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In the framework of the refined theory of shells, which takes into account transverse shear
deformation and all inertial components, the solution of the problem on the steady-state
vibration of the orthotropic doubly curved panel with the arbitrary number of absolutely
rigid inclusions of the arbitrary geometrical form and location is constructed. The in-
clusions have different types of connections with the panel and perform the translational
motion in the normal direction to the middle surface of the panel. The external boundary
of the panel is of the arbitrary geometrical configuration. The arbitrary mixed, harmonic
in time, boundary conditions are considered on the external boundary of the panel. The
solution is built on the basis of the indirect boundary elements method. The sequential
approach to the representation of the Green’s functions is used. The integral equations
are solved by the collocation method.

Keywords: orthotropic doubly curved panel, inclusions, vibration, indirect boundary ele-
ments method.

2000 MSC: 74H45
UDC: 539.3 DOI: 10.23939/mmc2018.02.221

1. Introduction

The vibration of shells and plates with the attached masses or the concentrated masses at the points
received much attention among researchers. There are also works known in literature dealing with
the dynamic problems for the 3-D infinite elastic body with the inclusions [1-5]. However, to the
author’s knowledge, there is a scarcity of published materials regarding vibration of the finite curved
panels carrying the massive inclusions of some shape penetrating the panel through all its thickness.
Solutions of the problems on the steady-state vibration of the orthotropic plate and cylindrical panel
with absolutely rigid inclusion rigidly fixed of the arbitrary shape and location are built [6,7]. The
problems on the steady-state vibration of the orthotropic doubly curved panels with the arbitrary
number of inclusions of the arbitrary shapes and locations interacting with the panel via the thin elastic
Winkler-type interlayers, rigidly connected with panel or simply supported are considered in [7-10].
The purpose of the present work is to construct the solution in framework of the first-order shear
deformation theory of shells for the problem on the vibration of the orthotropic doubly curved panel
with any number of inclusions of any shape and location with different types of connections with the
panel simultaneously, when an outer boundary of the panel has any form and the arbitrary mixed
boundary conditions are imposed on it.
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2. Problem statement

Consider the problem on the steady-state vibration of the orthotropic doubly curved panel with totally
N absolutely rigid inclusions. Among them are N7 inclusions of an arbitrary form and location inter-
acting with the panel via thin Winkler-type elastic interlayers with the stiffness kU )(a), (j=1,Ny),
Ny inclusions of the arbitrary form and location that are rigidly connected with the panel, and N3
inclusions of the arbitrary form and location that are simply supported. The stiffness of the elastic
interlayers can be different for each inclusion and, generally, can vary along the contours of the in-
clusions. The contours of the inclusions are the curves L), j = I, N. The force with the principal
vector PU) = Péj ) sin(wt) normal to the middle surface of the panel is acting on the inclusion with the
mass m). Suppose that inclusions perform the translational motion along the normal direction to the
middle surface of the panel and @) (t) = uN)(()j ) sin(wt) is the displacement of the j-th inclusion. The
external boundary of the panel is also of the arbitrary form and its contour consists of three curves
LWNAD  L(N+2) and LVH3) complementing each other. The middle surface of the panel occupies the
multi-connected domain 2. The domain II is a singly connected rectangular in plane domain with the
sides of the length l1, lo, that contains the domain 2. The domain II is chosen in the way that its
sides are directed along the principal directions of the orthotropy of the material. Coordinate lines of
the curvilinear system of coordinates are directed along the sides of the rectangular in plane domain
IT and the origin is located in one of its vertices. The metrics of the curvilinear system of coordinates
is considered to be close to the Euclidean.

Such notations are used: a = {ay, s} are curvilinear coordinates, ¢ is time, n, T are normal and
tangential vectors along some direction; F; is Young’s moduli; G192, G13, Go3 are shear moduli; v19, v91
are Poisson coefficients; p is the density; k1, ko are principal curvatures of the panel; 2k is the thickness
of the panel; w is deflection of the panel; uq, uy are axial displacements of the points of the middle
surface of the panel; u,, u, are normal and tangential components of the axial displacements of the
points of the middle surface of the panel; 1, o are the angles of rotation of the normal to the middle
surface of the panel; v, 7, are the normal and tangential components of the angles of rotation of the
normal to the middle surface of the panel; (), is the normal component of the shear force; M,,, N, are
normal components of the bending moments and axial forced, M, N, are tangential components of
the bending moments and axial forced.

