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Abstract: This paper raises the problem of finding the
optimal parameters of a port-controlled Hamiltonian
energy-shaping control system (ESCS). For solving this
problem it is proposed to supplement the ESCS synthesis
procedure with parameterization by shaping the desirable
characteristic polynomial of a closed system. In order to
verify this method, the synthesis of a modal regulation
system and the ESCS controlled by a direct-current drive
was carried out, and a number of comparative studies were
conducted. The obtained results confirmed the feasibility
and effectiveness of the application of the proposed
structurally parametrical synthesis procedure of the ESCS.
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1. Introduction

The complexity and nonlinearity of modern electro-
mechanical systems and control laws have led to the
search for new, simple and at the same time effective
methods of control system (CS) synthesis. Some of them
form the group of the energy-based approaches, which
are based on physical laws and include the energy-
shaping control [1]. Its prospects are confirmed by the
large number of modern scientific publications,
including [2-9]. The main advantages of energy-
shaping control systems (ESCS) are their simplicity and
clearness of configuration, because the synthesis
procedure and the CS parameters are related to energy
variables, it makes the role of these parameters in the
control system evident. Typically, in such systems a
number of parameters remain available to be configured
[6,8,9], significantly complicating the system
configuration procedure. Despite the great variety of
ESCS synthesis options, only for some of them the
guidelines for choosing parameter values can be found
[5,6]. But there are ESCSs with the application of
evolutionary strategies, which are exceptions [7].

The inability to find at once the optimal values for
all ESCS parameters during the synthesis procedure has
a negative influence on the prevalence of these CSs.
Thus, the problem of developing new methods intended
for optimizing the ESCSs according to a given criterion
arises on these grounds.

2. Analysis of recent publications

Energy-shaping control system synthesis

In general, the procedure of ESCS synthesis consists
in decomposing a system into simpler subsystems
interlinked in some way, and finding such additional
subsystems and interconnections that the total energy of
closed-loop system would attain a minimum in the
equilibrium point [1]. This equilibrium point is the aim
of the control and is defined by a reference signal.

In order to simplify the synthesis procedure, a
controlled object is considered to be a port-controlled
Hamiltonian system (PCHs) [1]:
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where )?(t) is a state vector, which consists of system

inertia pulses, J ()?) and R()?) are interconnection and
damping matrices respectively, H ()?)ZO.S?CTD_I)? is
the energy function of the system, D is the diagonal
matrix of inertias, G(X) is a port matrix, #(r) and 3(¢)
are vectors of input and output system energy variables.
According to [5], ESCS synthesis comes to writing
the mathematical model of the object in the PCHs form

(1), selecting CS matrixes and solving the following
matrix equation:
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where J,(%)=3(x)+J,(%) and

R, (f)z R()?)+ R, ()?) are the interconnection and
damping matrices of the desired system, H, d(fc) is the
desired energy function, which attains its minimum in
the equilibrium point ¥,, b(¥)=i is the vector of
input system energy variables formed through feedback,
J a(fc) and R, (55) are the interconnection and damping
matrices of the CS.
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The elements of the regulator matrix J, and the

final equations of ESCS regulators were found as the
results of synthesis [2 - 9]. However, during the syn-

thesis some elements of regulator matrices (J, andR,)

could be "free" [2,3,5-9]. They are intended for
adjusting the CS and currently are selected manually.

Synthesis of modal regulation system

One of the most common structurally parametrical
methods of CS synthesis for the linear systems, allowing
us to find the optimal values of regulator parameters at
once, is the synthesis of full-state vector control systems
in general and modal regulation systems (MRS) in
particular [10].

As we know, the MRS synthesis procedure begins
with writing the mathematical model of the controlled
object in the state space (SS) [10]:

{5.51 (t) = Ax, +Buy, (t) 3)
J7(t ):C)?l

where u, and y are the vectors of input and output
variables, X, is the state vector, A, C and

B =B, +B, are the matrices of the object (input and

output ones, respectively), B, and B, are the input

matrixes of reference and disturbance.
The next step is to write down the transfer function
(TF) of the desired closed-loop system (Fig. 1) [10]:

Wms(s)—ﬂz(s-E—A+BrK)*lBr, )

a,(r)
where #, is the reference vector (of controlling impacts),

and E is the identity matrix, K is the feedback matrix.
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Fig. I. MRS
(blue — object under control, green — MRS regulators).

