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Abstract. The existence of the problem of impact of
the finite precision of hardware in digital control systems
which dgnificantly influences on ther practical
redization was shown. The influence of data finite
precision of digital control systems on their behavior
using popular discretization methods (the Tustin method
and the method of the correspondence of zeros and
poles) and forms of discrete transfer functions and
different representation of discrete transfer functions has
been investigated by the computer modd. The existence
of the influence of data finite precision on digital control
systems practical realization was confirmed and the
method of partia reduction of the impact was proposed
according to the results of computer simulation.
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1. Introduction

Digital control systems are the most effective ones,
since they provide a high accuracy, universality and
possibility of realization to very complicated control
algorithms. Their usage is the most perspective from the
point of view of operationa, energetic and dynamical
characteristics that are necessary for the operation of a
certain technological system.

The synthesis of a digital control system is as usual
based on discretization of continuous prototype. The
popular methods of control system discretization include
the subgtitution (for example, a Tugin method), the
correspondence of zeros and poles of digital transfer
function etc. [1, 2]. The usage of given methods provides
the simple effective redizations of digital control systems.

One of the problems in the theory of digital control
systems, that is, the problem of impact of finite-precision
data on their behavior, is not enough investigated. This
fact vastly influences their synthesis and practical
regization.

2. Analysis of known solutions

The finite precision of hardware is taken into acco-
unt in the development of digital filters, for example [3,
4]. Asarule, it means only considering the finite preci-
sion of input and output data and discrete disposition of
zeros and poles of digital systems on the complex plane.

In the known works [1, 2, 5] the impact of the data
finite precision on the behavior of the system is analyzed
concerning only two factors:

the influence of data finite precison on the
accuracy of maintaining regulated coordinates, which is,
basically, determined by the resolution of an ADC or
digita sensors;

the disposition of zeros and poles of discrete
transfer functions only in limited in number discrete
points on a complex plane.

That iswhy that in the majority of cases the analysis
of the stability of digital control systems is conducted
with classical methods intended for linear systems —
exploring the disposition of zeroes and poles on the
complex plane, analyzing frequency characteristic etc.
[5, 6]. However, conducted research showed some other
factors causing the digital control system instability. For
example, it may emerge at a certain value of binary
resolution of adigital device.

It should be mentioned that the problem of
numerical instability in the case of the limited
calculation resolution is well-known in applied
mathematics. For example, this problem is examined in
[7, 8, 9]. However, the results of the investigations
conducted by the authors are not popular among the
specialistsin the digita systems theory so far, especially
concerning the impact of the accuracy of discrete
transfer function polynomial coefficients on the accuracy
of their solutions.

3. Investigations

The most popular methods of the discretization
during the syntheses of the digital control systems are
the Tustin method and the method of the correspondence
of zeros and poles. The discrete transfer functions ob-
tained by those methods could be defined in two ways:

as a classical transfer function by the ratio of
polynomials of a numerator and a denominator;
in terms of zeros and poles.

The aim of the research was to study the impact of
the finite precision of transfer function coefficients on
the behavior of a digital system that is realized by the
methods listed above.
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The quite simple dynamic object with two pairs of
complex conjugated poles was chosen as the object of
research:

1) pr2=14%j;

2) p34=3%3.

Its resulting transfer function has the form:
W(s) = !
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The appropriate discrete transfer functions of digital
control systems have been synthesized by above
mentioned methods (for example, using Control systems
Toolbox of MATLAB software environment). They are
obtained in the following forms (on conditions that
coefficients depend on the discretization method and
step):
1) transfer function obtained by the Tustin method as a
ratio of polynomials of the numerator and
denominator:
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2) transfer function obtained by the Tustin method and
recorded in the form of zeros and poles:
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3) transfer function obtained by the zero-pole matching

method as a ratio of polynomials of the numerator
and denominator:
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4) transfer function obtained by zero-pole matching
method recorded in the form of zeros and poles:
_ K qz+1)*
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Analysis of the behavior of digital systems obtained
was carried out for sampling steps h = 1; 0.3; 0.1; 0.03;
0.01. The modeling software environment Simulink,
being the pat of the mathematica application
MATLAB, was used asatool for thisresearch.