The boundary conditions on the contours of the inclusions interacting with the panel via the elastic
Winkler-type interlayers take the form

Qn(a,t) = —p(j)(a,t), Mp(a,t) =0, Np(a,t) =0, M(a,t)=0, Nr(a,t)=0,
OZEL(]), jzlaNl) (1)
where pW)(a, t) = —kU) () (ﬁ}(j)(t) — w(a,t)) are the contact forces of interaction between the panel

and the j-th inclusion, w(a,t) is the deflection of the panel on the edge just before the the elastic
interlayer, kU )(a) is the stiffness of the elastic interlayer between the j-th inclusion and the panel.

The boundary conditions on the contours of the inclusions rigidly connected with the panel are as
follows:

w(a,t) = w(j)(t)’ un(aat) =0, ’Yn(aat) =0, UT(a’t) =0, 'YT(a’t) =0,
aeLYW, j=N,+1,Ni+Ns. (2)

On the contours of the simply supported inclusions, the boundary conditions take the form

’U)(Oc,t) = w(j)(t)v uT(a7t) =0, ’YT(avt) =0, Mn(avt) =0, Nn(avt) =0,
OéEL(j), j=N1+N2+1,N1+N2+N3. (3)
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The contact forces of interaction between the panel and the rigidly connected and simply supported
inclusions are modeled as follows:

p(j)(a,t) = —Qn(a,t) = —Qp(a)sin(wt), «€ L(j)7 j=Ni+1,Ny + Ny + N3.

The boundary conditions on the outer boundary of the panel are the following:

w(a,t) = w(()NH)(oz) sin(wt), up(a,t) = uggﬂ)(a) sin(wt),  yn(a,t) = %(1](\)!-1-1)(&) sin(wt),
ur(a,t) = uggﬂ)(a) sin(wt), - (a,t) = ’yiJOVH)(a) sin(wt), «e LN, (4)

Qnla,t) = QU™ () sin(wt), My (a,t) = MY (a)sin(wt), Ny(a,t) = NN () sin(wt),
N:(a,t) = NT(éV+2) (o) sin(wt), M(a,t) = MT(éV+2) (a)sin(wt), o e LW+, (5)

w(a,t) = wéN+3)(a) sin(wt), My(a,t) = MSJ%) (o) sin(wt), Nyp(a,t) = NT(ZJOVJFB)(OC) sin(wt),

ur(a,t) = us_](\][Jrg) () sin(wt), ~r(a,t) = 'y7(_jaf+3) (a)sin(wt), o e LNH3), (6)

3. Solution of the problem

The equations of the first-order shear deformation theory of shallow shells taking into account all
inertial components, including rotary inertia, are used [8-11]

(LU} = —{P}, (7)
{U} = {ur(a, t), ug(e, t), w(a, 1), 71 (. £),72(, )}, {P} ={0,0,0,0,0}",
0? 0? 0? 0? 0? 0?
L1y = Bi— + Bio—s — k#Ay —2hp=—, Ly = Bio—s + By— — k3Ay — 2hp——
11 180[% + 128&% 1M p8t2’ 22 12(.90[% + 2804% 2 \2 pc‘?t?’
0? 0? 0?
Lys=AN—= +Ao—= — |1 By (k k koBs (k ki) | — 2hp—
33 16a%+ 2502 (k1 By (ki + vigks) + ko By (k2 + vaik1) | Po
0? 02 2n3  0? 0? 0? 2n3  0?
Liy=Di—+Dis—s — AN — —p=—=, Lgs=Dig—5+Dy— — Ay — —p—
44 1804% + 12804% 1= 3 Py 555 12804% + 26@% 2T 3 P
0? 0?
Lis = Ly = KA Lis=(B Big) ———, Loy = (B B _—
14 41 141, 12 = (Bivi2 + Bi2) D010y’ 91 = (B2 + Bauvay) dar0ay’
2 82

