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ONPEXEJNEHHUE KOBAPUALLHOHHON MATPULLbI
NPOCTPAHCTBEHHBIX KOOPIMHAT TOUEK
FTEOMETPUYECKOW MOJEJIHU

Bo muorux QororpaMMerpHiecKux 3ajauax He0OXOJMMO 3HATD BeJH-
ypHBl JUACTIEpCHil TPOCTPaHCTBEHHBIX KOODIHHAT TOUYEK reoMeTpHUUeCKON
MOJIeJH U CTelNeHb KOppesslii MexKay HAMH. DTH JaHHbIE MOTYT GBITH I10-
JyueHbl C HOMOIIBIO KOBApHALMOHHOW MaTPHIEL IpPOCTPAHCTBEHHBIX KOOP-
JMHAT II0C/]e BBINONHEHHs Ipouecca B33 {MHOTO OPHEHTHPOBAHHSA CHHMKOSB.
Ias omnpeneaeHus KOBapHUALHOHHOH MaTPHIEL nudpepeHnEaIbl TPOCTPaH-
CTBEHHBIX KOODAHHAT TOUEK reoMeTPUUECKOH MOJIeH HANO0 BLIPA3UTb 4epe3
auddepeHnalbl H3MEPCHHBIX BeJIMUHH, SBJSIOUIHXCS KOMIIOHCHTAMI 1o-
CTPORHUS MOZCJIH. K TakuM BEJHUUHAM OTHOCATCH p3MepeHHble KOOpauHaThl
BCex TOUEK CHHMKOB, HeOGXOMUMBIX U5 pemenns 3ajaun B3aHMHOTO opueH-
THPOBAHHSI.

[Ipu uCmoJab30BaHHH dhopmya npsiMOIl 3aCeUKN

Bx, ' i nu Bz’
= 7 - 3 } — 7 ; F Z=='—7—’—,—" 1)
ool kgl . x, [ — % 1 (

noJabie AnddepeHnnasb 85X, 8Y; 0Z; umeroT BUIL

0X 0X 0X 0X 0X
3, =—28 =32 0A s/ 4+ 22 5w’ 4 — %/
' 0a a+6u0%+6a’a+6m’w+6%’%+

aX

0z
4+ g+ 8y 4+ — 3"+ 8 (2)
0 ox 'y

B mMaTpHuHOH 3aIHCH BBHIpaXKeHHe (2) maa Bcex TO4YEK, yuacTBYIOIHX
B mpouecce B3aHMHOTO OpHEHTHPOBAHU, npuoGpeTaeT B

58" =A’5p + B'60, (3)

117




rne A’ — martpuua nopsiaka 3N X5, cTpokaMu KOTOpOH SIBASIIOTCS YacTHbIe
npousBoxHble QyHKuMH (1) MO 3/7eMeHTaM BEeKTOPa B3aHMHOTO OPHEHTHPO-
Banua p=[a, %, o', o', ®'17,

BB G S AR O BB, -5 82,75 (4)
B’ — marpuna nopsinka 3N X4N, cTpoKaMu KOTOPOH SIBJISIIOTCA YaCTHBIE

npousBoaHble GpyHkuuu (1) mo BceM KOOpPAHHATAM H3MEDEHHBIX TOUEK CHHM-
KOB, YUaCTBYIOLIMX B Ipollecce B3aHMHOIO OPHEHTHPOBAHHUS,;

by 5530 bmv+1) o b1<2N+n
(Ve 0 S 0
bavsn " 0 b(N+1)<N+l) o524 biniryensny "
Bl | r R R s e el G i s
G = 0 ee BT 0
b(2N+1>1 0 00 by 0 bon+iyensny "
0 XLy el 0 S B 0
2, i b1(3N+1) bt b
bN-SN 0 24t bN-4N
ee. 0 b(N+l)(3N+1) AR
b2N-3N 0 i bzzv-uv
S 0 b(2N+1)(3N+1)' - 0
b3N-3N 0 e b3N-4N =
8b = [dxy,...,8xN, 8V 5. - -, OYN, 2% 5x}v, R 6y;v]T. (6)

Ins Buipaxenust 88 B (3) uepes nuddepeHnuasbl MSMEPEHHBIX BETHUHH
PACCMOTPHM peIlEeHHe 3a]a4d B3aUMHOTO OPHEHTHPOBAHHS CHHMKOB C TIPO-
W3BOJBHBIMH YIJIaMH HAKJIOHA [PH HCIOJIb30BAaHHHM CHOCOGA HAHMEHbUIMX

KBaJpaToB.