The computer model of research, madein MATLAB
environment, is shown in Fig. 2. All coefficients of the
numerator and denominator of the discrete transfer
functions and the coefficients in zero-pole form are
defined using only four decimal digits as the realization
of their finite precision.

It is commonly known that in the case of the
decrease of the sampling step the system theoretically
approaches its behavior to a continuous modd.
However, finite-precision notation of transfer function
coefficients in the system leads to some unexpected
conseguences — decreasing of sampling step leads to the

W(2)

non-typical behavior of the obtained digital system
deviating from continuity.

It has been determined that the digital control system
represented by the classic discrete transfer function (as a
ratio of polynomials of the numerator and denominator)
becomes unstable in case of sampling step less than
0.03s (Fig. 3). However, in the case of the zero-pole
presentation of the discrete transfer function the digital
control system remains stable (Fig. 4).
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Fig. 2. Computer model of the digital system.
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Fig. 3. Theinfluence of finite-precision data on digital control
sysemwithastep h= 0.03s.

Fig. 4. Transfer characterigtic of a system recorded in zero-
poleformwith a step h= 0.03 s.

The explanation of this phenomenon can be found in
publications on applied mathematics, such as[8, 9. It is
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shown there that polynomials with multiple or close
roots are very senstive to accuracy of the transfer
function coefficients. Decreasing of sampling step leads
to the displacement of all zeros and poles of the discrete
transfer function to a unity. So, al solutions of the
polynomials in the numerator and denominator become
very close. Consequently, polynomials become singular
and, as a result, very sensitive to accuracy of the
coefficient resolution.

According to the results of research done the
representation of the discrete transfer function in the
form of zeros and polesis moreresistant to this kind of a
drawback.

4, Conclusion

Data finite precision in digital control systems
significantly influences on their practical realization. The
appearance of this problem can be explained by the
sensitivity of coefficients of the discrete transfer function
and resulted values of its zeros and poles to small errors
occurred while presenting the data in mathematical
notation.

For decreasing the influence of the data finite
precision in digital control systems it is necessary to use
the presentation of the discrete transfer functions in the
form of zeros and poles.
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JOCJIJI)KEHHS BILIUBY OBMEKEHOI
PO3PAJHOCTI HA PEAJIIBALIIO IU®POBUX
CUCTEM

Bonomumup Mopos, Map’ ssu ConbChbkuii

[TokazaHo, mo y mU(POBUX CHUCTEMAax KepyBaHHS
icHye mpobiieMa 0OMEKEHOT pO3PSTHOCTI arapaTHOi Yac-
THHH, SIKa CYTTEBO BIUIMBAE HA 1X CHHTE3 Ta MPAKTUYHY
peanizamnito. Ha ocHOBI KOMIT IOTEpHOI MOJEINI TOCHia-
JKCHO BIUTUB OOMEKCHOI PO3PSIHOCTI 3a/laBaHHs IMapa-
MeTpiB HU(POBUX CHCTEM KEPYBaHHS Ha iX IMOBEMIHKY Y
BUIIAJKy BHKOPHCTAHHS IMOMYIIPHUX METOMIB JUCKpeE-
tu3anii (migcranoBku TacTiHa, METOMY BiAMOBIAHOCTI
HYIIIB Ta MOJIOCIB) Ta Ha HOPMY 3aMUCY JUCKPETHHX TIe-
penatHux QyHKIIA. BiamoBimHo 10 pe3ynbTaTiB KOM-
I FOTEPHOr0 MOJISIIOBAHHS, MMiATBEP-HKEHO 1CHYBAHHS
BIUIUBY OOMEXEHOI pO3pSAIHOCTI Ha MPAaKTHYHY peali-
3aIii0 MU(PPOBUX CHCTEM KEPYBAaHHS Ta 3alpOIIOHOBAHO
CIoci0 YaCTKOBOI'O 3MEHIIICHHS JAHOTO BILIUBY.
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