Los = Lsg = koA, Las = (D112 + Di2) L5y = (D12 + Davay)

aal8a2’ aalaaz’

0 0
L3y =—Ly3=AN+—, L3zs=—-Lsz3=Ao—, Loy=Lso=0, Li5=Ls =0,
oo Oap

0 0
Li3 = (k1A + Biky + Bikavi2) Doy’ L3; = — (k1 A1 + B1ky + Bakavoy) 5

daq’
0
Log = (kaAg + Boky + Bakava) Doy’ L3y = — (koA + Baka + Bikivi2) Dy’

The equations of translational motion of absolutely rigid inclusions take the form

(PP (t)

i = = PO - [ K@) (960) — wie.) Q). =T
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92 |
a0 200 oy~ [ oue ), j-NMITIM TN TN (8)

ot? LW
The solution of the boundary value problem is found on the basis of the indirect boundary ele-

ments method using the Green functions (9) for the system of partial derivative equations (7) in the
rectangular in plane domain II with the homogeneous boundary conditions of the kind

w=0, M,=0, N,=0, u,=0, ~ =0, «e€dll,

which are found in the paper [11] on the basis of the sequential approach to the representation of the
Dirac delta-function and the Fourier series method [6,12,13],

G r _ 1 G r
{U (a,a,t)}—;li%{U (a,a,s,t)}

=1im > " Cron () [Ermn ()] [Ukm] (B (a”)] {T7} sin(wt), (9)
k=0m=0

{UG (a,of,t)} = {ulG (o, ", 1) ,u2G (o, ", t) ,wG (o, ", 1) ,’ylG (a,of,t),fyzc (a,of,t)}T,

(17} = {17, 15,75, T, 5}

s () 0 0 0 0
0 ¢ () 0 0 0
[Erm(a)] = 0 0 P75 () 0 0 ,
0 0 0 o8 () 0
0 0 0 0 ¢ ()
s () 0 0 0 0
0 Py (o) 0 0 0
[Exm (a")] = 0 0 oL (o) 0 0 ,
0 0 0 o5 (o) 0
0 0 0 0 ol (o)
’U,1 u2 u3 u4 u5
2{<;m 25;m Qécm 221fm 2El)<:m
[Ukm] = T T R T
72km ’Yka 72km 72km ’Yka
L%;“ L%gl L%}f L%gl
whin = g et | The fhn fbn b
"™ det (Lkm) Lyy*  Lag* Lgy"  Lyig"
Ly iy Ly Ly
L’%{n L’%gn L%T L’ggﬂ
_1 m m m m
U%km _ det Ls* Lgg* Lg" Lsg

km km km km LA
det (Lkm) Lél L%:s L%4 L%Lf)
m m m m
Lgi* Lgg* Lgy* Lgg
km km km km km
m m m m m
N Lyt Lsy* Lsg* Lo Lsg
det(L"") =det | L& LEr L&y Lip Lim |,
km km km km km
m m m m m
Lgi* Lsy* Lgg' Ls)" L
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Lll = Bl)\%k — Blg)\%m — k?%Al + 2phw2, L22 = B12)\%k; — Bz)\%m — k%AQ + 2phw2,
L33 = Al)\%k — Ag)\%m — [k‘lBl (k‘l + I/12k2) + ko Bs (k‘g + I/21k1)] + 2phw2

2 2 2h% 2 2 2h3
LET = =Diddy = Duudyy, — A+ Zpw?s LB = —Diodly — DaXy,, — Ag + —pu,
Llf - L41 = k1A, L25 - ]gén = kaAs, L15 - L51 - L24 - L42 =0,
L = — (Biviz + Bi2) Migdom, LA™ = — (Bavar + Bi2) AigAam,
L34 = L43 = —A1Aug, L35 = L53 = —Nodom,
LE® = — (Dovor + D12) Mgdom,  LET = — (D112 + Di2) AgAom,

LY = (kyAy + Biky + Bikavia) Mg, L5 = (ki Ay + Biky + Bokovar) A1,
L5 = (keAg + Boky + Bokavar) Aam,  LEN' = (koAg + Boks + Bikiviz) Aam,

