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The problem of scattering of the electromagnetic (EM) waves by many small impedance
bodies (particles), embedded in a homogeneous medium is studied. Physical properties of the
particles are described by their boundary impedance. The boundary integral equation is obtained
for the effective EM field in the limiting medium for the case if radius of particles tends to zero
and number of particles tends to infinity by suitable rate. The medium, created by the embedding
of the small particles, has new physical properties.

Although scattering of EM waves by small bodies has a long history, the obtained results
are new and useful in applications because EM wave scattering in nanostructures and small dust
particles in the air are examples of the problem to which our approach can be applied. The
developed previously Mie theory deals with scattering by a sphere, not necessarily small, and
gives the solution to scattering problem in terms of the series in spherical harmonics. If the
sphere is small, then the first term in the Mie series yields the main part of solution. The
proposed approach is applicable only to small particles; it is development of ideas proposed
earlier for the scattering of acoustic waves. However, the scattering of EM waves brought new
technical difficulties. These difficulties come from the vector nature of boundary condition.

The particles in our approach can be of arbitrary shape. The solution of initial EM wave
scattering problem is reduced to solving a linear algebraic system. This system is not obtained by
a discretization of some boundary integral equation, and it has a clear physical meaning. Its
limiting form yields an integro-differential equation for the limiting effective field in the medium
where the small particles are embedded.

The new analytical-numerical method for solving the scattering problem of electromagnetic
waves on the set of small particles has been developed. Investigation of properties of the solutions
to problem depending on the parameters of medium, size of particles and their impedance has
been carried out. The numerical results allowed to establish the correctness of assumption about
property of divergence of the tangential component of electric field on the particle’s surface,
which was used essentially for obtaining the asymptotic solution. The numerical results testify
that the relative error of the obtained numerical solution, while compare it with the similar
solution obtained by some complicate procedure, does not exceed of several percents.

Keywords — electromagnetic scattering, small particles, asymptotic solution, numerical
modeling.



Posrasinaerbcst 3aga4a po3cisiHHS eJ1eKTPOMATHITHUX XBWJIb MAJMMH iMIIeJaHCHUMH
TiJaMu (BKJIIOYEHHAMH) Yy OJHOpiAHOMY cepegoBumli. ®i3M4Hi BJIACTHBOCTI BKJIIOYeHb
ONHUCYIOThCS iX NMOBepXHeBMM iMmenaHcoM. OTpHMMaHO I'paHMYHe iHTerpajibHe PIBHAHHSA
1Jis1 e(peKTHUBHOIO eJIeKTPOMArHiTHOro moJjsi mnpu a—0, ge a - xapakTepHuii po3mip
BKJIKYEeHb, a M(a) - kinbkicTh BkiI0OYeHb. [lpoBeneHO MOCTII:KEHHS BJIACTHBOCTEN

PO3B’A3KiB 3aiayi B 3aJe:KHOCTI Bil mapameTpiB cepeloBHINA, po3Mipy BKJIKWYEHb Ta ix
noBepxHeBoro immenancy. HaBeneHno pe3yabTaTu YMCJI0BOT0 MOJETHOBAHHS.

KamouoBi cioBa — ejlekTpoMarHiTHe po3cisiHHS, Majli BKJIWYEHHS, AaCHMITOTHYHUI
PO3B’SI30K, YHCJI0BE MO/IeJTI0OBAHHSI.