BrLipaxkeHHOe uepe3 H3MepeHHble KOOPAMHATEL X, Y, x’, y’ JneBoro H
IpaBOro CHHMKOB M HAINpPaBJSAIONIHE KOCHHYCBI, YCIOBHE B3aHMHOTO OpHEH-
THPOBAHUS MAPBl CHUIMKOB HMeEEeT BHJ

Fy = xx' (b.c, — b)) + xy’ (b) c; — bye;) — xF (b1 ¢3 — b3e)) +
+ X'y (b)c, — bl cy) + vy (byc; — byc;) — yF (by63— bycy) +
+ 2/ fBc,+ ¥ by, — I bye; =0, (7)

rne by,..., ¢y u bi,..., ¢ — 4acCTb HaNpaBJAIOUHUX KOCHHYCOB B3aHM-
HOTO ODHEHTHPOBAHHS, OTHECEHHBIX COOTBETCTBEHHO K JIEBOMY H paBoMYy
cuuMkam; [, f/ — (bOKycHBIE PacCTOSHHS JIGBOTO M NPaBOro CHUMKOB.

[Tyctb mocie u3MepeHHsi KOOPAMHAT Heo6XONMMOro KOJHYeCTBAa TOYEK
umeeM N yciaoBuit (7). CHauyana ¢ HCNOJb30BaHHEM NpUGIHKEHHBIX 3Ha-
YeHHH HEeU3BECTHBIX

Bo==1da, g, a('), (o('), x(')]r
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¥ KOODIHMHAT TOUEK CHHMKOB BbIYHC/IAIOT NpHO/IHKEHHbIe 3HAUYeHHs DYHK-
U,Hﬁ (7) Fo.
[as sunonuenus ycaosuil (7) X Fo, neo6xomumMo 106aBUTb PAN Y/IEHOB

—Fo+AAB+B8b=0, (8)

rie A — mpsiMoyrojbnasi MaTpuua Mopsika N X5, CTpOKaMH KOTOPOH $iB-
JSIOTCA YACTHBIE TPOM3BOAHbIE (QYHKIHH (7) mo Kaxa0My HEH3BECTHOMY
gexTopa P; B — mnpsiMOyroJbHas MaTpuila nopsanka NX4 N, ctpokaMu Ko-
TOpO¥ #BJISIOTCS YACTHDbIE TPOUSBOHBIE yukuuii (7) Mo KaxaOMy 3Hade-
HHIO H3MEPEHHBIX KOOD/IMHAT TOUEK CHHMKOB.

[Ipu HCHOJB30BaHHH CHOCO0A HAUMEHDIIHX KBAJpPATOB, MHHHMH3HDY
KBaJpaTHUHYIO (QOpMY

(F, — AAB)T (BK, BT)~1 (F, — AAB) = min,

rne K, — KoBapualMOHHAs MaTphila pcxomuoi uH(OpPMAUHH, [HOJydaem
HOpMaJibHLIE YpPaBHEeHHS
[AT PA] A — [ATPF ] =0, P= (BiG, BT, (9)

H3 pelueHus KOTOPbIX HaxonruMm
AB = [AT PA]-! [AT PF,]. (10)

[Tocae onpesenenns ABp sHaueHune BEKTOPA Po yTouHseM
p=PRo+ AP, (11)

rie APr — BEeKTOp NONMPaBOK K Po B IEPBOM NpUOTHIKEHHH.

FoJii HeHM3BECTHBIE ellle He YAOBJIETBOPAIOT YCIOBHAM (7), To Ha 3a-
NAaHHbI IOMYCK MHTEPATHBHBLIA MPOLECC MPOLOIKAETCH. 3aTeM BBIUHCHASOT
Hosoie A, B u Fp u onpenesnsiorT IONpaBKu ABx, - - - » APr, KOTOpBHIE CyM-
mupyiot ¢ (11).