4
Ckm(e) = Mkm@¢l(A1k51)¢2()\2m€2)a

Alk:k—ﬂ- Aoy = 2T 1, if k£0, m #0,
I’ T )
fom (@) = cos (Argaq) sin (Agmaz) 5o i k=0.m #0,
sc — sin () . -
fom () sm( 1k011) €08 (A2m@2) , %, if k40, m =0,
o (@) = sin (A1) sin (Aaman) , !
k(@) = cos (Arga) cos (Aamaz), 1 if k=0, m =0,

d1 (Mke1), d2 (Aamez) are the weight functions that define the method of generalized summation. For
the simplicity e; = €9 = € can be taken.

Consider the generalized contour L = LM U. . .ULM yLWN+D)y LWV+2) y L(N+3) and such functions
defined on it

{T©)} = (T:0). To(€), T5(€), Tu(€), T5(6)) "
{70(e)} = {TP)(s),T(l)(s),Té”(s) .10} . e L,
_ ] {mo©) = {12©.12©.10.70©0.720) ) . e L),

| {20490} = {109 (€, 70V (€), TV (0, TV (€. TV ©)) L e e L,

The solution is represented in the form of simple layer potential

Wt} = tim | 5 3" Conl) Bon(@)] Uenl (Een(©) (@} (@) sinuw),  (10)

k=0m=0

{U(a’ t)} = {ul(a’ t)’ Uu2 (a’ t)’ w(aa t)a g (a’ t)’ V2 (a’ t)}T

Integral equations for the boundary value problem are built using the representation of the solu-
tion (10) and boundary conditions (1)—(6). In the case of boundary conditions when forces are defined
on the contours the method of the fictitious contours is used to avoid the discontinuity jump of the
derivative of the simple layer potential on the boundaries. Such that, the boundary conditions on
those contours can be satisfied not on the real contour, but on the shifted one by the small distance e
inside the multi-connected domain considered in the problem. The curves of the shifted contours are
denoted by L), Then taking into account the equations of motion (8), the system of 5(N + 3) + N
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integral equations and integral relations with respect to the unknown density functions {7°(£)} and to

the unknown displacements of the inclusions w(j ) , 7 =1, N obtains the form

{ugg(a),uijg(a),w(j)( ) ’Yy(l]o)( )s ’YTo = hm/ Z Z Crm(e [ km )} [Em (§)] {T'(€) }dl(E),

e—0
k=0m=0

aeLl¥, j=N+1,N +Ny, j=N+1,

[N (@), N (@), 0 (0), M3 (@), MY (a)}

—tim [ 373" Cun@) [27)(@)] B ©HT (@}, a0, j=T W, j=N+2

k=0 m=0

5

~ 1ty [ 33 S Gl (@) (T () dI(6)
L k=0 m=0 i=1
) =ty | 33 3 Gl (), (€T 6) ),
Lk 0m=0 i=1
oo oo 5
")/TO _;IL% L Z ’727 Z (f)T(f)dl(&),
k=0m=0 i=1

ae LY, j:Aﬁ+MﬂW j=N+3,

M@ = i [ 33 e o (OT:(E) dI(6),

k=0 m=0 i=1

N (@) = timy [ 33 Cnte (T3 (€) d(©),

k=0 m=0 i=1

aeLlfY, j=N + Ny, N, j=N+3,

il = B = [ k90 ()~ wi@)) dig), 5 =T

_meO)}W_L”@Mmmyj:M+LM+M+M,
e

where

ND(@) =uD (@) = M) (@) =79 (@) =0, w (@) =a{), j=Ni+No+1,Ni + N+ N,

~ iy [ 333 Gl (O (T (E).

k=0 m=0 i=1

w(e) =ty [ 333 Gl @) (T €) ),

k=0 m=0 i=1

Mathematical Modeling and Computing, Vol. 5, No. 2, pp.221-234 (2018)