Beryn

VY naHiii poOOTI 3ampPOIOHOBAHO AHATITHKO-YUCIOBHM METOI PO3B’sS3yBaHHS 3agadi PO3CISAHHS
€JIEKTPOMArHiTHUX XBHWJIb Ha CYKYIHOCTI BKJIOYEHb MAajoro pO3Mipy, SKi pPO3MIIeHI B JesKii
00OMeKeHi# o0nacTi omHOpPiAHOrO mMpocTopy. He3Baxkarouu He Te, 110 AOCHIKEHHS 3a1a4 Audpakiii i
PO3CISIHHSI €JIEKTPOMATHITHIX XBHJIb 3alI0YaTKOBAHO I¢ Y KiacuuHiii poOoti Penes [1] 1 Ha manwmii yac
iii IpobaeMi MPUCBAYEHO BENHKA KiNbKiCTh myOikamii (muB., Hampukiam, [2], [3] i uuroBany tam
JTEpaTypy), aKTyalbHUM 3QJHIIAETHCA JOCHTIKCHHS TaKWX 3ajad JJs BHUMAJIKy BETHKOT KUIBKOCTI
PO3CiIOBaYiB Maoro po3mipy. Pe3ynbTaTi LUX IOCITIIKEHb MOXKYTh YCIIIIHO BUKOPUCTOBYBATUCS IS
NPaKTUYHUX 3aCTOCYBaHb B 1HXKGHEPHHMX 3a7adax (OPMYBAaHHS CEPEIOBUIN 13  3aJaHUMHU
€JIEKTPOMArHITHUMH BiacTUBOCTMU [4]-[6].

3anponoHOBaHUI MMiXi Ma€ CIiIbHI 0COOJUBOCTI 3 BUKIaaeHUMHU y mpansx [7], [8], ane imes,
METOJIH 1 peaizallis BiApi3HAOTHCSA y 3HauHii Mipi. L{i ixei anamoriuni 3anpornonosanum y [9], [10] ans
CKaIIIpHOTO BUNAAKY. OMHAK PO3CISHHS €JIeKTPOMATrHITHUX XBHJIb MOPOKY€E HOBI TEXHIUHI TPYIHOIII,
AKi PO3B’s3aHO y MAaHii cTarTi. BOHM TOSCHIOIOTBCS BEKTOPHHM XapakTepOM TPaHUUYHUX YMOB.
3anponoHOBAaHMN MMiIXiJ MOXEe OyTH BHKOPHUCTAHO IS MajJuX BKIIOYEHHb MOBITBHOI QopMHU, ane ais
MPOCTOTH MU OOMEKUMOCS BKITIOUEHHAMH Yy dopMi Ky paaiycom a [6].

Teopis eIeKTPOMArHiTHOTO PO3CISIHHS MAJIMMH BKITIOUESHHSIMHU, SIKi 3HAXOIATHCSA B TIEBHIN 001acTi
OHOPIZHOTO TPOCTOPY, BUKOPHCTOBYETHCS [UII KOHCTPYIOBaHHS CEpelOBHINA SK 13 3aJaHUM
koedimientom 3amomienns N(X) [9], Tak i3 3amaHO0 MAarHITHOKO MPOHHUKHICTIO W(X). OOUYUCTIOBATBHI

ANTOPUTMH PO3B’I3aHHS BiJMOBIIHOT 3a7a4i AU(paKIii 0yio po3podiieHo y podoTi [9].
Po3cisiHHA eJIeKTPOMArHiTHUX XBUJIb MAJTUMH BKJIIOYEHHSIMH
Hexail cykynHicTh Manux BkiIodeHb D, , 1<m<M po3mineHa B OAHOPIAHOMY CEPENOBHIII 3
NOCTIHHAMHA TapameTpamu €,, M,, a K° =o’gy,, 1e ® - yactora. [IpumycTHMo, WO B 3ajaHiif

migobnacti A obmacti D kinbkicth M Manux BKIIOUEHB 331a€THCSI POPMYIIOIO:

M:

2

- [N +o(®], a0, (1)

ne N(x)>0 - "emepepBHa (YHKIIiS, KA CMaja€e M03a CKiHYeHO0 001acTi0 D, /e po3MillieHi BKITFOUCHHS,

k €(0,1) — moBiabHE 3aaHE YNCIIO, @ TPAHUYHHUN IMIICIaHC MAJIUX BKJIFOYEHb BU3HAYAETHCS TaK:

g, =)y Cp @)
a

Ie X, — To4ka BcepeauHi M -ro BkiroueHHs, Reh(x) >0, a h(x) — nenepepsHa dyHKIis, sKa cragae mosa