, Ucnons3ysa (9), rae A, B, Fou Ap — MaTpuilbl i BEKTOPHI IOCJIE/HETO
npHOJAMKEHHs HTEPATHBHOTO Mpolecca, ONpefe/sieM BEKTOP MOrPeIIHOCTH
peleHus

348 — [AT PA]-1 [AT P][— 8AAB 4 3F,] 4 [AT PA] 34T P [F, — AaB]. (12)
O6osHauas
Q=[ATPA]-!, C=QATP. =P (F,—AAp), (13)

3alHCHIBAEM
308 = C (— BAAB - 3F,) + QBATY, (14)
HITH
3AB = {[— AaC, — AxC, — Ad'C, Ao’ C, —A¥C, C] +

F QT QT . ., Qy 1T, 01) - [BA,, 345, BA,, BA, BAs, BF,I, (15)

rae Qi Qs ..., Qs — cTOJOLBI MaTPHIBI Q; 844, d4s, ..., 845 — cTOAOUBL
matpuisl 64; [T — MaTpHUA-CTPOKA, TPaHCIIOHHPOBAHHAA K I agys O =
HyJierass MaTpUlia pasMepHOCTH 5XN.

O6o3unauas

(—BaC 4 QIT) = Uy, (— M€+ Qpl) = Uy oy (8¢ C+ Qi) = U,
3alluChiBaeM
3AB = U, 84, + U, 34, +. ..+ Uy 345 + CoFo.

119




Bripazkaem croabuer marpuusl 84 u Bexktopa &F, uepe3 nuddepen-
LHA/Ibl U3MEPEHHBIX KOOPAHHAT TOYEK CHHMKOB, YUaCTBYIOIIHX BO B3aHMHOM
OPHEHTHPOBAHHH,

S 9% - g% i 98 g o PG . A BT
5 x4 dy, 0x, 9y,
3ay, O0ay, da,, da,, oa,,
2 B DS ¢ e L SPR W Si BRPOET, s SRR W ke TRERER
i R o%s i ax, 3y, 3b.
St 00... aa""oo...aa“oo...%ﬁ_’ﬂoo...%a_’)”
il J = axl\v ay N Xy Yt

HT I

SuieMeHThi BeKTOpa OF), BbipaskeHHble yepes auddepeHnHa bl H3MEPeH-
HBIX KOODJMHAT TOYEK CHHMKA, BXOHAT B (8).
IIpuaumas, 4dro
8A1=AA80, ..., 0A5=AA56b,

3amichLIBaeM
OAB=[UsAA+. ..+ UsAAs+ CB]sb.
Matpuunt AAy, A4, ..., AAs umeror nopsaek NX4N, 1o ecTb TOT Ke,
yto U B.
OGosnauas cymmy nepexn 6b yepes U, sanmuckiBaeM

dAB=Ubb, (16)

rie 6b — BekTOp, AaHHBIA B (6).
Hcenonb3ys (3) u (16), moayuaem

8B” = (A’U+ B’) 8b, (17)

I03TOMY KOBapHallMOHHYIO MAaTpHULY IPOCTPAHCTBEHHBIX KOOPIHHAT IJst
TOYeK, yUaCTBYIOIIHX BO B3aHMHOM OpPHEHTHPOBAHHH, MOXXHO 3alHcaTh B
BHIE

K= Ji I, (18)

rie Ko —— KoBapHallHOHHAsl MaTpPHIA HCXOAHOH MHGOPMALKU, MAaTpULlA [HA-
roHa/ibHasl, €CJM H3MepDeHHble KOOPIHHAThl TOUEK CHHMKOB SBJISIIOTCSI Heaa-
BHCHMO H3MEPEHHbIMH BeJlHuHHaMu; J — MaTpuua fkobwu;

J=[A’U+B.

B noapoGuoit 3anmucy K HMeeT BHI

L s 208

G g o
Xy Xy Y YYN X Oxzy
o o
XNXy Xy XNY; XNYUN NG XNIN
p)
s g g
Ty, vixy %y W~y Y17 Yizn
K= = |5 50 s R et B e P (19)
B .
2
o . c
Tynz, YnXy “UnV YN Yn?y UYnZn
2
o © |
Oz, )Xy LR N Zy ZZn
= 2
ZN% INXN TINY INUN TPN%y In

120




Marpuna (19) cuMmerpuunasi, ee JHaroHa/bHbie 3/AE€MEHTBI SBJAIOTCA
JHCHePCHAME MPOCTPAHCTBEHIBIX KOOPJAHHAT TOYEK TEOMEeTPUYECKOH Moje-
¥, a HeAWaroHaJ bHble — HX KOBapHAUHAMU.