Then the expressions of CS regulator parameters can
be found from equality of the coefficients at identical
degrees s of the characteristic polynomial of the transfer
function (TF) (4)
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Her yps(s)=det(s-E- A+B K) (5)

and the desired characteristic polynomial that corresponds
to the optimal standard form of the transient function:

r n-1

n
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where «,..., a, are the coefficients defining the shape

of the transient process, and ®; is the geometric mean-

root determining a system response.

3. Objectives

The main purpose of this article is to complement
the well-known ESCS synthesis procedure with the
method of finding the optimal values of its free
parameters, and to test the obtained procedure of ESCS
structurally parametrical synthesis, as well.

4. Parametric synthesis of ESCS

We propose applying the above-described method of
finding MRS coefficients by forming the desired
characteristic polynomial to the ESCS. However, for
this, the desired characteristic polynomial of the closed-
loop ESCS should be found first.

It is known that the desired model of asymptotically
stable closed-loop Hamiltonian systems (the object under
control and ESCS regulators) is described by the
following matrix equation [1]:
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Substituting the expressions of J; and Ry, and also
well  known  equations ¥=yDG™ and

OH N
a—f = (x —xO)D in equation (7), we obtain the
X

matrix equation for composing the detailed structural
diagram of the desired closed-loop ESCS (Fig. 2).
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Fig. 2. ESCS

(blue — object under control, green — ESCS regulators).

The conclusion that follows from Fig. 2 is that,
despite the visual complexity of representation, the
ESCS is a system which regulates by the deviation and it
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deals with linear systems in much the same way as with
the MRS. However, due to the regulation elements in the
reference loop, the ESCS will have significant
advantages while working with nonlinear systems.

As it is shown in Fig. 2, the input signal of the CS is
the desired value of output coordinates y,. Thus, the

matrix TF of the desired system takes the form:

y 1
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Then the characteristic polynomial of the CS will be
the following:

HCLESCS(S) = det[s -D— (Jd -R, )] =

=detls-D-(J-R)-(J, -R

Equating the expressions at the same s degrees of
the desired characteristic polynomial (6) and the
synthesized characteristic polynomial system (9), we
obtain the equations for finding the ESCS parameters.

It should be noted, that we will always be interested
in the TF of the system in terms of only one final output
W,/ )- This TF

will be a diagonal element of the matrix TF (8) and will
contain the operator § in its numerator. It is why TF

N €)

a

coordinate (for example: W, W, .

zeros will always impact the dynamics of the system.

Therefore, according to [11], the characteristic
polynomial of the desired transition function of the
system  should be always adjusted by multiplying it
(with lower order) by the numerator of the TF (8):
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is the minor of the TF (8) denominator

[S -D- (Jd -R, )] ,and n is the system order.

where A

5. Verification of the proposed approach on the
example of a DC electric drive

In order to verify the effectiveness of the
structurally parametrical ESCS synthesis and to compare
it with the MRS synthesis, the synthesis of the CS
controlling a simple linear system with a DC electric
drive (a semi-conductor power converter (PC) and a DC
motor (DCM) with separate excitation) was carried out
using both approaches.

If the small time constant of the PC is neglected, the
mathematical model of the PC-DCM system will be the
following:

Y% ko —Co-Ri,
dr
do , (1)
J=2 = Ci,-Ci,
dr

103

where L, and R, are the armature winding inductance
and resistance, u, is control voltage, kp. is a PC
transfer coefficient, C = kd is a DC motor constant, @
is motor angular speed, i, is the armature current, J is
the moment of inertia of the drive, iy =7, /C is the

static load current, and 7; isa static torque.

MRS of DC electric drive
Let’s write down the elements of the object under
control and the control system in the form (3):
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where ki,..., k,, are the MRS parameters.

Then the TF of the speed w relative to the u_, will

have the form:

)
WMRS(S):_ =
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C C C

and the characteristic polynomial will be the following:
2, R, +kpcky, S+ c(c ;l]TPCkIZ) (12)

a a
Equating the expressions (6) and (12) at the same §
degrees, we obtain the following equations for the
optimal parameters of MRS regulators:

ki = _(Ra - L0 )/ch
kyy = —(C2 = JLam;f)/Ckpc '
ESCS by the DC electric drive

Given object (11), being written as the PCHs (1),
will have the following elements:

Laia ia — uckPC - ia
= = D . u = . . y = .
Jo 0] -Ci, w

H CT_MRS (S ) =S

(13)

=1

L, 0 0 -C R, O]

D= , J= , R= . (14
0o J c 0 0 O]
Let’s set the following forms of CS matrices:
0o J 0 |