D. IMHCI{aHCHi FpaHI/I‘lHi YMOBHU Ha HOBerHi Sm M -r0 BKIIFOYCHHA Dm 3aJal0ThCA HACTYITHUM YMHOM!

E'=¢,[H',N], ne E' (H") — Tanrenuiansui komnonentn E (H )ua S, a N - 30BHIIIHA HOPMANb Ha
S

-
Po3B's130k 3amavi po3CisiHHSA TOJSrae y 3HaXOIKeHHI BekTopiB E 1 H, ski 3a70BONBHSIOTH

piBHSHHSIM MakcBeiia



VxE =iop,H, VxH =-iog,E 3)

M
B D=R? \U D,, , IMIeJaHCHUM IpaHUYHUM YMOBaM

m=1
[N.[E,N]J]=C,[H.N] (4)
Ha S,,1<m<M ,1iymoBaM BHIIPOMIHIOBaHHs Ha O€3MEKHOCTI
E=E,+V., H=H,+v,, ®)

ne €, - immemanc, E,,H, - BexTOopm manarodoro moss, sKi 3aJ0BOJNBHAIOTH PIBHSAHHIO (3) y BChOMY

npocropi R®. Sk mpaBWio, NpUITycKaeThes, IO Majarde Tone E, — miocka xBwis, a Ve iV,

3a10BOJIBHAKOTh TPAHUYHUM YMOBaAM:

(& k) =o(1). ()

or

Cucremy (3) MOXHa 3BECTH JI0 BUTJISIITY
VxVxE=kEinD, H=Y"E %
o,
TakuM 4MHOM, TIOYATKOBA 33/1a4a 3Be/ICHA JI0 3HAXOKCHHS BekTopa E(X), skuit mykatumemo y hopmi

M

E=E,+) Vx j g(x,t)o, (t)dt, (8)
m=1 S

ne teS,,a dt - emement muomi S, o, (t) €T, , TyT T, — MHOXHHA TaHreHIiaIbHUX 40 S HETMEPEPBHHUX
BEKTOPIB, Takux, o DIVE, =0, ne Div - moBepxHeBa xniBiprenuis, a E, — ranrenuiansaa kommnonenta E .
Busnaunmo eghexmusne nore E,(x) = E!(x) = E{™(x,a) , ke nie va m -y Brmoyenni D,

E.(x) =E(X) -V [ g(x.t)o, (dt:= EM(x). 9)

Hexait x, €D, —Touka B D, 1 d =d(a) — BigcraHp MiX JBOMa CyCiJHIMH MaJIUMHU BKIIOYCHHAMH. Y
po6orti [6] mokasano, mo E,(X,a) mpsmye mo rpanuni E (X) mpu a—0, a E (X) — HemepepBHa 1Biui
nudepeHiiioBaHa QyHKIIs.

3anmmiemo (9) Tak:

EM=E,(0+ DIV,8065.).Qul+ 31V [ (90x) - 9(x 1, )o, (O, (10)

ne Q, = [ o, (t)dt.
S
Buxopucrasnm npumnymenss DIVE, =0, dopmyary (10) 3ammmemo Tax:
M
E,(X) = Eo(0) + X[V, 9(X,%,), Qn] (11)
m=1

3 NOXHMOKOH, WO NpsAMye 10 Hyns mpu 8 —>0, i ko [X—X; [>>a, To wien 3 M= j noBuHeH OyTH
OMYIICHUH 3riHO o3HaueHHs edexTuBHOrO Mojst. [Ipu a — 0 cyma B (11) 30iraerbest 1O BiMOBIIHOTO
iHTerpaty i

E()=Ey(x)+Vx [g(xY)N(Y)Q(y)dy, (12)

ne Q(Y) - dyHkuis, mo BU3HAYAETHCS OiHO3HAYHO Gopmynoro Q. =Q(x,)a* ™ . La gynkuis moxe OyTn
nojana B Tepminax E
8mi
3o,

Q(y) =- h(y)(V <E)(Y)- (13)

3 piBHsHb (12) i (13) orpumaemo



8mi
3op,

Bektopu P:=VxE(y) Oyayrs BUKOpHUCTOBYyBaTtucs s Bu3HaueHHs E(Yy) y mpormeci 4mcioBux

E(x)=E,(x) - Vx [ g(x Y)h(y)N(y)V x E(y)dy (14)

pO3paxyHKiB.