Vibration of orthotropic doubly curved panel with a set of inclusions . .. 227

0o 00 5
Qu(O) =l [ 373" 3 Cln(EQun( Q)P (OTE) ),

e—0 ‘
k=0m=0 i=1

Dp(§) = 1 (&) = O, (E), P () = D7,,(6) = D50, (6), D, (8) = B35, (9),

uln(a) u2n(a) u3n(a) u4n(a) u5n(a)
o) urr(a) ugr(a) usr(a) usr(o) us()
Q@] = | wile) wia) wsle) wila) wsa) |,
’Yln(a ’YQn(a Y3an & Yan Oé) Y5n
'717(

Nln(a) N2n(a) N3n(a) N4n(a) NSn(a)

P le(a) N27-(Oé) NgT(a) N4T(C¥) N5T(Oé)
0@)] = | Qula) Qula) Qula) Qula) Qsula) |

Mln(a) MQn(a) M3n(a) M4n(a) M5n(a)

Mir(a) Mar(a) Mz (o) Mar(a) Msr(a)

Njnl@) = Br (m(0))? @55,(0) [~ Awttd = 12 amitdy, + (b1 + vizho)u], |
+ 2Bram (@) (@) B, (@) Azt + Mitidy,,)

+ B (na(e)” €3, (@) [—A2mu§km — U Mt + (2 + vk wim] )

Njr(a) = Bini ()7 (@) @y, (@) {—Alkuikm — Vi22om Wy, + (1 + v12k) wém}
+ Bia (n1(@)2(a) + na(@)71 (@) B (@) (Aamtid g, + Axtidy,)

+ Bana(@)ma(@) @5, (@) [~ Aamtthy, = var M, + (ka + varky) wl,, |

Mjn(a) = Dy (n1())® ®55,() (= MV — V1222m ) + 2D12m1 ()12 () 255, ()
X (A2m i gm + Ak Vo) + D2(n2())? @35, () (= Aam¥pm — Y21 Mk Vo) »

Mj-(@) = Ding (@)1 (@)®52, (@) (= AMkvlpm — 12220V
+ D19 (nl(Oé)TQ (a) + ng(a)ﬁ (oa))cbicm(a) ()\Qm’)’{km + Alk’Y%k;m)

+ Dana(a)me(a) @55, (a) (— Azmvgkm — V21 A Y] )+

Qin(c) = An (@) @55, (@) (Y + Mk, — k1uly,,)

+ Aona () @75, (@) (Vo + Aomwr,, — koudy ), J =

L5
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The solution of system of integral equations can be found using many numerical techniques. For
example, the collocation method provides sufficiently good results. The contours of the generalized
curve L are approximated by the broken lines (S () is the the number of linear sections of the j-th
contour, o9 is the middle point of the linear section of the j-th contour, [ is the length of the
corresponding linear section LU, r = 1, S (@)). The approximation of the unknown density functions
on each linear section can be taken as {T ()} = {TW}6(al)7,€). The residual can be minimized in
the number of collocation points 94 coinciding with the mlddle points of the linear sections. Hence,
the system of 5 Z;V;l‘g S 4+ N linear algebraic equations with the respect to the discrete values of the

unknown density functions {T' ( )’"}, j=1,N+3,r=1,50) and the amplitudes of the displacements
)

of the inclusions wg’, j = 1, N obtains the form

{ugo)(a(])q), w9 (D) w0 (@)0), /) (o)), 1) (a(J)Q)}

N+3sW) K M

=333 Cinle [Qw (j)q)} [Ekm(amr)} {T(f)r}’

f=1 r=1 k=0 m=0

a(J)QGL(])’ q:ljS(])’ ]:N1+17N1 +N2, ]:N+1,

{NT(L%)(O[(J)q)’NT({))(Q(J)CI)’Q( )( (4)q 9, M ()( (4)q 9, M. ()( (49)a )}

N+3sSW) K M

=353 3% Cunle [Q(I; (j)q)} [Ekm(a(f)’")} {T(f)r}’

f=1 r=1 k=0 m=0

a1 efW) g=180), j=1,N;, j=N+2,

N+3SU) K M
w(])(a(J)Q) — Z Z Z Z Clom (€)wi (a9 B (a(f)r)T(f)r’
f=1 r=1 k=0m=0 i=1