J, = 12| R, = ny . as)
-J, 0 0 ry |

where J|,, 7, and r,, are the CS regulator parameters.
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Substituting the matrices (14) and (15) into equation
(6) we obtain the following equations for the ESCS
regulator using the system of the PC-DC motor:

“c*ch = _(ia - iao)”u + (a)— @y )le +0,C + R,y
i :(a’_wo)r I -y,
W= e T TS

12 12

As the controlled object is linear and there is no
need to change the interconnection structure in the
desired ESCS, let us takeJ,, =0. Then the ESCS
regulators will have the following form:

u, ke =i, =iy )”11 +@,C + Ry
_—(@-ay)r, +T, (16)
Lo = C

Let’s find analytical expressions for determining

parameters #; and r,, according to the procedure
mentioned above. First let us write the TF of the desired
ESCS:
w
VVd ® (S) ==
X o,
Ls+(c? R,) ’
_ Iyl S+ 7 H K
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then its characteristic polynomial will have the form:

H(S):SZ N Jn, +sz +L,1y, - c? +r11;2L2 +7,R, . (7

According to [11], modifying the desired
characteristic polynomial by equation (10) we obtain:

C*+r.r +7,R + L 1o
H/CTdis:sz+ 11720 T Pl + LaT®o

7L
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Equating expressions (17) and (18) at the same
degrees s , we obtain the following equations of the
optimal parameters of ESCS regulators:

n, =R, +Lamg—%%(ﬁng+k)

! . (19
£5) :E(J‘D:) +k)

where k =/J(4C? + JL )’ /L, .
Selecting the desired distribution of the roots of the

. . . ’
characteristic equation (Hcy 4 form and ©;), we can

find necessary MRS and ESCS regulator settings.

6. Computer simulation

In order to verify the effectiveness of the ESCS with
the found parameters, a series of comparative investi-
gations of the MRS, the ESCS configured manually, and
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the ESCS with parameters found from equations (19)
were conducted.

These studies were carried out by computer
simulation in MATLAB/Simulink. The DC motor had

the following parameters: P, =1kW, n, =3000 rpm,
U,=220v, I,=6A, R,=3290hm, p =1,
J =0.048 kgm’, C =0.4Wb and L, =0.07 mH. The

PC transfer coefficient was kp. = 22.

The MRS was synthesized for the standard form of
the roots distribution of the 2nd order Butterworth
characteristic polynomial, with the mean-root ®; = 38.
The ESCS parameters were also found from the con-
dition for providing the transition process by Butter-
worth for two cases: 1) with above-mentioned @; = 38;

2) with @;, = 45, because the desired characteristic poly-
nomial, which defines the TF of the system, must be
adjusted (eq.10) and therefore initially is chosen with the
lower order. The last one will provide the same over-
shoot as the MRS. The previous experience [9] shows
that using only adjustable coordinate damping is enough
to provide a satisfactory transient. As a result, only
mechanical damping r,, was used for manual configu-
ration. So, the CS operation with the following regulator
settings was examined:

1. MRS,p-3s: k;;=0.021; k,,=0.317;

2. ESCSgo-35: 1;=3.083; r,,=1.966;

3. ESCSgp-4s: 1,=3.112; r,,=2.282;

4. ESCSpanm: /;=0;  r,,=1.08.

The studies were conducted according to the
following algorithm. At the initial time the step input
command signal for the motor acceleration to
w =0.05 w, with no load was provided. After reaching
a steady-state mode at = 0.3 s, the motor was given an
augmentation of nominal load torque to the value
T, =T, (Fig. 3). At the point of time ¢ = 0.6 s the motor
began the acceleration up to prenominal speed
w =095 w, without load, and then at # =0.9 s, once
again, the command signal abruptly increased, and the
motor acceleration took place up to @ = w, followed
by adding the nominal load (Fig. 4).

The main subjects of investigation were: system
response, static error on low and high speeds, parametric
sensitivity of the system, and the system behavior in the
absence of load information, as there is a component 7
in the ESCS equations (16).

According to these investigations (Fig. 3 - 6, Table)
the following conclusions can be made:

1) ESCS with found parameters provides: the pre-
scribed optimal form of the transition process, double
response speed compared to MRS and ESCS,un2; CS

astaticism of the command signal and the load
(Fig.3, 4, Table);
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2)
changes showed the following: the R, increasing leads

the investigations of the sensitivity of parameter

to deterioration of the CS dynamic and static indicators,
the most sensitive are MRS and ESCS, ., 2 (Fig. 5); the
reduction of L, causes only a slight overshoot decrease
in all systems; the reduction of C' leads to slowing down
dynamics and increasing the static error in all CSs
proportionally to speed (Fig. 6).
3) in the absence of
disturbance of 7} and its influence on the ESCSs a static

information about the

error appears, being always negative and not exceeding
43% w, (Fig.3,4).

