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Solution of the connected problem of thermomechanics for a long
hollow electroconductive cylinder under the action of impulsed
electromagnetic field with amplitude modulation
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Using the approximation of the distributions of the axial component of the magnetic
field stress vector, of temperature and radial displacements in the radial variable by cubic
polynomials, we obtain a general solution of the connected dynamic problem of thermome-
chanics for an electric conductive hollow cylinder under the action of impulsed electromag-
netic fields with amplitude modulation of characteristic types in modes with the impulsed
modular signal, the damped sinusoid and the single electromagnetic impulse equal to the
modular signal.

Keywords: impulsive electromagnetic field with amplitude modulation, mode with im-
pulse modular signal, damped sinusoid mode, single electromagnetic impulse, electrocon-
ductive hollow cylinder, connected problem of thermomechanics, cubic approzimation.
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1. Introduction

Impulse electromagnetic fields (IEMF) are widely used in modern technologies of impulsed electromag-
netic processing of materials, in various kinds of tomographs for layer scanning of biological objects,
and others like that [1-3]. An important place among IEMF is occupied by IEMF with amplitude
modulation. Some works [4-6] on the determination of the thermo-stressed state of conductive bodies
of a canonical form under the action of stationary EMF and IEMF with amplitude modulation in
the formulation of an unconnected problem of thermomechanics for such bodies are known from the
literature. However, the influence of the process of thermoelastic energy dissipation under the action
of IEMF with amplitude modulation on the thermo-elastic state of the electro-conductive cylinder is
insufficiently studied.

In the present work, using the proposed in [6,7] method which apply the cubic approximation of
distributions of defining functions in a radial variable, we construct a general solution to the connected
problem of thermomechanics for a long hollow electroconductive cylinder under the action of a impulse
electromagnetic field with amplitude modulation.

2. Mathematical description of characteristic types of impulsed EMF with the modu-
lation of amplitude

An impulse EMF with amplitude modulation is given on the inner r = ry and outer r» = ry surfaces
of the cylinder considered by the values H(t) of the tangential axial component H,(r,t), which are
described by the dependence [5]

H.5(t) = Hoo(t) sin(wt + ), (1)
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where ¢(t) is a function that modulates the signal of carrier electromagnetic oscillations of frequency w.
Characteristic types of IEMP with amplitude modulation are IEMP in modes — with pulse modular

signal (RIMS) and damped sinusoids (RDS), as well as a single electromagnetic impulse (EMI) corre-

sponding to the modulus impulse g (t) of IEMP at RIMS for frequency w = 0. For these characteristic

types of IEMP we have:

for an action in RIMS (see Fig. 1), the function ¢ (t) will be equal to

SOO(t) = ko (e*ﬁlt _ e*ﬁQt) , (2)
for the action in RDS (see Fig. 2), this function has the form
(po(t) = kle_ﬂt. (3)

Here Hy is the maximum value of the strength of the magnetic field on the surfaces of the cylinder, ¢ is
the initial phase, ky and k; are the normalization factors, 51 and (B, are the parameters characterizing
the times of the fronts of the rise and the fall of the module impulse, 3 is the parameter characterizing
the time of damping practically to zero of the amplitude of the sinusoidal electromagnetic oscillations.
Note that if we take frequency w = 0 in the formula (1) for action in RIMS, we obtain a mathematical
description of EMI (see Fig. 3).

For the convenience of further mathematical transformations, we present the expression (1) in the
following complex form

N
HE() =) Age™, (4)

k=1

where for action in RIMS we have:
N=4, A =A4,=1/2, Ay=A4=—-1/2,
by = —B1 —iw, by=—-P1+iw, by=—LFo—iw, by=—PF+iw,
and for action in RDS we take:
N=2 A =1/2i, As=—1/2i,

b1 = -0 —iw, by=—0+1iw.

In these expressions, the value 7 is an imaginary unit.

