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Abgract: This paper presentsa a method of analysis
of distributed dlot discontinuity in a microstrip line
ground plane based on transverse resonance technique.
The scattering characteristics of symmetrica  and
nonsymmetrica slot resonators of a complex shape have
been calculated by Galerkin’s procedure and taking into
account the harmonics of current dendgty in the
microstrip line and waveguide modes in the dot
aperture. As a computational example the analysis of a
finite cel periodic structure on the basis of P- and O-
shaped dot resonators in the ground plane of a
microstrip line are presented. The effectiveness and
accuracy of the proposed algorithm has been verified by
the comparison with measurements conducted on
experimental prototypes.

Key words microstrip line, dot resonator, trans-
verse resonance technique, eigenfrequency, scattering
matrix, periodic structure.

1. Introduction

Planar dructures in the form of microstrip
transmission lines with a dotted ground plane are widely
used for designing various microwave devices, for
example, periodic structures, wideband filters [1-4] and
antenna elements [5-7]. The analysis of discontinuitiesin
planar transmission lines with borders shaped parallel to
rectangular coordinate axes can be performed using strict
numerical techniques, a transverse resonance technique
in particular.

The transverse resonance technique was originaly
developed for the calculation of characteristics of ridged
waveguides [8] and quasi-planar transmission lines [9].
In [10] the transverse resonance technique was extended
to the calculation of the characteristics of open,
conductor-backed or shielded structures. Noticeably, the
transverse resonance algorithm can be applied even to
open structures owing to the representation of boundary
conditions by reflection coefficient matrices.

Later on, the transverse resonance technique was
further extended to the analysis of step discontinuitiesin
transmission lines, for example, a width step in afinline
[11] and amicrostrip line [12]. In [13] the theory of long

lines combined with transverse resonance techniques
was presented for calculation of scattering parameters of
a microstrip line with step discontinuity printed on a bi-
anisotropic substrate.

In [14] while solving boundary problem for a
resonator with discontinuity in the form of two
microstrip lines crossed and positioned on the different
sides of a didectric substrate, the current density
components in the lines were represented as double
series with basis functions of two types: a harmonic and
asingular one, thus taking into account the peculiarity of
the field behavior on a thin edge. The analysis of more
complex discontinuity in the form of a stripline resonator
in aunilatera finline was performed in [15]. In that work
a finline discontinuity, which consists of a rectangular
conducting strip placed on the opposite face of dielectric
substrate transversely to the dot, was anayzed.
Appropriate basis functions were chosen to model afield
in the dlot and a current in the strip. Herewith in the
expression for cross-dot eectric field the harmonics of
the electromagnetic field caused by the resonator length
were taken into account. Since the discontinuities
considered in [15] had small szes compared with the
wavelength, the parameters of an equivalent circuit were
calculated from the condition of transverse resonance.
Full wave solutions in the frequency domain for crossed
microstrip line and dotline were implemented [16].

In [17] the method of the calculation of amplitude
characteristics and phase shift characteristics for one-
and multi-gage 1-D periodic structures comprising
narrow-slot  resonators in the ground plane of a
microstrip line was presented.

2. Transver seresonance method for irregular dot
resonatorsin the ground plane of amicrostrip line
The transverse resonance technique is based on the
solution of a boundary problem for aresonator on a feed
line with discontinuity, and serves for calculating
scattering matrix elements [17, 18]. The scattering
matrix S of the two-port network consisting of the
microstrip line with a complex shape slot resonator in its
ground plane (Fig. 1) hasthe following form:
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Fig. 1. P -shaped slot resonator in the microstrip line ground
plane: (a) non-symmetric and (b) symmetric discontinuity.

It is typically assumed that the eectromagnetic
boundaries of the resonator (electric or magnetic walls)
are situated at such a distance from the discontinuity that
the higher wave modes of the microstrip line may be
considered as aready attenuated. Under the condition of
existence of eectricwallsin z=-L, and z=L, planes
(ew.- ew. condition or so-called «dectric» boundary

problem, Fig. 1a), the characteristic equation of the
transverse resonance has the following form [18]:

(S.+G)(S.*+G)- S =0, (1)
where G =exp(2jb,l,), G, =exp(2jb,l,), b, isthe
phase constant of the fundamental wave of the microstrip
line. For structures nonsymmetric with respect to z=0
plane, Fig. 1a, the scattering matrix elements in A- A’
planes(S,?! S,,,S, =S,) are caculated from the three
pairs of solutions of the “eectric’ boundary problem for
the microstrip resonator with respect to its dimensions
(Ly.15 ), where k=1, 2, 3 isthe solution number.