YucnoBe po3B'si3yBaHHs 3a4adi PO3CISTHHA y BUIAAKy KOJH pO3CitoBaui (BKIIOUEHHS) € MaJUMU Y
MOPIBHSAHHI 3 JOBXWHOIO XBWJII TOJIATAE Y OTPUMAHHI Ta PO3B'SI3yBaHHI BiJANMOBIAHOI CHCTEMH JIIHIMHHX
PiBHSHB 111 BEKTOPIB

P, =(VxE)(X,),1<m<M. (15)
Sxumo P, 3HaiineHi, To 3a Gpopmyioro (13) Bu3HauaeMo
Qm == S a2ﬂch(xm)Pm ' (16)
3op,

a 3a ¢popmyoro (11) nome E(X).
AnrebpaiuHa cucteMa Ui BEKTOpiB P, oxepxkyerbes Tak: 3 (14) Bumnusae, 1o
H M
Pj = I:)Oj _:LlaZK z {kzg(xl Xm)h(xm)Pm +h(xm)(Pm’V)vg(X1 Xm)}|x=x- 1 (17)
@Ho m# j,m=1 !

re 1<j<M, i B =(VxE)(X;), P =(VxE)X),1<j<M. Ocrarouno, piusuusa (17) e

aﬂre6pa'1’qH010 CHUCTEMOIO OJI 3HAXOIKCHHSA BeKTOpiB Pm .

Yucaori pesyabraTu
V mporeci OTpUMaHHS aCHMITOTHYHOTO po3B’s3ky (11) 3amaui emeKTpOMarHiTHOTO PO3CIiSHHS
BUKOpUCTOBYBasiocsi mpumymeHHs DIiVE, =0 Ha moBepxHi BkmodeHb S, . lle mpumymeHHs He €

OOTPYHTOBAaHMM TEOPETUYHO, TOMY UYHCJIOBE IMiITBEPKCHHS JAHOI YMOBHU € BaXKIIUBHM 3 TOUYKH 30Dy
KOPEKTHOCTI OTPHUMaHHMX pe3yiabTaTiB. Hmrkde HaBeIeHO HHM3KY YHCIOBHX pPE3YyIbTaTiB, SKi
JIEMOHCTPYIOTh BHKOHaHHS Ili€l YMOBH 3 IEBHOIO TOYHICTIO, SKa € JIOCTATHHOIO IS OTPHUMAHHS
NPaKTHYHUX PE3YIbTATIB.

Ha nepmomy eTtami mpoBOAMIOCS IOCHTIIKEHHS 3alie)KHOCTI BeauduHu DIVE Big 3HaYeHHs

pafiyca a BKiOYeHb npM dikcoBaHiii BincTani d mix mumu. OGuucnenss nposeneni ais M =10°, e
M - 3arampHa KinbKicTh BKModeHb y D, d =0.5, k=0.1. JliniiiHi po3MipH MOJAHO y CAHTHMETpPax
(cm), a posMipHicTh XBuIBOBOro uncma kK —y cm™. Ha puc. 1 HaBefeHO MakcHUMalbHi 3HaYeHHS
DiVE, Ha moOBepXHi HepImIOro, IEHTPAIbHOTO 1 OCTaHHBOTO BKIOYeHb. HyMmepauis BKIIOUCHb
3IMCHIOETHCS 3 JIIBOI HMKHBOI 0 NpaBoi BepxHboi yacTuau D . I3 pucyHKa BHAHO, II0 MaKCUMalbHE
snauenns DiVE, me nepesumye 6.4x107°, 3.7x10° i 0.45x10™° ans mepmoro, HEHTPaIbHOTrO i

OCTaHHBOT'O BKJIIOYEHb BiANOBinHO. Ha puc. 2 HaBegeHO MiHIMalIbHI 3HaY€HHS KOMIOHEHT E, 1 Ey Ha
IOBEPXHi BKIIIOYEHb. [l 1bOrO BHIAAKY 3HaueHHs E, i Ey MPaKTUYHO CIHIBIAAAOTh, a 3HAYCHHS