H/H, H/H, H/H,
1 1.0
o 0.5
¥ : A 0.0 ;
0 50 100 0 50 100 0 50 100
t, us t, us t, us

Fig.1. Impulse electromagnetic Fig.2. Impulse electromagnetic Fig.3. Impulse electromagnetic
action in RIMS in time duration action in RDS in time duration action in EMI in time duration
t; = 100 ps. t; = 100 ps. t; = 100 ps.
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3. Formulation of the connected thermomechanics problem for a long hollow electro-
conductive cylinder

Consider a long hollow electroconductive cylinder, referred to a cylindrical system of coordinates
(r,p, z), whose axis Oz coincides with the axis of symmetry of the cylinder. The material of the
cylinder is homogeneous, isotropic and non-ferromagnetic, and its physical and mechanical character-
istics are constant.

The cylinder is under the action of a non-stationary EMF, which is given by the values of the axial
component H, of the magnetic field stress vector H (r,t) on the inner r = r¢ and outer r = r; surfaces
of the cylinder

H.(ro.t) = Ho (), H.(r,t) = H (t). (5)

Here HF(t) are the given functions of time t. The surfaces of the cylinder r = 79 and r = rq are
heat-insulated and free of power loading.

Under such conditions, the calculated model for determining the thermo-stressed state of the cylin-
der consists of two stages [7]: at the first stage, from the equations of electrodynamics, the vector
of magnetic field stress ﬁ in the cylinder and the predetermined by it Joule heat ejection @) and
ponderomotive forces ? are determined; and at the second stage from the equations of the connected
dynamic problem of thermoelasticity, the temperature field 7" and the radial component U,.(r,t) of the
displacement vector U = {U,(r,t);0;0} and the corresponding components oj; (j = 7, ¢, 2) of the
stress tensor ¢ are determined.

On the basis of Maxwell’s relations the different from zero axial component H,(r,t) of the magnetic
field stress vector ﬁ ={0;0; H,(r,t)} is determined from the equation

0’°H, 10H, OH,
o2 trar TP (6)

under the boundary condition (1) and the zero initial condition
H,(r,0) = 0. (7)

Here o is the coefficient of electrical conductivity, p is the magnetic penetrability of the material of
the cylinder.

Basing on the obtained function H,(r,t), the specific densities of Joule heat ejection Q(r,t) and
ponderomotive force F= {F;(r,t);0;0} are given by the relations

1 /0H.\? OH
S z F = _—yuH =%,
Q J<6r>, . pH,— (8)

The temperature T'(r,t) and the radial component U, (r,t) of the displacement vector are found
from the system of equations for the connected dynamic problem of thermomechanics for a cylinder

T 10T 1+4¢,0T 14+2v 02U, 1

Oor? + r Or » Ot o 2o Otor _XQ’

10U, U, 108%U, 1+vdT  (14+v)(1—-2v)

0%,

L= — = =« . 9

or? + ror 2 2 ot? 1—vor E(l1—-v) " ©)
Here s, A\, v, a are coeflicients of temperature and heat conductivity, Poisson, linear thermal expansion,
E is Young’s modulus, p is the cylinder material density; ¢ = \/E(1 —v)/ (p(1 +v)(1 — 2v)) is the
velocity of the elastic wave of expansion; e, is a parameter that characterize the connectivity of
deformation and temperature fields.

Mathematical Modeling and Computing, Vol.5, No. 1, pp. 48-55 (2018)



Solution of the connected problem of thermomechanics . .. 51

The system (9) is solved under the boundary conditions

aT(T(), t) _ 6T(7“1, t) _
87" - 0’ ar - Oa (10)

of thermal insulation of surfaces » = rg and » = r1 and conditions

Uy (ro, ) v Up(ro,t) 14w
= T t
or +1—1/ o T (ro,#),

U, (r1,t) v Up(ry,t) 1+v
= T 11
or +1—I/ el T (r1,?) (11)

of absence of power loading on these surfaces, and also zero initial conditions

oU,(r,0)

T(r,0) =0, U,(r,0)=0, 5

= 0. (12)

For the obtained functions T'(r,t), U,(r,t), the radial o,,, circle oy, and axial o,, components of
the stress tensor are determined by the formulas.

