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Abstract: Based on the principle of symmetry, we
propose a universal expression of the energy of physical
system. If we accept a generalized coordinate as an
argument, we come to potential energy; if we accept a
generalized velocity as an argument, we come to kinetic
co-energy. Here, like in the variational principle, the
concept of kinetic energy does not work. The examples
of application relate to electromagnetic fields, eectro-
magnetic circuits, and mechanics of concentrated
masses.
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1. Introduction

The basis of the energy approach to the anaysis of
physical systemsisthe variational principle of Hamilton-
Ostrogradsky, which uses a concept of kinetic and po—
tential energies. These concepts are often relative and
depend on the choice of certain generalized coordinates
and generalized velocities [1, 2]. But it would be at least
unwisely to refuse the natural variables. The importance
of areal physical value (characteristic) is connected to
the concept of co-energy.

2. Formulation of the problem
An expression of energy stored in the volume V of a
domain under consideration can be written down as

W = (v, (2)
\%
where w (i =k, p,kc) arethe densities of kinetic energy,
potential energy, and kinetic co-energy (co-operative),
correspondingly.

Since many different expressions of the energy
densities may be obtained, from the perspective of field
theory their expressions are postulated, but the right one
has not been determined yet. That is why we have
designated the simplest expressions as basic ones. We,
according to the principle of symmetry, propose the
following expression

W = c‘y(x)xdx. )
0

The variablec(x) always has a meaning of some
static matrix that characterizes the medium or a finite

element. If we choose to interpret the variable x as a

generalized coordinate, the expression (2) corresponds to
the density of potential energy. If we choose to interpret
it as a generalized velosity, the expression (2) corres
ponds to the density of kinetic co-energy. We shall
consider three different cases.

3. Electromagnetic field
It is a generd practice to express the specific
energies by means of vectors of eectromagnetic field.
But those vectors, as shown in eectrodynamic of
potentials, are derivatives of the vector potential A of
electromagnetic fidld [1]
E=-JA/qt; B=N" A, (3)
then
D=E(E)E; H =N(B)B, 4
where IIEIZ')|'3|—'| are the vectors of eectromagnetic
fied. E,N are the matrices of static permeabilities and

gtatic reluctivities of the environment.

As you can see, the vector B can be interpreted as a
generalized coordinate and the vector E can be
interpreted as a generalized vel ocity. Substituting (3) and
(4) into (2), we obtain expressions of densities of
potential energy and kinetic co-energy

B rrr E rror
W, == c‘j\l(B) BdB; w = c‘j\l(E) EdE, 5)
0 0

It is evident that the magnetic field generates
potential energy, and eectric field generates kinetic co-
energy, - their expressions are entirely consistent with
those conventional in dectrodynamics[2].

The expression of specific kinetic energy of the
electromagnetic field does not go with the principle of
symmetry, and its equation can not be obtained from (2).
This expression can be obtained by a classical method,
on the basis of the equations of electro—-magnetic field in
an immovable lossless environment written down in the
vectors
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The left side of the equation (6) is treated as a
decrease in the eectromagnetic energy fw/ Tt in some
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closed volume, and the right one details that it is spent
on radiation. Therefore, according to (6)

P roror
W, = ()(D)DdD, (7
0
where X(II')) is the inverse matrix of static eectric
permeabilities (X = E™1).
In case of alinear environment, the left side of the
equation (6) gives us known expresions of electric (W)

and magnetic (w,, ) energy densities

ED HB

We = > Wy = > (8)
According to thefield theory, the expressions (8) are
postulated. There are some known unsuccessful attempts
to prove (8) [4], but they are wrong because their authors
start from the results which imply the postulates (8).
Among all the possible expressions, the expressions (8)

are the smplest ones, therefore, they are generally used.

4. Electromagnetic cir cuit

Here the charge q is interpreted as a generaized
coordinate, and the current i = dq/dt is interpreted as a
generalized velocity. In addition, the static charac-
terigtics of circuit elements have the form

Y =L(@)i; u=$(g)q, €)
where Y is the linkage of an inductance coil; u denotes
the voltage of a capacitor; L(i) stands for the static

S(a)
capacitance of the capacitor.

Subgtituting (9) into (2), we obtain the expressions
of densities of potential energy and kinetic co-energy

inductance of the cail; is the inverse satic

q i
w, = (p(@ads; W = JOid.  (10)
0 0

As we can see, in eectromagnetic circuits, in
contrast to electromagnetic fields, the magnetic field
generates kinetic co-energy and the eectric one
generates potential energy. Their expressions perfectly
coincide with those generally accepted in the theory of
electromagnetic circuits[5].

The expression of kinetic energy of eectromagnetic
circuit does not go with the principle of symmetry and its
equation (2) can not be obtained. This expression can be
obtained by the classica method

Y
W, = c‘)a(Y)Y dy,
0
where a(Y) is the inverse gtatic inductance of the coil

(a=L1).