For the analysis of the structure which is symmetric
with respect to z=0 plane, for example, a symmetric
I1-shaped dot resonator, Fig.1b, it is sufficient to solve
two boundary problems. one under eectric wall
condition at the region's boundary z=L and at the plane
of symmetry z=0, and another with electric wall

condition at z=L plane and magnetic wall (m.w.)
condition at z=0 plane [17, 18]. Then the elements of
the scattering matrix S, =S,,, §, =S,, are calculated

from the solutions of the “dectric’ (ew.-ew.) and
“magnetic’ (m.w.-e.w.) boundary problems with respect
to the dimensions of the resonator I, (k=1, 2 is the

number of solution) according to the formulae obtained
from the solution of two equations (1):

S =-(G+G)/2, 5,=(G-G)/2, ()
where G, G, are defined above. From (2) we conclude

that the frequencies of resonant interaction are
determined by the intersection points of the spectra
curves (when G, =G,) obtained from the solutions of

two boundary problems. For the caculation of the
scattering matrix of a single distributed discontinuity, it
is preferably to solve the “magnetic” boundary problem
under magnetic wall conditions in the symmetry plane
and a the longitudina boundary of the resonator
(mw.- mw.) [11].

In filtering or matching networks periodic structures
of finite size are considered to consist of severa
discontinuities in the transmission line positioned at
some distance from one another. If the interrelation
between the series-connected discontinuities can be
neglected, the overall scattering matrix of the finite
periodic structure can be calculated using formulae for
the cascade connection of the matrices of each
discontinuity. However, for multi-cell periodic structures
with the interrdation between discontinuities it is
necessary to solve the boundary problem for the
structure asawhole.
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Fig. 2. Topology of the boundary problem: cross section (a)
and top view (b) of the microstrip resonator with non-
symmetrically located P -shaped dot discontinuity in the
ground plane.
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Fig. 2 shows a resonant structure non-symmetric in
the transverse direction with of a IT-shaped s ot resonator
in the microstrip lin€'s ground plane (the cross-section
and the top view are shown). The structure is symmetric
with respect to x =0 plane.

The first layer (i=1) represents a dielectric
substrate with relative dielectric permesbility e, and
thickness h, the second and third layers are the air ones,
e, =¢,, =1. The field components have to satisfy the
conditions of an ideally conductive dectric wall at
x=%A, y=B, y=-b, and eectric wall conditions at
the longitudinal boundaries z=0 and z=L for the
“eectric’ boundary problem.

The boundary problem for the resonator is solved by
dividing the original region into 3 partial subregions
(Fig. 2(8)). Then for each subregion the Helmholtz
equation is solved for eectric (denoted by e subscript)
and magnetic (denoted by h subscript) Hertz vector

potentials (O, ﬂ(e)y,o) :

DA\(e)y,i + k(?eri A\(e)y,i = O !
where k;, =w,/c is the wavenumber and e, is the
relative dielectric permittivity of thei-th layer.
Electric and magnetic Hertz vector potentials are
represented in the chosen coordinate system as double
Fourier series expansions of the following form:

A, = a a P, cosk, xsin KnZFs m (Y),

m=1n=1

A1y,i = é. é. PmnS-nkmeCOSkznz hi,mn (y)!

m=1n=0
where i=1, 2, 3 isthe partial region number. The follo-
wing notations are introduced here:

P = 2/A1/(2- do)/LCor,

Kew =P (2m- 1)/2A, k,, =pn/L,
d,, isthe Kronecker symbol. The functions F, . .. (V)

2 1,2 2
Cmn_kxm+k

zn !

arewritten asfollows ( 'y, = h/2):