2F oU, U,
[(1 —v) 5 + v - a(l+ I/)T:| ,

2F, Uy ouU,
Opp = T [(1—1/)74—1/ 5 —a(l—i—y)T] ,

0., =v(0m +0pp) —aB(1+v)T. (13)

4. Methodology for constructing a solution

To construct the solutions of the initial boundary-value problems of the electrodynamics (5)—(7) and
the connected problem of thermoelasticity (9)—(12), we use the approximation of the key functions
over the radial variable by cubic polynomials [6,7]:

3
®(r,t) = Zai(t)ri. (14)

The coefficients a;(t) of approximation polynomials (14) are given as a linear combination
ai(t) = aﬁ‘I)l(t) + al-2<I>2(t) + aig‘bJr(t) + al-4<I>7(t) + ai5‘1>0(t) (15)

of the boundary values ®*(t) of the desired functions on the surfaces 7 = ry and r = 71, and the
integral characteristics §
1
B,(t) = / &(r, 1) r*dr, (16)
7o
of the key functions.
Equations for integral characteristics ®4(¢) are obtained by integrating the equations (6), (9) ac-
cording to formula (16) and by using expressions (10), (11) for analytic transformations.
On the basis of the proposed methodics, described in detail in |7], we find solutions to the problem
under consideration under action of the IEMF with amplitude modulation of the characteristic types
described by expression (4).
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5. The solution of the problem under the action of impulsed EMF with amplitude
modulation of characteristic types

Substituting expression (4) into the found in [7] expressions of the integral characteristics ®4(t) of key
functions ®(r,t), first we obtain the expressions:

for axial component H, of the vector ﬁ of magnetic field stress

3 72 N
H(rt) =" [Z > (eanz'knl - epktBikn2>

=0 Lk=1n=1

r, (17)

Joule heat

+bnq )t + t i+j—2
- Cijk1k2n1n23e(pk2 n1) + C’ijk1k2n1n24e(pk1 ka) ) ' ’ (18)

the radial component F.(r,t) of the ponderomotive force vector

3 3 2 2 N N
. b bno )t bno )t
FT(T,t) = _MZ Z Z Z Z Z J (Cijk1k2n1n21€( mahnp)t Cijk1/€2n1n22€(pk1+ n2)

i=0 j=1ky1=1 kg=1n1=1np=1

+b t + t i+j—1
- CijklkznanBe(pk2 m) +Cijk1k2n1n24e(pk1 pk2)>rz I (19)

Here
a; B>k k + a; B>k k s B* k—i—aB* k
Bign1 = 2 M(b)—pf 2n )—I—An(a¢3+ai4), Bijna = 2 ln(b)_pf o ),
" n

*
Bsn(k) = (le (k) + Bs2(k))Anv

Cijk‘lk‘gnlngl = B’ik‘lnllBjk‘Qngla Cijk1k2n1n22 = Bik1n12Bjk2n21)

Cijkikoningd = Bikini1Bjkans2,  Cijkikonined = Bikini2Bjkong2;

pr. — the roots of the characteristic equation corresponding to the equation (6) in the Laplace transforms;
bn1, bn2 are coefficients corresponding to the coefficients in the expression (4); px1, pk2 correspond to
the roots py; coefficients a;1 + a;4 correspond to the coefficients in the representation of the function
H,(r,t) = Z?:o [aitH 1 (t) + appH2(t) + aisH} (t) + auH; (t)] r'; expressions By (k), Bs(k) and A,
depend on the roots b,1.