(11)
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Fig. 1. To the interpretation of magnetic energy and magnetic
co-energy in electromagnetic circuits

Fig. 1 depicts a geometrical gructure of magnetic
energy and co-energy in the axes of current — linkage. It
is interesting that the energy and co-energy are
connected by the well known integral formula

i Y
(‘)Ydi:iY- c‘de,
0 0

which interprets the geometrical structure of Fig. 1.

(12)

5. Mechanics of concentrated masses
Here the distance x is interpreted as a generaized
coordinate, and the velocity v =dx/dt isinterpreted asa
generalized velocity. In addition, the static characte-
riticsare of the form
p=m(v)v,

F =c(x)x, (13)

where p is the impulse; F represents the force; m(v) is
the static mass; c(x) denotes the static stiffness of an
elastic element.

Subgtituting (13) into (2), we obtain expressions of
potentional energy and kinetic co-energy

X v
w, = G(X) xdx, W = c‘jn(v)vdv. (14)
0 0

As you can see, in mechanics, an eastic element
generates potential energy, and moving masses generate
kinetic co-energy.

The expression of kinetic energy of moving masses
does not go with the principle of symmetry, and its
expression (2) can not be obtained. It isknown

p
W, = C3(P) pdp,
0

(15)

where s(p) istheinverse static mass (s=m?).

If we take under consideration, instead of separate
masses, a system as a whole, the expressions (9)—(15)
are given matrix content.

Asit hasbeen shown [1, 2], it isimpossible to obtain
an equation in electromagnetic field vectors on the basis
of the energy approach. For this reason, we come only to
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vector potential equations, and afterwards, through (3)
and (4), to vectors [1]:
2
e TA AL (N NR L),
1t 1t
where A stands for the vector-potential  of
electromagnetic fied; E' is the matrix of differential
electric permeabilities; G denots the matrix of gatic
electric conductivities;, N is the matrix of static
reluctivities.

This approach becomes much more complicated in
the case of nonlinear media. At first it was done in [1],
where the author obtained the equation of vector
potential in nonlinear nonhysteresi s anisotropic medium,
where the notion of eectric co-energy was implemented
instead of the notion of electric energy like it was done
in the theory of eectrical circuits [3], where the authors
used the concept of magnetic co-energy.

So there is a reasonable question [2], whether the
kinetic co-energy is just a calculated quantity or it
implies a profound physical content. The first response
suggests itsalf: such universal laws of physics as the law
of conservation of energy and the principle of the least
action, the basis of which is the principle of Hamilton-
Ostrohradsky, can not lead to the physical laws of
nature, based on energy transformations of non physical
guantity. So we must admit that the kinetic co-energy is
aphysical characteristic too.

But then another idea suggests itself: we should
refuse the kinetic energy in favor of co-energy as the
kinetic energy does not work in variationa principles, it
is not fit to the equation of symmetry (2), shoudn’t we?
Moreover, we come to the kinetic energy in accordance
with equation (6), which encloses Maxwell’s postul ate.
But before the kinetic energy can be definitively
sentenced, it has been proved [2] that it is possible to
come to it through the experimental Coulomb's law. And
only then by means of the kinetic energy, we have the
possihility to come to the kinetic co-energy. It has been
also shown that such measurable characterigtic as field
strength can be calculated either as gradient of energy or
gradient of co-energy (both lead to the same results [2]):

(16)

ro Prror CErrox
Fe =NQOFE(D)dDAV =R AP(E)IEV,  (16)
V0 )

where F¢ isthe eectric force.

It means that both energy and co-energy occupy
their own positions. In the course of time we will see
which one is dominant. In the meantime, the priority
should be given to co-energy.

6. Conclusions
1. Since the kinetic co-energy in Hamilton-Ostro—
gradskiy’s principle is the only one which satisfies the

energy principle of the least action, and satisfies the
proposed principle of symmetry, then it should be treated
as atrue energy characteristic.

2. The kinetic energy and co-energy in nonlinear
media are not equal to each other, but their gradients are
the same! So their utilization ensures identical power
characteristics of the field. Futhermore, accrding to the
practical resultsthey are interchangeable.

CUMETPIS EHEPITi

Bacuinb Yaban

Buxonsguu 3 NpUHLOUITY CHMETpii, 3alporIOHOBaHO
yHiBepcaJbHUN BUpa3 eHeprii gisuuHoi cucremu. Skiio
NPUIHATH 32 apryMEHT Yy3arajbHeHY KOOpAHMHATY, TO
MPUXOJUMO 10 TOTEHIaNbHOI eHeprii, SKIo y3ara—
JbHEHY IIBUJAKICTb, TO — JO KIHETHYHOI KO-eHeprii.
[MonsiTTst KiHETHMYHOI eHeprii TyT, SK 1 y BapialiiHUX
npuHOUNax, He nie. [Ipukmamym CTOCyrOThCS €IeKTpO—
MarHeTHOro TOJs, EeJIEeKTPOMArHeTHUX Kl 1 MeXaHIKH
3ocepemkeHnx Mac. Konmemnuii ko-eHepii HalaeThes
Gbi3znune 3HaUEHHS (XapaKTEPHCTUKA).
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