Sinkyl,mn(y' y0)+
"™ K 1 COSK g 1 Yl

y1,mn

F,..=R,

el,mn

COSkyl,rm (y - yo )
kyl, mnl S' n I(yl,mn yO

+ Relz,mn

cosk,, ., (B-Yy
I:e2,mn = Rezrmkyz—()

y2,mn S-n ky2,rmbl ,
E — COSI(y2,mn (b2 + y)
eam sm I(y2,mn Sin ky2,rmb2

COSkyl,rm (y' yo) +

F =
hl,m 11, mn cos kﬂ'mn yo
ink }
R, Sk (v- %)
SinKy; m Yo
sink,, . (B- )
Fh2 mn = 2,mn y— 1
' ' snk,, b
e _p Sk (b+y)
h3,mn 3,mn S-nkyzvmnbz ’
Where kjlmn = kOzeri - kfm - kzzn and Rell,mn ’ Re12,mn’
ReZ,m’] ' Re3,m’1 ' Rﬁll,m ' RﬁlZ,m’] ' RﬁZ,m’] ' Rﬁ,m’] are

unknown coefficients of the Fourier series expansions
for the partia regions.

ew.,
mw.

Fig. 3. Topology of the boundary problem of the microstrip
resonator with symmetrically located P -shaped d ot
discontinuity in the ground plane.

3

For the scattering matrix calculation of a single
discontinuity being symmetrical in transversa direction,
the two boundary problems, “dectric’ and “magnetic”
ones, are solved for a half of the structure shown in Fig.
3. In addition, as far as the problem is nonsymmetrical
with respect to x=0 plane, the eectric and magnetic
Hertz vector potentials are expanded into the double
Fourier series of the following form:

isink, .z

=3 3 P_sink_(x- A)f F.
Ai78,8, P Snka U A gy gffem

_° o \lcoskznzl;l
A1y,i - a a Pmn COSkxm(X- A)’:\Snka%Fhlm(y) for

m=0 n=0(1)

“dectric’ and “magnetic’ boundary problems,
correspondingly, where Kk _=pny2A; the upper
expressions in the braces correspond to the “eectric”
boundary problem and the lower expressions in the
braces correspond to the “magnetic” boundary problem;
other notations are the same as previously introduced.

The boundary problem is solved by Galerkin's
method. In order to do so, the field in the dot resonator
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is written as the series of eigenfunctions T, , of the

H- and E-waves of a IT-shaped waveguide [19, 20] (odd
modes for theresonator in Fg. 2).
a. th ( hy k ) + a. V NT,

teyk?

(4)

=& 1NT, - ale*(NtTey,k e).
k=1 k

where V, ., are unknown coefficients of the expansion.

h(e)
Current density in the microstrip line defined through the
difference of tangential components of the magnetic
fiddinthe y=h plane H,,- H,, =J" e , iswritten in
the form of double series of Chebyshev polynomials
(along the x axis) and eigenfunctions of the resonator
(along the z axis) with the unknown coefficients of the
expansions ¢, ,,d,

a.k?
&ex 0

_ M f2-d Tcosk Zuo )
qg‘(l) L Tsmk Z%kqukg /22!
2- dq01smk Z{l o ®ex 6
,/ d ()
qgo) TCOSk Z%ka.o qkykg w2g

is the order of trigonometric series truncation

J,(x2)

J (x2)=

where Nq

(the number of spatial harmonics in the current density
spectrum) and j , (2x/w), vy (2x/w) are functions

normalized with weight taking into account the field's
behavior on athin edge[16, 17, 19].

From the formal point of view the summation in
trigonometric series (5) starts from a zero index, how-
ever in nonsymmetrical structures with absence of exter-
nal charge sources the zero component of longitudinal
current density J,, (the DC component) does not have

physical sense. Due to this, while solving the boundary
problem for a nonsymmetrical structure, the current den-
Sity in the microstrip line is approximated with trigo-
nometric series with summation running from index one.

By applying Galerkin’s procedure to continuity
equations of the field's tangential components on the
partial regions boundaries y=0 and y=h, we obtain
the homogeneous linear system of algebraic equations
with an unknown parameter (longitudina size L of the
resonator or its eigenfrequency f.) with respect to
unknown coefficients of the field expansion on the II-
shaped dot V, .V, and current density ¢, ,,d, . inthe

microstrip line By equatlng the determinant of the linear
system of equations to zero the characteristic equation
for determining that unknown parameter is obtained.