S

N+3SD) K M 5
My=3"333 > Crom (€)7ir (@D D (o NYTI)T,
=1

=1 r=1 k=0m=0 i=1

e ¢=1,80), j=Ni+N;+1,N, j=N-+3,

N+3sS() K M

M (@) =3 H" %% ZCkm QD)@ (NI

f=1 r=1 k=0m=0 i=1

N+3 5

K M 5
N @) = 323230 30 3 Clonle)Nin(aP ) B (o) T",
f

=1 r=1 k=0 m=0 i=1

oWt e =180, j=N+Na+1,N, j=N-+3,
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SO N43sH K M 5 |
p(J Z Z Z Z chm WSS (a@P )i z;m(a(f)r)Ti(f)r_'_
p=1 f=1 r=1k=0m=0 i=1
S()
+1D(()J)<Z@( (J)P) _w2m(])> =T
p=1
. SON43S) KM - -
R = SN @) Win (@), (DT — 2D

Jj=DNi1+1,N1+ N+ Ns,

w01y =y (qWa) = 4D (Gay = 40) (0)ay =0 W () = @Y, j =N+ 1, Ny + Ng,

NY) (aD1) = ND (1) = MY) (aD7) = MY) (aD7) = 0,

N+3SW) K M

ng)(a(j)q) = k@ (aWa)( Z ZZ Z ZCkm &)w; (a1 NPl (a (f)r)Ti(f)T), j=1Ny,

f=1 r=1k=0m=0 i=1

N (@) = uf (@) = M (@) =1 (@) =0, w (@) = i,
j=Ni+No+1,Ni+ Ny + N3,

\Ilm(a(J) ) Alqjcs ( (j)p) (’Yikm + Alkwlﬁ;m - klullkm) + A2\IJZ[;n(a(J)p) (’}ékm + )‘2mwlz<;m - k2ul2km) )

@ (@) = ny(aliP) / s (¢)dI(C),

Le(@)p

e (alP) = nz(a(j)p)/ e () dl(¢), aWP e b,

LeW)p

¥ @) = [ KO0Qeg,0d). @) = [ Q). ot e Lo,

The natural frequencies can be found by equating the determinant of the system of linear algebraic
equations with zero. On the basis of the discrete values of the density functions of the simple layer
potential the characteristics of the stress-strain state along arbitrary direction with the normal vector
n(a) and tangential vector 7(«) can be calculated using the following formulas:

RO IR

w(a, t) Z ZZ Z [QW (@ )] [Ekm(aw)} {T(j)T}sin(wt),
Yo, t) =1 r=1 k=0 m=

vr(a, t)

Np(a,t)

N-(a,t) N43SU) K M

Qu(@t) =3 3373 Conl@) |21 (@)] [ B (@) {07} sim(wt).
M, (o, t) j=1 r=1 k=0m=0

M, (a,t)

Mathematical Modeling and Computing, Vol. 5, No. 2, pp.221-234 (2018)



230 Shopa T.

4. Numerical results

Using the algebraic equations constructed in the paper one can consider different partial cases of the
problem. For the verification of the numerical scheme, the partial case of simply supported rectangular
in plane doubly curved panel with two circular rigidly connected to the panel inclusions is considered.
In this case it is reasonable to choose the domain II in the way that its boundary coincides with the
external boundary of the panel. The geometrical and physical parameters of the panel are: |1 = 2m,
lo = 1m, 2h = 0.02m, k1 = 0.1m™!, ky = 02m™!, Gio = Gi3 = 4.48GPa, Go3 = 1.53GPa,
Ey = 128GPa, Ey = 11 GPa, v15 = 0.25, p = 1500 %. The masses of the inclusions are taken as:
m® = m® = 100kg. External forces acting on the inclusions have the values Pél) = —Péz) = 50000 N.
The radii and locations of the centers of the inclusions are: b; = 0.2m, of{(l) = 0.5m, a;(l) = 0.5m;
by =02m, oi® =15m, a}® =0.5m.

The boundary conditions on the simply supported external boundary of the panel have the form:

w(a,t) =0, ur(a,t) =0, ~(a,t)=0, My(a,t)=0, Np(a,t)=0, «c€ L®,

The parameters of approximation are as follows: K = 50, S0 = §2) =20, ¢; = gy = ¢ = &I m.