Nlanee paccMaTpuBaeM OIpeje/neHne KOBaPHALHOHHOM MAaTpHIBI NPO-
CTPAHCTBEHHbIX KOODJAMHAT TOYEK MJs OCTAJIbHBIX TOYEK reoMeTpHYeCKOH
MOJIe/H, He yYdCTBOBAaBIIMX paHee MpH PelleHHH 3aJaiyd B3AUMHOrO OpHEH-
tuposanusi. ITycTh Tpebyercs HAMTH OLEHKH TOYHOCTH IS p TOUCK (j=N+
+1, N+2,..., p).

Torna, yuutbiBas (3), 3aIHCBIBAEM

63’=A”6ﬁ+8”6b/, (20)
roe ’ 40 e e, s
CB' =[8X 1>+ 8X,, 8 e o 8Y i 8Z gy i BZ AT,
b = [Bxy qyeees8%p DYy ipne e e BY py By 15w s 8Xps SRR 1A L
3nec, A” — npsMoyroabHas MaTphua Topsaka (3pX35), aHalormy-
Has matpuue B (3), B” — upsaMoyrojbpHas MaTpuila HOpsiliKa (3pX4p),

aHajoryunas martpuie B (3).
VuuteiBas (16), 3anuceiBaeM

0B’=A"Udb+ B"8b’". (21)
iTosToMy KOBapHAlUMOHH4s MaTpHIA /IS TOUEK TEOMeTPHYECKOH Mopeay,

HE yYaCTBOBABILUX paHee B MpoLeCcce B3aHMHOTO ODHEHTHPOBAHMS, MOKET
OLITL 3alpcaHa B BHIE

" Kot 0-F o5
= J7 foess 2
R A (22)
rne Ko -— matpuua, sxonsiwas B (18); K, — KoBapualHOHHAsi MaTpHua
H3MepEeHHBIX KOOPJAUHAT ToueK CHHMKOB ¢ (N +1) mo p TOuKH;
J=[A"U.;.B"]. (23)

BoluucaeHHbie TaKHM 00pa3oM KOBapHaLHOHHbIE MaTpHIBl MPOCTpaHd-
CTBEHHBIX KOOPJAMHAT TOYEK TeOMETPHYECKOil MOofens MOTYT OBITH HCIOJb-
30BaHbl B (OTOrPAMMETPHUECKHX DaBoTax AJIS CIeNYIOIUX Leled:

1. Begenne BecoB B NPOCTPAaHCTBEHHON (POTOTPHAHTYIALUU IIPH COCAH-
HEHHH TeOMEeTpPHUYEeCKUX MojeJiell.

2. OueHxa TOYHOCTH NPOCTPAHCTBEHHBIX KOODJIHHAT TOYEK MO BCEMY
NOJII0 TEOMETPHUYECKO MOJCIIH.

3. OueHKa TOUHOCTH ONpeJeJieHHsi PAaCCTOAHMII, miowaneii 1 06beMOB,
BBIUHCJEHHLIX C HOMOINbI0 TOUYEK TeOMeTPUUeCKOH MOIenH.

4. IMTpenBbluncJeHHe HAKOIJIEHHS OMHOOK B CeTAX IIPOCTPAHCTBEHHOM
(GOTOTPUAHTYISALHHE, TPH MOCTPOEHHH KOTOPOH NPOMEZKYTOUHBIM IPOUEC-
COM $BJISIETCSI B3aKMHO€ ODHMEHTHPOBaHHe CHHMEKOB.

[Ipn nmpubauxkeuubix OUeHKax ujeHoM SAAP, a mpu Xxopouleit CXOAH-
MOCTH HTepaTHBHOrO mpouecca u uieHoM (Fo—AAB) B (12) moxHOo mpene-
6perath. B 3TOM ciyuae BBIUMCAMTEJbHBIE ONEPALHH TO ONpPeNe/eHHI0 KO-
BaPH2LIMOHHBIX MaTPHIL HECKOJBKO YHPOCTATCS.

B psazne 3ajzay mpu yKasaHHBIX Hcmonb3oBanuax matpuul (19) u (22)
KOBAPHAUMAMH TpeHedperalT, OJHAKO TaKoe NpeHedpexeHue BeleT K 3a-
BEIOMO HenpaBMJIbHBIM oLeHKaM. [IpakTHYecKH 3TO NOATBEPXKAAIOT HUHC-
JleHHble BEJHYHMHL KOBapHaluil, paccuMTaHHble IJsi HOPMAJbHOrO cJjaydas
CHEMKH CO CTaHJAapPTHBIM pacloioXKeHHeM Touek B paborte [2]
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