3. Results of numerical analysis

After investigating the convergence of the
algorithms, the numerical computation of eigen-
frequencies of the microstrip resonator with distributed

discontinuity in its ground plane has been performed by
applying double Fourier seriestruncated to 300 terms. In
the series of the complex-shape dot resonator’'s
eigenwaves the two waves of both H- and E-types were
taken into account, while in the double series (5) the
summations of spatial harmonics and the Chebyshev
polynomials were limited to five terms (N, =5 and

k=0,5).
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Fig. 4. The characteristics of the microstrip resonator with
nonsymmetric 77-shaped slot, Fig 1a: (a) eigenfrequency
spectrum, and (b) insertion losses of 3-cells periodic structure.
The resonator parameters (in mm): substrate h=1.0, ,=9.8,
the microstrip line width w=1.0 (characteristic impedance
Z,=50 Ohm), screen dimensions b;=9.0, b,=5.0, A=24.0, slot
resonator dimensions. a=8.0, b=8.0, 5=0.5, 5,=0.75.
Fig. 4a shows the eigenfrequency spectrum f . of
the microstrip line resonator with the IT-shaped dot in
the groundplane (Fig. 1a) versus the resonator size L,

anditslengthratio K, =L,/L,, L, =I, +b/2,i=12.

The eigenfrequency spectrum in the range from
1.5 GHz to 5.5 GHz consists of two branches, therefore,
while solving the boundary problem with respect to the
resonator'ssizes I,,1, it isnecessary to make a transition
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to the second spectrum branch at the frequency appro-
ximately equal to 2.6 GHz.

Fig. 4b shows the characterigtic of the transmission
coefficient of the microgtrip lin€' s fundamental wave for
the periodic structure consisting of three (n=3) series-
connected T1-shaped d ot resonatorsin the ground plane.

The scattering matrix of the periodic structure with
finite number of cels is obtained as a cascade connec-
tion of the scattering matrices of the single slot resonator
through the sections of microstrip line with the length
d, [17]. Fig.4 aso shows the measurement results of

the structure prototype.
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Fig. 5. The characteristics of the microstrip resonator with
symmetric I7-shaped slot, Fig 1b: (a) eigenfrequency spectrum,
and (b) insertion losses of 5-cell periodic gructure. The
resonator parameters (in mm): screen dimensions b;=b,=12.0,
A=24.0; dlot resonator dimensions:2a=4.4, b=2.2, 5,=5,=0.5.

Fig. 5a shows the results of eigenfrequency spec-
trum calculation for the microstrip resonator with
symmetrically located distributed discontinuity (Fig. 3).
The calculation has been performed taking into account
the spatial zero harmonic of current density. In this case
the eigenfrequency spectrum obtained from the solution

of the “electric” boundary problem contains one solution
branch in the frequency range from 2 GHz to 8 GHz,
while the eigenfrequency spectrum of the “magnetic”
boundary problem contains two solution branches. This
is explained by the fact that the symmetry of the
structure with the magnetic wall in z=0 plane
corresponds to the fundamental wave of the I1-shaped
waveguide. Fig. 5b shows the characteristic of the
transmission coefficient of a 5-cell periodic structure
comprising ITl-shaped dot resonators located with the
period of d =5.4+a=9.8 mm.

It can be seen that the characteristics calculated for
both nonsymmetric and symmetric resonant structure
correspond well to the measurement results. The
characteristics of transmission coefficient were measured
using Agilent N5230A vector network analyzer.

4. Analysis of coupled distributed slot resonator s
in microstrip line ground plane

Fig. 6 shows a structure topology consisting of three
series-connected O-shaped (i.e. shaped as a coaxial
rectangular transmission line) dot resonators in the
groundplane of a microgtrip line. As a performed
numerical calculation shows, a resulting scattering
matrix obtained from elementary scattering matrices for
the cascade connection of the single discontinuities does
not correspond to the measurement results of the
transmission coefficient for the experimenta prototype.
This is due to the fact that, as it was shown in [20],
distributed discontinuities interact with each other on
distances comparable with the size of the discontinuities
themselves, giving rise to additional frequencies of the
resonant interaction of the feed line with several series-
connected discontinuities.

For taking into account the mutual interaction
between discontinuities, the 3-cell periodic structure is
analyzed as awhole, Just as it has been done above, due
to the symmetry of the structure the scattering matrix
elements are determined by solving two boundary
problems, the “dectric’ (ew.-ew.) and “magnetic’
(m.w.- mw.) one, see Fig. 6.

Fig. 6. 3-cdll periodic structure: the topology of the resonator
for the boundary problemto solve.



