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The article deals with an investigation of the system of “reservoir – liquid with a free
surface”, when the reservoir is fixed on pendulum suspension, which suspension point
performs a given motion. The system behavior is studied for the below-resonant, near-
resonant and above-resonant modes. The description of the system behavior is done based
on a nonlinear model of motion, which takes into account the combined character of motion
of the system components. The numerical modeling shows that general regularities of the
system behavior coincide qualitatively with known experiments.
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1. Introduction

Modern studies in the field of dynamics of structures with liquid show that combined modes of system
motion result in a considerable change of dynamical properties of structures with liquid. This manifests
itself both at the linear level (change of frequencies) and in the new tendencies of the system behavior
in resonant modes. Considering a combined character of motion leads to the considerable increase of
frequencies of motion of a free surface of a liquid relative to antisymmetric normal modes, at the same
time frequencies of the rest of normal modes do not change. This results in changing of the order
of distribution of frequencies of normal modes, when the frequency of the first antisymmetric normal
mode becomes not the lowest one and, therefore, the manifestation of its resonant is not so clear.

In the case of a movable pendulum suspension of the cylindrical reservoir with liquid, the lowest
frequency of combined system motion is closer to the pendulum suspension frequency. Therefore, we
study the system behavior for the given motion of the suspension point according to the harmonic law
in a vicinity of this frequency.

2. Mathematical model

The mathematical model of the system is selected based on a nonlinear dynamical model of combined
motion of the reservoir with liquid. The reservoir can perform translational and rotational motion. A
liquid is supposed to be ideal, homogeneous, incompressible, and its motion is supposed to be potential.
The reservoir is modeled as an absolute rigid body with a cylindrical cavity. The general form of the
dynamical model aimed at the study of transient processes was developed in [1]. The specific peculiarity
of the model in our problem is considering of a translational motion as given and the presence of a
movable pendulum suspension. In this case, we consider as combined both the angular motion of the
reservoir and a liquid sloshing. The general form of equations in parameters of angular motion αi

of the reservoir and the amplitude parameters of excitation of normal modes of oscillations of a free
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surface of the liquid ai is the following
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äi





3
∑

p=1

∂ωp

∂α̇r

(

E
1∗
pi +

∑

j

ajE
2∗
pij +

∑

i,k

ajakE
3∗
pijk

)





+

3
∑

n=1

α̈n



2

3
∑

p,s=1

∂ωp

∂α̇r

∂ωs

∂α̇n

(

1

ρ
Ipsres +E2

ps +
∑

i

aiE
2
psi +

∑

i,j

aiajE
3
psij

)





= −2ε̈

3
∑

p=1

∂ωp

∂α̇r

(

F
1
p +

∑

i

aiF
2
pi +

∑

i,j

aiajF
3
pij +

∑

i,j,k

aiajakF
4
pijk

)

+ 2

3
∑

p,s=1

(

ω∗
p,rωs + ω(k)

p

∂ωs

∂α̇r

)(

1

ρ
Ipsres + E2

ps +
∑

i

aiE
2
psi +

∑

i,j

aiajE
3
psij

)

+

3
∑

p=1

ω∗
p,r

(

∑

i
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The denotations in the systems (1), (2) are selected according to [1]. Here all denotations with
indexes are computed as integrals over undisturbed free surface of liquid from normal modes of liquid
oscillations and the Stokes–Zhukovsky potential. In the mathematical sense, this system represents a
nonlinear system of ordinary differential equations, which are linear according to the second derivatives
of unknowns. This property makes it possible to reduce the system to the Cauchy form and solve it
numerically by the Runge-Kutta procedure.

3. Numerical results

For numerical examples, we choose the following parameters of the system. The modeling was done
based on a mathematical model with 12 normal modes of oscillations of a free surface of liquid. The
radius of a free surface R = 1 m, the liquid depth is H = R, the ratio of masses of the reservoir and
liquid is Mr = 0.1Ml, the parameters of the inertial tensor are chosen following [1] (thickness of the
tank walls is 1.5 cm, thickness of the tank bottom and cover is 1.2 cm, the height of the reservoir is
1.5R), the suspension length of the pendulum is l = R, l = 2R, l = 8R (for comparison). The angular
oscillations of the system are considered to be plane and they are characterized only by a single angle
α1 = φ. We do not use the dimensionless time since the system frequency for different examples
varies, therefore, for comparison of different examples we use the real time. Further the dimension of
frequencies is given in 1/sec, the liquid elevation is normalized relative to the reservoir radius R.

