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Abstract. Power spectrum densities, probability density
functions and correlation functions of the fractal Brownian
signal (FBS) are studied with the aim of MATLAB simulation.
The influence of a time-scaling factor on these properties is
investigated. Particularly, the increase of this factor leads to
increasing the influence of the Hurst index on power spectrum
density. The results are conformed to Mandelbrot’s
investigations of FBS properties.
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1. Introduction

An interest in the study of the FBS is conditioned by
its application in various branches of modern science and
technology — economics, medicine, information
technologies and telecommunications [1].

One of the aspects of applying the FBS refers to the
self-similarity of data traffic in the Internet [2], because
the capacity of a data flow is a predictable value. It
enables data flows to be controlled by means of peak
load regulation.

A promising area of research that has emerged
recently is the use of fractal signals in communication sys-
tems to ensure the secrecy of information transfer [3, 4].

A useful feature of the FBS is its wide frequency
band, which makes it possible to transfer information
through multipath channels and under the conditions of a
high noise level [5].

There are few publications on the subject, since the
generation of the FBS is difficult, but the development of
modern computational technologies in general and the
increase of data processing speed in particular leads to
finding the solution of this problem [6].

There are several methods of information transfer
using different kinds of signals: fractal wavelet signals
[6], FBS [3, 7], and a method using broad-band random
noise generators described by the Ressler equations [8].

The implementation of the method using the
synchronization between the generators on the
transmitter and receiver sides is possible if their
elementary components meet high demands for the
precision of the parameters [9].

Systems described in [6, 7, 8, 9] are capable of
providing data transfer in channels with a signal to noise
ratio -10 dB.

The mathematical model of the FBS [10] used in
[3,7] is represented in the following form (1):
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where F(x) is a gamma-function, H is the Hurst

index, n is a time-scaling factor, ¢ is a point of time
when the FBS sample is taken (a positive integer number
greater than 0), 7 is the set of integers indexing
summands and designating the instant of time before 7,

{fl} is the set of random Gaussian numbers, 7 is the

time-scaling factor (an integer number greater than
zero); S is the value of the FBS sample.

The aim of this article is the investigation of the
dependence of spectral, statistical and correlating
properties of the FBS on the time-scaling factor.

2. Spectral properties of FBS

The FBS investigated in this work consists of 500
samples. Such an amount of FBS samples is sufficient
for working at the signal to noise ratio equal to -10 dB.

The power spectrum density of the discrete FBS is
obtained by averaging the squared DFT [7] according to
the equation:

2
m

> S(k)-e ™|, ()

k=—m

W)=

where S(k) is the k -th FBS sample; T is a period of

sampling.

The power spectrum density of the FBS with
different time-scaling factors and Hurst indexes are
shown in Fig. 1 and Fig. 2.

It is evident, that the FBS is a wideband signal by all
used values of the Hurst index and time-scaling factor.

From the results obtained it follows that the power
spectrum density of the FBS with Hurst index H=0.5 is
identical to the power spectrum density (PDS) of the
white Gaussian noise in the whole frequency range. A
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low-frequency part of the spectrum is a dominant one for
the FBS with the Hurst index H=0.9. On the contrary, for
the FBS with the Hurst index H=0.1 the weak
dependence of the PDS on the frequency is observed.
The FBS with the Hurst index H=0.5 is the classical
Brownian motion. These results conform to
Mandelbrot’s research [10, 11] and the changes of the
time-scaling factor don’t transform their correlation.
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Fig. 1. Power spectrum density of the FBS with different Hurst
indexes (0.1; 0.5; 0.9) and time-scaling factors
(a) n=1, b) n=50).

As the time-scaling factor increases, the dependence
of the PSD on the frequency becomes much stronger and
transforms to the linear one if time-scaling factor is
equal to 50.

The dependences of the PSD on time-scaling factor
suggest similar conclusions. Such dependences are
depicted in Fig. 2. Four curves shown there were
obtained at the different values of normal frequency:

£, =017 =02;f =03;f =04.

As we can conclude from Fig. 2a, the high-
frequency part of the spectrum becomes greater, as the
time-scaling factor increases. If the value of the Hurst
index is 0.5 or 0.9, such regularity is not revealed.
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Fig. 2. Power spectrum density at different values
of the Hurst index and time-scaling factor
(a) H=0.1; b) H=0.5; ¢) H=0.9).

3. Statistical properties and correlation functions
of the FBS

The statistical properties of the FBS with the Hurst
indexes H=0.1; 0.5; 0.9 and different time-scaling factors
are shown in Fig. 3. As one can see, the FBS has the
Gaussian distribution. If the Hurst index equals 0.1,
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variance increases when the time-scaling factor
increases, and it decreases if the Hurst index equals 0.9.

The autocorrelation functions of the FBS with
different Hurst indexes and time-scaling factors are

calculated as well (H=0.1; H=0.5; H=0.9 and n=1; 50).
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Fig. 3. Probability density functions for the FBS with the Hurst
index H=0.1; H=0.5; H=0.9 and different values of the time-

scaling factor.
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Fig. 4. Autocorrelation functions.

If the Hurst index equals 0.1 or 0.5, the FBS is
slightly correlated; if the Hurst indexes equal 0.9, the
correlation of the FBS becomes greater and does not
depend on the time-scaling factor.

3. Conclusions

The FBSs with the different Hurst indexes and time
scaling factors are chaotic and have the Gaussian
distribution. If the Hurst index equals 0.1, variance
increases as the time-scaling factor increases, and it
decreases if the Hurst index equals 0.9.

The low-frequency spectrum part of the FBS is
dominant if the Hurst index is equal to 0.9, while if
Hurst index equals to 0.1, this dependence is an inverse
one, being conformed to computer simulation provided
by Mandelbrot.

As the time-scaling factor increases, the frequency
dependence of the PSD becomes much stronger and
turns into the linear dependence if the time-scaling factor
equals 50.

The FBSs with the Hurst indexes H=0.1 and H=0.5
are weakly correlated with their copies in the frequency
shift band [-500;0] and [0;500], while the FBS with the
Hurst index H=0.9 are correlated with their copies in the
frequency ranges mentioned above.
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EHEPI'ETUYHI BJIACTUBOCTI
OPAKTAJIBHUX BPOYHIBCBKUX CUT'HAJIIB
3 PI3BHUMMHU ITIOKA3ZHUKAMMU XEPCTA

IOpiii Bo6ano, Muxaiino Kaumam,
Pycaan [Monitancskuii

Poboty mpucBs4eHO BHUBYEHHIO BIACTUBOCTEW CHTHAJIB
Uy (¢pakTaneHui raycciB myMm (mam — OIII). Atopm
JOCIiAnIN YHCIIOBI
XapaKTepHCTHKU Ta aBTOKOPEISAiiHy (QyHKIIiI0 CUTHATIB THITY
OT'II. BeraHoBiieHO iX 3aj1€XKHICTh Bij KoedilieHTa 4acoBOro
MacmTa0yBaHHA. 30KpeMa MOKa3aHO, MO 301MbIIEHHS KOoe-
¢biuienrta maciTadyBaHHsI

CIEKTpalbHy TYCTUHY IOTYXHOCTI,

4aCOBOr0 NIJCUJIFOE  BILIWB

napameTpa Xepcra Ha CHEKTPaJbHy I'yCTHHY HOTYXHOCTI, IO
Y3TOJDKYETBCS 13
Mannens6poTom.
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