According to the found expressions (18)—(19) on the basis of the general solution of the inter-
connected system of equations (19) we write expressions of integral characteristics T(t) and U,s of
temperature and radial displacements
6 3 3 2 2 N N 1
T =Y 3> > > > > (aij (A2(pa)yijz — A1(pa)yij1)
=14=1 j= 9=1n1=1ns=1

a=11i=1 j=1k1=1k

+ 184 [ A3(pa)vije — A4(pa)%j3]j>
e(bn1+bn2 )t _ epoat e(pn1+bn2 )t _ epat
X | Cijkikoninal (b ) +b )_p
n no a

e(pn1+bn2)t _ epat e(pn1+bn2)t _ epat
Pl + b ) —p + Cijk1k2n1n24 (
n no a

— Cijki1kanina2 (pnl + bn ) — Da
2

, (20)

— Ciikrk 3
R ( DPn1 + bng) — Pa
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6 3 3 2 2
SODHIWPY z 3 (55 (Astra)rin = As(pari)
a=11i=1 j=1 k1=1ko=1n1=1n2=1
+ uBa[A7(pa)vije — As(pa)%‘jg]j>
e(bnl +bn2 )t _ epat e(pn1+bn2 )t _ epat
Ny — Cii
ijk1kaninal (bnl + an) — Pa ijk1kanina2 (pn1 + an) — Da
e(pn1+bn2 )t _ epat e(pn1+bn2 )t _ epat
— Cijki1konina3 (pnl + bn ) P + Cijkikoninod (pm + bn ) — Pa 3 (21)
2 2
6 3 3 2 2 N N 1
2 DD NI D3P C VICHTNEEEIINY
a=1i=1 j=1k1=1 ko—=1 n1=1na=1
+ uBa[A11(pa)vije — A12(pa)%‘j3]j>
y e(bn1+bn2)t _ opat e(Pn1tbn2)t _ cpat
Ci — i _
ijk1kaninal (bnl T bn2) — ijk1kanina?2 (pnl + bn2) — Da
6(pn1+bn2)t _ epat 6(pn1+bn2)t _ epat
_ Cijk1k2n1n23 (pnl + an ) ~ Pa + Cijk1k2n1n24 (pnl + an) — Pa ) (22)
3 3 2 2 N N 1
U= 323030 52 50 30 52 (i (Antradin — Ao
a=1i=1 j=1ki=1ko=1n1=1n2=1
4-Mﬁ4ph5@h)7u2—vAu%paTWﬁﬂj>
e(bn1+bn2)t _ cpat e(Pn1tbn2)t _ pat
X Cijk‘lkgnl’ngl (b 1 +b 2) — - Cijk1k2n1n22 (p 1 +b 2) —p
n n n n. a
6(pn1+bn2)t _ epat 6(pn1+bn2)t _ epat (23)

- cijk1k2n1n23 ( + Cijk1k2n1n24 (

Pn1 + an) — Pa Pnil + an) — Pa

Here A1 (pa) + A16(pa) are the corresponding algebraic adjuncts of the system of four algebraic equa-
tions that corresponds to the integrated system of equations (9) (according to the formula (16)) in
relation to the defining functions that are the Laplace transforms of integral characteristics Ts(t) and
U,s of temperature and radial displacements; expressions p,1, pn2, correspond to the roots pg; po of
the algebraic equation of the 6th order corresponding to the equation A(p) = 0, where A(p) is the de-
terminant of the system of four algebraic equations for the Laplace transform of integral characteristics
Ts(t) and U,;

il il P19 P19 " "
7“§+]+ T6+]+ 7“§+]+ T6+]+ TZ+]+3 T6+]+3
Yij1 = - - Yij2 = - - Yij3 = - -
! i+j+1 7 itj+2 ! i+J+3

According to the well-known expressions (20)—(23) of the integral characteristics Ts(t) and U,s, we
write the expressions of temperature 7" and radial displacements U, in the form

3

T(r,t) =3 [barTi(t) + baaTh(t)] 77, (24)

a=0
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3
Up(r,t) =Y [ea1UnL(t) + cpaUnal () + csT(ro,t) + caT (1, 1)]7". (25)
B=0

Here, ba1 + ba2, cg1 + cgsa are the numerical coefficients depending on the physical and mechanical
characteristics of the material of the cylinder and its geometrical parameters rg and 1.

