maximal normal stresses functionality being minimized (for the same
in all cases the permissible temperature tensile stresses of 7Mpa and 9MPa respectively).

Fig. 1. Fig. 2.

It is seen that taking into account the shell heterogeneity increases the duration of the regime.
The dependence of the coefficients of linear thermal expansion on the temperature for the structural

parts 1–3 of the shell is shown in Fig. 2.
The problem having been considered here is a logical development of the research on criteria

optimization of the stressed state in the thermomechanical systems under external loads, the results of
which are represented in the monographs [19, 21, 22, 42]. Partially these results are obtained because of
scientific cooperation of the Pidstryhach Institute for Applied Problems of Mechanics and Mathematics
of NAS of Ukraine and its Center for Mathematical Modeling, G. S. Pisarenko Institute for Problems of
Strength of NAS of Ukraine, Lviv Polytechnic National University, Ivan Franko National University of
Lviv, Opole Polytechnic, and manufacturing enterprises interested in using the results of such research.

In our opinion, an important for modern applications of optimal regimes of heating glass piecewise
homogeneous shells are the following directions for further investigations in this area:

– processing of methods of optimization of technological heating regimes for piecewise elements made
of glass and various metals as structural components, which are shell elements of not only classical
geometry type;

– development and synthesis of mathematical models describing the thermostressed state for piece-
wise homogeneous shells (thermomechanics direct problems formulation), in particular, taking into
account the real distribution of temperature, contact effects in the vicinity of the conjugations
intersection at significant difference of characteristics of the material of structural components,
thermomechanical behavior of glass materials at elevated temperatures (processes of viscosity, vit-
rification, relaxation, structural changes and temperature dependence of all characteristics of the
material), etc.;
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– constructing shell optimal heating regimes taking into account the possibility of local loss of stability
due to the presence of significant compressive stresses;

– development of more efficient exact and approximate optimization algorithms based on modern
theories and methods of optimal control, in particular, related to the use as a control function the
heat and power loads, and other criteria of optimality and methods of optimal search;

– development of theory and methods for solving nonclassical direct and extreme problems of mathe-
matical physics, which are formulated within the framework of the proposed models and algorithms;

– development of methods of experimental studies of physical and mechanical processes in shells
in terms of the existing heating regimes (with target verification of assumptions adopted in the
suggested regimes).

As for an initial formulation of the optimization problem and corresponding direct problems, the
main constraints on the parameters of the problem, optimality criterion, and optimal solution methods
(method of local variations) for this class of problems, it is enough to take the assumptions given
above, which are processed and substantiated in literature for piecewise homogeneous shells of classical
geometry.

5. Conclusions

1. In the literature, virtually there is no methods of optimization with respect to different target
criteria of heating regimes (thermal regimes) of piecewise homogeneous shells, in particular made
of glass, with respect to the stress state. Such shells or their elements are often used in engineering
practice, for their production technological heating being widely used. They can also be exploited
in different thermal regimes. For solving actual problems related to engineering and technological
applications of such shells or their elements, it is important to develop a methodology to optimize
with respect to the level of the stress state of heat regimes satisfying the constraints of various
kinds (functional, durable, material science, technology, energy, etc.).

2. It has been established that for homogeneous shells all existing methods of target optimization of
heating regimes are based on relatively simple laws (linear and cubic) distribution of values with
the thickness with an optimality criteria – the elastic strain energy functional of the shell over
the time of heating (which is an integral measure of the stress state in shell with respect to the
coordinates and in time). Assumed laws of the thickness value distribution allows us to use as
much as possible the analytical transformations and under the relative simplicity of these laws we
can reduce complicated (complex) optimization problems to numerical analysis capabilities with
sufficient accuracy of results.

3. The suggested in the literature methods of target optimization of thermal regimes of homogeneous
shells and shell elements do not allow us to take into account the peculiarities of thermal and
mechanical processes in the vicinity of conjugations intersections of heterogeneous parts, to con-
struct optimality criteria with regard to heterogeneities, and to develop optimal with respect to
the stress level heating regimes for piecewise homogeneous shells under specific ranges of allowable
temperature changes and stresses, and under certain restrictions of technological nature.

4. In the literature, there is suggested a physico-mathematical model and the problem formulation of
determining optimal with respect to the stress state regimes of heating with respect to external
medium and heat sources of piecewise homogeneous shells of rotation, the constituent elements of
which are shells of classical geometry: cylindrical, spherical, and tapered, in presence of force load
and for specified ranges of acceptable values of temperature and stress changes. Optimization is
performed by selecting ambient temperature, which is a function of control. It is assumed that the
temperature with the shell thickness varies according to the cubic law and an optimality condition
is the minimum of maximal normal stresses functional. To describe the thermostressed state,
the correlations of unrelated theory of thin shells thermoelasticity depending on the temperature
coefficient of thermal expansion of the material (which are reduced to the key equations) are chosen.
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A solution of the formulated problem is constructed on the basis of the principle of gradual para-
metric optimization, using at the stage of the conditional minimum search of the method of local
variations, which is based on variations in state space of the control function at a known solution
of the direct problem. Thus for determining the initial approximation of the control function, it is
proposed an iterative algorithm based on the solution of the problem of optimizing the heating regime
for homogeneous spherical shell under the given constraints on temperature and stress. There are con-
structed and analyzed the optimal conditions for specific piecewise homogeneous shells under different
conditions of heat transfer and peculiarities of technological processes.

This approach to formulation and solving the problem of heating regimes optimization for piece-
wise homogeneous shells under restrictions on the stress state reflects the formulated conditions of
optimization and can be applied to the development of formulation and methods of solving this class
of problems with taking into account: the objectives of optimization, optimality criteria, restrictions
on the parameters of processes and control, models describing thermomechanics of shells, etc.
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