To study the resonant properties of the system of reservoir – liquid on a pendulum suspension, it is
necessary initially to study the frequencies of oscillations of the system in the case of combined motion
of its components. The results of these calculations are shown in Table. For three suspension lengths
(1, 2, 8), we compute frequencies of oscillations (three variants). The second and third columns show
normal frequencies of oscillations of the system in the case of not combined motion, so, these are the
partial frequencies. The fourth column shows the frequencies of combined motion of the system in the
case when the translational motion of the system is given, but the sloshing and the angular motion of
the system are coupled. The fifth column shows the frequencies of combined motion of the system when
the translational and rotational motions and the sloshing are coupled. In the fourth and fifth columns,
we show two frequencies corresponding to the combined motion, here the upper value of frequency is
closer to the partial frequency of pendulum oscillations, and the lower ones correspond to the sloshing
(the first normal mode of oscillations with respect to the antisymmetric mode). As it is seen from Table,
the normal frequency of angular oscillations changes slightly (about 10%), however, the frequency of
sloshing can change by 1.5 (column 4) and 3 (column 5) times. In this case, the frequency of the first
antisymmetric normal mode becomes even greater than the frequencies of sloshing, corresponding to
the circular numbers m = 2 and m = 0. Therefore, the sharpness of manifestation of the resonance
with respect to the first antisymmetric normal mode is weaker than the resonance with respect to
pendulum frequency.

Variant Partial frequency
of liquid

Partial frequency of
the pendulum

Frequency of combined
oscillations without
translational motion

Frequency of
completely combined

oscillations

l = 1 4.14431 2.47842 2.24312 2.26729
6.69986 16.63085

l = 2 4.14431 1.96189 1.85304 1.86112
6.10821 12.45135

l = 8 4.14431 1.07442 1.05895 1.05934
5.52733 9.75099

Further we analyze the system input into the resonance in the case of the pendulum suspension
length l = 2R for the below-resonance mode (excitation with frequency 75% of the frequency of normal

Mathematical Modeling and Computing, Vol. 5, No. 2, pp. 178–183 (2018)



Resonant modes of the motion of a cylindrical reservoir on a movable pendulum suspension . . . 181

oscillations relative to the angular mode of motion, Figs. 1, 2), for the near resonance mode (excitation
with frequency 102% of the frequency of normal oscillations relative to the angular mode of motion,
Figs. 3, 4) and for the above-resonance mode (excitation with frequency 125% of the frequency of
normal oscillations relative to the angular mode of motion, Figs. 5, 6). Here figures with odd numbers
correspond to variation of the angular coordinate in time, figures with even numbers correspond to
variation of elevation of liquid near tank wall in time.
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Fig. 1. Elevation of a free surface for the below-
resonance mode

Fig. 2. Angular oscillations for the below-resonance
mode

First of all, it is necessary to note that in spite of conclusions of numerous articles [2–4] for all
modes of motion the input to the steady mode form of motion does not take place. This property is
confirmed by the experimental results [5–8] and was predicted by theoretical results of articles [9, 10]
for translational and angular modes of motion of the reservoir.
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Fig. 3. Elevation of a free surface for the near-
resonance mode

Fig. 4. Angular oscillations for the near-resonance
mode
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Fig. 5. Elevation of a free surface for the above-
resonance mode

Fig. 6. Angular oscillations for the above-resonance
mode

The numerical results show that for the below-resonance mode of motion, the drift of the mean
values of variation of both the inclination angle and the elevation of liquid occurs, the presence of
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high-frequency normal modes of motion is evident. The effect of modulation is comparatively weak. In
the near-resonance mode, the period of modulation is very great, but the effect of the mean value drift
and the presence of high-frequency modes of oscillations is weakly observed. For the above-resonance
mode of motion, the effect of modulation of oscillations is considerable. At the same time, the presence
of high-frequency modes of oscillations is also evident.

4. Conclusions

For the problem of a complex motion of the system of “reservoir – liquid with a free surface“ on a
pendulum suspension, we consider the case when for a part of the system motion parameters (for
parameters of translational motion of the point of suspension) the law of motion is given in advance,
and the liquid oscillations together with a rotational motion of the reservoir are considered within the
framework of the combined mode of the motion. In this case, the frequencies of normal oscillations
considerably differ from partial frequencies of motion of the system components. The obtained results
of the system behavior in the below-, near- and above-resonance modes of motion are in good qualitative
correlation with known theoretical and experimental results.
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Резонанснi режими руху цилiндричного резервуару на рухомому
маятниковому пiдвiсi з рiдиною з вiльною поверхнею

Лимарченко О., Нефьодов О.

Київський нацiональний унiверситет iменi Тараса Шевченка,
вул. Володимирська, 64/13, Київ, 01033, Україна

Дослiджено систему “резервуар – рiдина з вiльною поверхнею”, коли резервуар зна-
ходиться на маятниковому пiдвiсi з точкою пiдвiсу, що виконує заданий рух. Вивчено
поведiнку системи для дорезонансного, бiлярезонансного i зарезонансного режимiв.
Описано поведiнку системи на основi нелiнiйної моделi руху, згiдно з якою прий-
мається до уваги сумiсний характер руху компонент системи. Чисельне моделюван-
ня показало, що загальнi закономiрностi поведiнки системи якiсно узгоджуються з
вiдомими експериментами.

Ключовi слова: коливання рiдини, резервуар на маятниковому пiдвiсi, бiлярезо-
нанснi режими руху, амплiтудна модуляцiя.
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