S(2)
Such method of generalized summation is used:

4 sin sin
L ()7 (g

2 M\k€1 2 Aomées
2 2

Ckm(g) =

In the cases, when &£ = 0 or m = 0, the well known limit lim sinz

=1 is used for calculating the value
z—0

of the expression Chy,(¢).
Parametric representation of the contours of the inclusions with the proper choice of the orientation
of the normal and tangential vectors to the contours of the inclusions is used. Hence, we obtain

(g _ o*0) T4 e ) gy 2T
a7’ =a;”’ +bjcos S( v Q3 = b; sin SG)
n1 (@) = — cos 2mq (@) = sin =4 2mq (@) = —ny(a9), 75 (a9) = ny (o))
(P _ 6 o (p. 2mp - GIp 20 2mp
a7’ =a;” 4+ (bj +¢€) cos G % = — (bj +¢)sin —= 6
) (i 9 Ay 9 )
agj)r = oal(j) + bj cos L,r, agj) a2( D _ bj sin —— il 7=1,2.

SG) SG)’

In Fig. 1, the deflection amplitude of the panel for different values of the inclusions’ radii under the
vibration frequency @ = 5= = 35 Hz is shown. It can be seen that, as the inclusions’ radii increase, the
deflection amplitude of the panel and the amplitude of the displacements of the inclusions decrease.

In Fig.2 and Fig. 3, the amplitude of deflection of the panel for different values of the masses of
the inclusions and for different values of the vibration frequency is presented. The results show that
in these cases the simplest form of the vibration takes place. Under the relatively low frequency of
vibration moderate increase of the masses of the inclusions leads to the increase of the amplitude of
the deflection of the panel and the displacements of the inclusions (Fig.2). However, for the cases of
higher frequencies the opposite effect can be observed (Fig. 3). So on the whole, one can conclude that
there is generally non monotonic relationship between the amplitude of deflection of the panel or the
displacements of the inclusions and masses of the inclusions.

In Fig. 4 and Fig. 5, the amplitude of the deflection of the panel for different values of the vibration
frequency is shown. In both cases the simplest form of vibration takes place and the vibration frequency
substantially influences the amplitude of the deflection of the panel and the displacements of the
inclusions. On the lower frequency range the sharp increase of the amplitude of the deflection of the
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Fig. 1. The amplitude of deflection of the panel on the line as = 0.5 m for different values
of the inclusions’ radii: solid curve for b; = 0.2m, bs = 0.2 m, dashed curve for b; = 0.25m,
by = 0.25 m, dotted curve for b; = 0.3 m, by = 0.3 m.
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Fig.2. The amplitude of deflection of the panel on the line as = 0.5m for dif-
ferent values of the inclusions’ masses under the frequency w = 3- 35Hz: solid

curve for m(M) = m® = 50kg, dashed curve for m) =m® =100kg, dotted curve for
m =m® = 150kg.
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Fig.3. Deflection amplitude of the panel on the line s = 0.5m for different val-
ues of inclusions’ masses under the vibration frequency w = 5= = 100Hz: solid

curve for m() = m® = 50kg, dashed curve for m() = m® = 100kg, dotted curve for
mM =m® = 150kg.
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panel and the displacements of the inclusions under the increasing vibration frequency can be observed.
On the contrast, on the higher frequency range the amplitude of the panel and displacements of the
inclusions tend to decrease. Consequently, there is non monotonic relationship between the amplitude
and vibration frequency. Thus, not only the natural frequencies are dangerous for the construction,
the low frequencies before the first resonance occurs can be also dangerous.
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Fig. 4. The amplitude of deflection of the panel on the line vy = 0.5 m for different values
of the vibration frequency w = 3=: solid curve for @ = 5 Hz, dashed curve for @ = 20 Hz,

2
dotted curve for w = 40 Hz.
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Fig. 5. The amplitude of deflection of the panel on the line as = 0.5 m for different values of
the vibration frequency @ = 5% solid curve for @ = 100 Hz, dashed curve for @ = 150 Hz,

dotted curve for w = 200 Hz.