KOMIIOHEeHTH E, Mae Takuii cammii mopsnok, sk i E,. ITopiBHIoroun pesynbTaTu, HaBeieHi Ha 000X
pPHCYHKaX, MOJKHA 3ayBaXMTH, 110 3HaueHHs DIVE, He mepeBuinye 3% y MOpiBHSHHI 3 BiAIOBIAHUMU

sHaueHHsmMu E xomnonent. Ilpu upomy Binsomenns max(DivE,)/min(E, ,) cranosurs 1.4x107,

X,Y,Z
0.46x107 i 2.5x107° a1 MepuIoro, HEHTPaIbHOTO i OCTAHHHOTO BKIIOYEHb.
Yucnosi pe3ynbTaTH, HaBelEHI Ha puc. 3, JEMOHCTPYIOTh, 110 3HaueHHsA DIVE, 3anmexurts Bin
BiZcTaHi 0 MK BKIIOYEHHSIMHM Y MEHIIH Mipi i Ile 3HA4eHHS cTaOumi3yeThcs mpu 3pocTaHHi d .
PesynbTaTu HaBeJeHO [Ii HEHTPAIbHOTO BKIIOYEHHS, K i B MomepeaHboMy mpukmami, M =10°,

k=0.1. Tak 3uauenns DiVE, nopisuioe 2.8x10™* nna d=0.5 i BoHO cTabimisyroThcss Ha piBHI

3.4x10™ nia d >1.2 (npu a=0.05). Anasnoriuni Bractusocti DIVE, cnoctepiratorbes npu a=0.03 i



a=0.01. MakcumanbHe 3HaueHHs BigHOmeHHs Max(DIvE,)/min(E,, ,) s posrisHyTOrO IiamasoHy

%Y.2
a i d nopiBHioe 1.4% . 3nauenns DIVE, B He3HauHiii mipi 3poctae npu d/a<7.

3anexHicTs BennunHu DIVE, Bin kinbkocti M BKiIIOYEHBb IpH pi3HHX & mpu ¢ikcoBaHomy d
HaBezieHO Ha puc. 4, Tyt 3HaueHHs K =0.1, d =0.5. Makcumansne 3HaueHHs DIVE, orpumano npu
M =125 i BoHO HOpiBHIOE 2.0x107°%, 1.15x10° i 0.33x10°xms a=0.05, a=0.03 i a=0.01
Bianosiano. lle 3HaueHHsA gocsArae NOKAmbHOro MiHiMymy mpu M =9°, BOHO 3pocTac 10 TEBHOTO
3HaueHHs Tpu 36imbmenHi M i crabinizyerbes ais M >15x10°. 3uauenns DIivE, npu manomy M

JIOPIBHIOIOTH 1.62x107°, 0.73x10°% i 0.09x10° mms a=0.05, a=0.03 i a=0.01 BigmoBimHO.

MaxkcumanbHe 3HaueHHs BimHomeHHs Max(DivE,)/min(E,  ,) mns maHmx oOYMCIICHb HE NEPEBUILYE

X,¥,Z

1.85%.
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8i0 padiyca @ BKIOUeHHs DIBHUX GKIIOUEHHSAX
3 MpakTHYHOI TOYKU 30py BOXKJIMBHM TAaKOX € MUTAHHS PO TOYHICTh HaOImKeHOi hopmyru (11)
y TIOPiBHSHHI 3 PO3B’S3KOM, OTPUMAaHHM 3a JONOMOTOI0 MeToauku [11]. 3 mi€ro MeToro MpoBEIeHO
HU3KY OOYHCIIOBAIbHHUX EKCIEPUMEHTIB, SIKi CTOCYIOThCS MOpPiBHSAHHS oTpuMmaHoi ¢opmynu (11) i3
tdopmymoro  (40) i3 [11]. Bimmocma moxubka pose’s3ky (11) mpw I[BOMY BH3HAYAETHCA SIK
| Eaoy —Equyy I/ | Eqagy I, e || || — ueGumencrka nopma, E=(E,,E ,E,), a E,, i Ey, - poss’ssu,