Yulia Rassokhina, Vladimir Krizhanovski

In that case in the expansion of the field in the O-
shaped dot the TEM-wave of the coaxial waveguide is
taken into account in addition to even (€) and odd (0)
wave modes of the O-waveguide

o o~ , o ~
EOI = a Vhe,k (NlTh?/,k ey) + a Vee,kN Te +
k=1 k=1

t ek
+é. Vho,k (NtTh(;,k ’ ey) +VNIT
k=1

TEM !

where V,,, and V_ , are the amplitudes of even H- and

E-waves of the O-waveguide, V,,, is the amplitude of

0,k
odd H-waves of O-waveguide, V isthe amplitude of the
TEM-wave of the coaxia waveguide.
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Fig. 7. The characterigtics of the 3-cell periodic structure with
symmetric O-shaped slot resonators in the microgtrip line's
ground plane: (a) eigenfrequency spectrum, and (b) insertion
losses of the structure. Dimensions of the O-shaped slot
resonator (inmm): a=12.9, b=2.15, 5,=5,=0.5.

Fig. 7a shows the egenfrequency spectrum of the
microdrip resonator with three serially connected dot
resonators in the ground plane of the microgrip line. The

spectrum is obtained from the solutions of “dectric’ and
“magnetic’ boundary problems. The parameters of the
microdrip line are the same as mentioned above, the
dimensions of the O-shaped d ot resonator are marked at the
figure. In the frequency range from 2 GHz to 6 GHz the
resonance frequency spectrum consists of four branches.

Fig. 7b shows calculated and measured transmission
coefficient characterigtics of the periodic structure,
which consists of three O-shaped dot resonators. The
calculated characteristic is obtained from the solutions of
“eectric’ and “magnetic’ boundary problems. Just like
in [20, 21], the stopband of the fundamental wave of the
microstrip line in the system of interacting dot
resonators is wider than that of the system of isolated
discontinuities.

5. Conclusion

A new type of discontinuity in the microstrip line
ground plane has been analyzed using the transverse
resonance technique. Appropriate basis functions have
been chosen to mode the field in the microstrip
resonators with P - and O-shaped dot resonators and the
current dendty on the discontinuity strip. Herewith in
order to account for the mutual interaction between
discontinuities, the spatial zero harmonic of the current
density is taken into account in solving the boundary
problems for the symmetric resonator. The spectra
curves and characteristics of the transmission coefficient
for the digtributed discontinuities are also presented. It is
demonstrated that the calculated results match the
measured ones reasonably well, what confirms the
choice of basis functions.
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AHAJII3 PO3HNOALIEHUX IIJIMHHUX
HEOJIHOPIJHOCTEMH B Y3EMJIIOIOUOMY
IIAPI MIKPOCTPIYKOBOI JITHIT
MEPECUJIAHHS

HOmist Paccoxina, Brnanimip KpixkanoBcki

VY po0oTi NHpencTaBICHO METOA aHali3y pPO3MOIIICHHX
Y3eMIIIOI0UOMY  IIapi
MIKpOCMYKKOBOI JIiHII IEpeCHJIaHHA METOJOM IIONEePEYHOro

LIJIMHHAX ~ HEOJHOpiTHOCTEW B
pe30oHaHCy. XapaKTePUCTHKU PO3CIIOBAHHSA CHMETPUYHHX Ta
HECUMETPUYHUX IIUIMHHUX PE30HATOpiB CKIagHOI (hopmu
ypaxyBaHHAM
TapMOHIK TYCTHHH CTpPyMY B MIKPOCMYXXKOBil JiHII Ta

po3paxoBaHO 3a MeToAoM [l ampopkiHa 3

XBWICBIIHUX MOJ Ha ameprypi WiauHU. Sk mnpuximag
MPOEKTYBAHHS IPE/ICTABICHO aHAali3 NEPIOANYHUX CTPYKTYp
Ha 0a3i P - Ta O-noniOHMX MIUIMHHUX PE30HATOPIB B Y3EMIIIO-
o9oMy mapi. EdeKTHBHICTH Ta TOYHICTH 3aIpPOIIOHOBAHOI'O
METO/ly JEMOHCTPYETHCS IIUIIXOM IIOPIBHSIHHS PO3PaxOBaHHUX
XapaKTepUCTHK 13 IaHUMHM, OTPUMAHMMH B PE3ylbTaTi BUMi-

PrOBaHb HAa EKCIICPUMCHTAJIbHUX MaKeTaXx.
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