CS quality comparison

MRS | ESCS | ESCS | ESCS
[O1) ‘=38 0)0’=38 (x)()’=45 man,r,
at accel. at| t,c [0.077 ]0.05 0.042  ]0.084
low speed 5%wn | 5, % 0.8 0 0 0
nom.load| t,c |0.077 |0.069 [0.065 [0.125
adding | 8, % 18.75 0 0 0
accel. at| t,c [0.078 ]0.048 |0.042  [0.082
at 5%w, | 8, % 22 0 0 0
high speed |nom.load| t,c [0.077 0.069 0.065 0.125
adding | 8, % 0.5 0 0 0
at accel. at| t,c |0.091 0.055 0.046 0.12
low speed 5%w, | 8, % 0.5 0 0 0
and 12 R, nom.load| t,c [0.093 0.068 ]0.065 [0.119
adding | §, % 17.5 0 0 4.6
at accel. at| t,c [0.093 0.062 0.053 0.1
low speed 5%wn | 8, % 1.2 0.86 0.77 2.3
and 0.8 C nom.load| t.c |0.1 0.077 0.072 0.141
adding | 8, % 16.2 0.86 0.77 2.3

desired speed
— | —— MRS

w0=38
ESCS,

—ESCS
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ESCS,
ESCS

w0=38

w0=45

man,r22

w0=ag Without Ts

w0=45 Without Ts

without Ts

man,r22

0.2

0.3
ts

Fig. 3. Time dependences of CS low speed operation with
information about Ty and without it.
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man,r22
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w 0=45 Without Ts

man,r22 without Ts

1.1 12
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Fig. 4. Time dependences of CS high speed operation with
information about Ty and without it.
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Fig. 5. Time dependences of CS operation
at R increased by 20%.
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' | I
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0 i I I
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Fig. 6. Time dependences of CS operation at C reduced by
20%.

7. Conclusion

The proposed procedure of structurally parametrical
ESCS synthesis uses the principle of forming the desired
characteristic polynomial of the closed-loop CS. It
allows us to get the ESCS with the optimal settings for a
given criterion. On the one hand, these ESCSs with
ready-optimal regulators eliminate the need for the most
difficult initial setup of the system (to provide the
necessary transition). On the other hand, their parameters
are related to the physical coordinates of the system and
the procedure of the final system configuration is
significantly simplified. These two advantages will
facilitate the spread of ESCS applications and energy-
based approaches in general. For the same purpose,
further research should be focused on the verification of
applying this procedure to the synthesis of the CSs
provided by complex nonlinear objects.
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OITUMIBAIISA EHEPTO®OPMYIOYOI'O
KEPYBAHHSA 'AMIJIbBTOHOBOIO
CUCTEMOIO 3 KEPOBAHUMHA ITOPTAMHA

Irop Lyp, ¥Opiii Bineubkuii

Po3rnsHyTO MIpOOIEMY 3HAXOMKEHHS ONTUMAITBEHHX II0I0
33aHOr0 KPUTEPilo MapaMerpiB CUCTEMU eHEPro(GhopMyr0Horo
kepyBanHsi (CE®K) y ramineToHOBOMY mpejncTaBieHHi. 3
MeTOI0 11 BUPILLEHHS 3aPOIIOHOBAHO JONOBHUTH IPOLELYPY
cuatesy CE®K mnapamerpuzamieto msxoM (opMyBaHHS
0a)xaHOTO XapaKTEPUCTUYHOTO TOJIIHOMY 3aMKHEHOI CHCTEMH.
Jns  mepeBipkd MiAXOAYy TMPOBEAEHO
MonansHoro perymoBaHHs Ta CE®DK enexkrponpusBonom mo-
CTIHHOTO CTPyMy, @ TAKOXK HU3KY MOPIBHSUIbHUX JIOCIIDKCHb, B
pe3ynbTaTi 40ro MiATBEPIKEHO NOLUIBHICTH Ta ¢PEKTUBHICTH

CHHTE3 CHCTEMHU

3aCTOCYBaHHsSI  3aNPONOHOBAHOI  HPOLEAYPU  CTPYKTYPHO-
mapamerpudHoro cuatesy CEDK.
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