otpumMani Qopmynoro (40) i3 [11] i dopmymoro (11). Ha puc. 5 HaBemeHO BIZHOCHY MOXHMOKY IIst
xomnonent E, i E  y 3anmexHocTi Bin paniyca a BKIHOYEHb JUIs JEKiNTbKOX 3HaueHb O, umcio

pmouers M =10°. BujgHo, mo BiZHOCHAa MOXMOKa 3poCTae Maiike TiHIHHO 3i 36imbIIeHHAM a, Is
MoXuOKa 3MEHIIYEThCS TaKoXK 31 3MeHIIeHHsIM d . MakcuMaibHe 3HaYCHHS MOXMOKH IOCATAETHCS IS
xomnonentn E, nmpu a=0.5 i Bono npopisutoe 1.2% s d =2.0 i 0.17% nna d =6.0. Minimansne

3HAYEHHS BIJHOCHOI MOXUOKH JocAraeTbes 1 komnonentu E, mpu a=0.05 i1 BoHo nopisuioe 0.11%
it d=2.0 1 0.05% mist d =6.0. Yucnosi pe3ynbTaT MOKa3yoTh, mo npu d =6.0 moxubka 3pocTae
OinbII MOBUTBEHO JUIst 3HaUeHb @ > 0.7 1 BOHA MpakTHUYHO cTadimi3yerscs ans a>1.0.

HacTtymHi pe3ynbTaTé JEMOHCTPYIOTH 3aJCKHICTh BIAHOCHOI MOXHOKH Bim BiacTani d Mix
BKJIIOYCHHSIMH TPHU 3aJaHOMy 3HadeHHiI paniyca a. Ha puc. 6 300paskeHO BiZHOCHY MOXMOKY AJs
KOMIIOHEHTH E, nns nexinbkox 3HadeHb a. Sk 1 y momepeqHbOMY IpPHKIIAAl, 3arajabHa KUIBKICTH

BmoueHs M =10°. MakcuManpHe 3HaueHHs BiXHOCHOI MoxmbkM nocsiraetbes mpu d =0.25 s Beix
3HadyeHp a. L1 moxmbka mopiBaioe 1.5% i 0.1% npu a=0.01 i a=0.001 BignopigHo. MiHiMalIbHE
3Ha4YeHHs MOXUOKHU gocaruyTo npu d =0.45 i Bono He nepesuiye 0.2% .

BucHoBkH

IIpoBeneHo MOCHIMKCHHS BIACTHBOCTEH ACHMNOTOTHYHHMX PO3B’SA3KIB  3amadl  PO3CISHHA
€JICKTPOMArHITHUX XBHJIb Ha CYKYITHOCTI BKIIFOUEHb MAJOro po3Mipy. UHCIOBI po3paxyHKH JO3BOJIHIN



BCTAHOBHTH CIPABEIUIMBICTh TPUIMYNICHHS, SK€ BUKOPHUCTOBYBAJIOCh CYTTEBO JJIsi OTPHUMAaHHS
ACUMNTOTHYHOrO po3B’si3Ky (11) i He mormo OyTu oOrpyHTOBaHe aHamiTUYHO. OpepikaHi YMCIIOBI
pe3yabTaTH CBig4aTh, IO BIJHOCHA MOXHMOKAa aCHMIITOTHYHOT'O PO3B’S3Ky He mepeBuirye 2.5% y
MOPIBHIHHI 3 PO3B’SI3KOM, OTPUMAHHM 3a OUTBIN CKIaTHOIO Iporeayporo. OTpruMaHe YHCIOBE ITOTaHHS
pO3B’sI3Ky MOKe OyTH BHUKOpHCTaHE Yy Tpoleci po3B’si3yBaHHA 3agavi (GopMyBaHHS cepeloBUIIa i3
3aJ]aHOI0 MAarHITHOIO MPOHUKHICTIO.
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