According to the found expressions (24)—(25) of temperature T" and radial displacement U,., we write
the expressions of the radial o,,, circular o, and axial o, components of the stress tensor according
to formulas (13). Thus, we obtain a general solution of the connected problem of thermomechanics
for the considered conductive cylinder under the influence of IEMP with amplitude modulation of the
aforesaid characteristic types.

6. Conclusion

Using the approximation of the axial component of the magnetic field stress vector, temperature and
radial component of the displacement vector by cubic polynomials in the radial variable, the general
solution of the connected dynamic problem of thermomechanics for a long hollow electroconductive
cylinder under the action of impulsed electromagnetic fields with amplitude modulation was obtained
in a simple analytical form. The obtained solution is the basis for the computer analysis of the influence
of such characteristic fields on the process of thermoelastic energy dissipation in the conductive hollow
cylinder, which is a constructive element of many devices, as well as sensors of electromagnetic radiation
of the radio frequency range.
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Po3s’s130k 38’s13aHOT 3apa4i TepmoMexaHikn A1A A0Broro
MOPO>XXHUCTOrO esIeKTPONPOBIAHOro LuMiHApa 3a Aii iIMNyJbCHOroO
€/IeKTPOMAarHiTHOro noJsis 3 MoayasuUielo aMmnaiTyan

Myciit P., JIporomupenbka X., Knamayk M., Opurua O., Hakoreanwii P.

Havionasvruti ynisepcumem «J/Iv8i8cvka nostmerHikas,
eyn. C. Bandepu, 12, 79013, Jlveis, Yxpaina

Bukopncrosyroun anpokcumariito 0cCb0BOI KOMIIOHEHTH BEKTOPa HAIIPYXKEHOCT1 MarHiTHO-
T'0 TIOJIsA, TEMIIEPATYPHU Ta PAIAJbHOI KOMIOHEHTH BEKTOPA MEPEMIIleHb KyOiTHIME TOJTi-
HOMaMH’ 3a paIiajJbHOI0 3MIHHOIO, OTPUMAHO 3araJJbHAN PO3B’SI30K 3B’sI3aHOT JUHAMITHOT
3a71a9i TepMOMEXaHIKA JJIsl JOBI'OTO ITOPOXKHUCTOTO €JIEKTPOIIPOBIIHOTO MUIiHpa 3a il
IMIIYJIbCHUX €JIEKTPOMArHITHUX IIOJIB 3 MOJYJIAIIEI0 aMIUITYJIW Yy IIPOCTiit aHa/iTH4YHI{
dopwmi. 3HailjieHnit PO3B’ 30K € OCHOBOIO JJIsI KOMIT IOTEPHOI0 aHAJII3Y BIUINBY TAKUX ITOJIIB
XapaKTEePHUX THUIIB Ha IIPOIEC TEPMOIIPYKHOT'O PO3CIIOBaHHS €Heprii B eJIeKTPOIIPOBiJI-
HOMY MOPOXKHUCTOMY IMJIHJPI, IO € KOHCTPYKTUBHUM €JIEMEHTOM OAraTboX MPUJIAMIIB i
IIPUCTPOIB, & TAKOYXK CEHCOPIB eJIEKTPOMATrHITHOTO BUITPOMIHIOBAHHS PAIi0YaCTOTHOIO Jlia-
[1a30HY.

Knto4oBi CnoBa: iMnyabche eAekmpomazHimme noie 3 MOOYAAUIEN GMNATMYOU, PEAHCUM
32aCHOT CUHYCOidU, eaexmponposiOHUTl NOPOAHCHUCTNUT UUATHOD, 36 A3AHA 360046 MEPMO-
METAMIKYU, KYOIUHA aANPOKCUMAULA.

2000 MSC: 74H10
YOK: 539.3

Mathematical Modeling and Computing, Vol.5, No.1, pp.48-55 (2018)