In Fig.6, the non-symmetrical case is considered, when inclusions have different masses
m® =50kg, m? = 100kg, are subjected to different external forces Po(l) = 35000, P(§2) = —65000,
have different radii by = 0.1m, by = 0.2m and are located non-symmetrically. The influence of
location of the second inclusion on the deflection amplitude of the panel under the Vil(m;ation fre-

w *(1

quency @ = 5= = 35Hz is shown. The coordinates of the first inclusion are taken as o’ = 0.4m,

a;(l) = 0.5m.
Fig. 6 demonstrates that the change of the relative location of the inclusions influences the deflection
amplitude of the panel on all sections and influences the displacement amplitudes of both inclusions.
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Fig. 6. Deflection amplitude of the panel on the line oy = 0.5m in the case of different

location of the second inclusion: solid curve for OLI(2) = 1.5m, a;@) = 0.5m, dashed curve

for oz;@) =1.4m, a;(2) = 0.5m, dotted curve for oz;@) =1.3m, oz;@) =0.5m.

5. Conclusions

The obtained numerical results show that the dynamic deflection of the panel depends on the frequency
of the vibration, mass, size, and the location of the inclusions substantially. Thus, not only the natural
frequencies are dangerous for the construction, the low frequencies before the first resonance occurs can
be also dangerous. The constructed solutions allow us to make the efficient choice of the shape, location,
mass of the inclusions, different physical and geometrical parameters of the panel for providing the
reliability of the construction under the dynamic loads. The generalized numerical scheme presented
in the paper can be used for the investigation of the solutions for different partial cases of the problem.
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KonuBaHHa opTOoTpoOnHOI naHeni NoAaBiiHOT KPUBMHN 3 MHOXXWUHOIO
BKJIIOYEHb O0BIJIbHOI KOHirypauii Ta pisHumMmumn tnnamm 3’€gHaHb
3 naHenso

IMoma T.

Inemumym npukaadruxr npobaem METAHIKY T MAMEMATMUKY
im. 5. C. ITidempueavwa HAH Yxpainu,
eyn. Hayxosa, 3-6, Jlveis, 79060, Ykpaina

YV mMexkax yTodHEHOI Teopil 000JIOHOK, sika BPAXOBYE IOMEPEYH]i 3CYyBH Ta BCi iHepIiiiHi
KOMIIOHEHTH, TI00Y0BAHO PO3B 30K 3a/1a4i IIPO yCTajeHl KOJMBaHHsI OPTOTPOIIHOI MaHe I
MMOJIBIfHOT KPUBUHM 3 JIOBLIBHOIO KiJIBKICTIO abCOIOTHO »KOPCTKUX BKJIIOYEHb JTOBIJIBHOT
dopmMu Ta po3ralryBaHHs. BKIFOUEHHs MAIOTh Pi3HI TN 3’€/IHAHB 3 IAHEJUIIO 1 31 ICHIO-
IOTh TIOCTYTAJIbHUN PYX B3/I0BXK HOPMAJIFHOTO HAIIPSIMKY JIO CEPEINHHOI IIOBEPXHI aHEe.
30BHIITHS T'paHUIlS MaHeJ i JOBLIBHOI reoMeTpudnHol Koudiryparii. PosrisiayTo nosiib-
Hi Mmimani rapMoHiYHI B Yaci TpaHUYHI yMOBHM Ha 30BHIiIIHIA rpanumi nanesi. Po3s’azok
MoOy/I0BAHO HA OCHOBI HEIIPSIMOT'O METOJIy TPAHUIHUX €JIEeMEeHTIiB. BUKOpuCcTaHo mOCTiI0B-
HicHUI miaxig 10 mojaHHsi (yHKIii ['pina. [HTerpaibai piBHSHHS PO3B’SI3aHO METOIOM
KOJIOKAITIH.

Kntouosi cnoBa: opmomponna nanesd nodsilinol KpuSuHU, BKANOYEHHA, KOAUBAHHA,
HENPAMUL MEMO0 2PAHUNHUL ENCMEHMIE.
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