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JOCJIIKEHHA 3MIHA YACOBOTI'0 MACIITABY /1J11 OBEPHEHUX BETA-®YHKIIIN

3acrocyBanHst Ateb-yHkIilf BH3HaUacThess TUMK cepaMu, Jie BUKOPHCTOBYIOTHCS 3BHUYAlHI TPUTOHOMETPUYHI (YHKIIII.
CyuvacHi nocsirHeHHs (i3MKH 3yMOBMIIM PO3BHTOK THX oOJlacTell MareMaTHKH, Jie HeoOXiJHe BHKOPUCTaHHS BiIHOCHOCTI abo
3MIHHOCTI Yacy. Y BCTYI 0XapaKTepU30BaHO CyYacHMM CTaH JIOCIIKEeHB Y 1itt o61aacti. KOpoTKo onmcaHo OCHOBHI pe3yJIbTaTH
HayKOBIIiB, 110 JOCIi/UKYBau 3BnuaiiHi Ateb-dynkuii. st BpaxyBaHHs 3MiHHOCTI (CTHCK ab0 po3TsT), SIK BIACTHBOCTI YacOBO-
ro mapaMeTpa Ha TiJICTaBi BUKOPUCTaHHS (-aHali3y moOymoBaHo g-aHainoru Ateb-cuHyca (q-Ateb-cunyc) i Ateb-kocunyca (q-
Ateb-xocuHyc) criocoboM oOepHEHHs HEMoBHOI -Beta-QyHkiii. 3miHa mapamerpa q BiamoBigae 3MiHi 4acoBOro macmrady y
MPOBENICHUX JOCIiKeHHSX. Takoxk BBeeHO q-aHanoru Ateb-tanrenca (q-Ateb-tanrenc), Ateb-kotanrenca (q-Ateb-KOTaHIeHC),
g-ananoru Ateb-cekanca (q-Ateb-cexanc) i Ateb-kocekanc (q-Ateb-kocekanc). JloBeeHO TEOpEMH, IO XapaKTEePU3yIOTh OCHOB-
Hi BIacTUBOCTI mMoOy0BaHUX (YHKIIiH. 30KkpeMa, MOKa3aHo, IO MpU MpSIMYBaHHI MapaMeTpa q 10 OJWHUIN Y TPaHMIl OTpH-
Maemo 3BuuaiiHi Ateb-dynkuii. BeeaeHnm QyHKIisM npuTamManHa MepioAndHICTh 3 TIEpioIoM, 10 BiJIIOBIIa€ q-aHAJIOTY BiJIIO-
BIJIHUX TepioiB 3Bu4aiiHux Ateb-(ynkuiii. [TodymoBaHo mojanHs nepioay uepes g-aHaior ['amma-¢dyHkiii. JloBeneHo y3araib-
HeHy TidaropoBy TOTOXHICTb JUISl (-aHAJOTIB TPUTOHOMETpUYHMX Ateb-(yHkuiit. Po3risiHyTo Ta 10BEICHO BIACTUBOCTI Map-
HOCTi Ta HenmapHocTi q-ananora Ateb-dynkuiit. [ToGyzoBano gpopmyu 1u1st 00UMCICHHS q-TIOXiTHAX TSI (-aHAJIoTa TPUTOHOMET-
puuHKx Ateb-¢yHkuiit. JloBeaeHo, mo nodynoBaHi (yHKIT 3a10BOJBHSAIOTH (-aHAIOT CUCTEMU 3BUYAMHUX Au(epeHIiaabHuX
PiBHSIHB. 3HAICHO MPOMIKKM 3pOCTAHHS Ta CIIAJAaHHs JUIsl YCiX po3risHyTHX (yHkiid. [loOynoBaHi q-ananoru ¢popmys 3BeieH-
HS JUIS (-aHAJIOTa TPUrOHOMETpUYHMX Ateb-(yHKIiii. Y BUCHOBKAX BKa3aHO, IO MPOBEACHI JAOCTIIKECHHSI MOXKYTh OYTH BHUKO-

pucTaHi y Teopii 4acoBUX psAIiB Ta 00pOOILli CUTHATIB.

Kniouosi cnosa: Ateb-pynxuii; q-Ateb-yHkiii; g-aHami3; 3MiHa 4acoBOro maciirady.

Bctyn

3rigHo 3 Teopiero BimHOcHOCTI ElHIITeiitHa Wac € Bin-
HOCHOIO BeJIMYUHO0. [I7i BpaxyBaHHS 3MiHHOCTI 4acy Ma-
TEMaTHUKH 3aMpOTOHYBaIN (-aHali3, e 3MiHa mapaMmeTpa q
BimmoBimae 3MiHi yacoBoro macmTaly. ¥ 60-x pokax XX
CT. 3aIpOBaKEHO HOBI ()YHKIIIT K iHBepCit0 HEeMmoBHOT Oe-
Ta-pyHKUii [14], mo otpumanu Ha3By Ateb-QyHKuii (clioBO
"Ateb" — 11e 3BOpOTHE MpounTaHHA ciioBa "Beta"), i mo3na-
4yeHHs ca(m, n,) Ta sa(n, m,m). JloBeaeHo, mo i GyHKIii €
y3arajbHEHHSIM 3BUYAaHUX TPUTOHOMETPUYHMX (YHKILIH.
Hezabapom 3'sBunacsi pobota yKpaiHCHKOTO MaTeMaTHKa
I1. Cenuka [15], B siKkiit po3po0OneHo Teopito Ateb-hyHKIiit.
Lls Teopis oTpumana mMonaibIIMii PO3BUTOK y pobdoTax
cepOChKMX MaTeMaTHKiB [4], a acCHMNTOTHYHI HaONMKEHHS
3aCTOCOBYIOThCS Ul JOCHIIPKEHHS Pi3HUX KOJIHMBAJIBHUX
cucrem [1], [2]. 3acrocyBanHs Ateb-yHKuiil i 3aXucTy
JaHWX MmojaHo B pobotax [7], [13].

Ateb-¢yHKIi{ MOKHA PO3IIUPUTH Ha BCi 00JIacTi, ne ic-
HYIOTh 3BUYaliHi TpUrOHOMETpWuHi (QyHKUIl. Ateb-neper-
BOpeHHS1 (OPMYEThCS SK OCOOJMBHMN THIT TIEPETBOPEHHS
Odyp'e. 3a momomororw Teopii y3araJbHEHHX OIEpaTopiB
3cyBy [5] cTBOpeHO anreOpy (YHKIIOHATBHOTO MPOCTOPY
[inpbepra. Ls anredpa mictuth omepauii "noxaBaHHsA" Ta
"mMHOXKeHHA". Onepaltisi ToJaBaHHS BU3HAYAETHCS SK 3BU-
YaiiHe JoAaBaHHA (QYHKUiIH (NMPaBUIBbHICTD BU3HAYEHHS
6e3nocepeIHbO BUILIMBAE 3 aAUTHUBHOCTI Li€l omepatlii), a
MHOKEHHA BHU3HAUAETHCSA K 3ropTka (yHKuUiil. Ockinbku
nepioanyHi Ateb-(yHKii € OpTOHOPMATBHUMHU, MOXKHA T10-
OyayBaTH pPO3LIMPEHHS B y3araibHeHOMY pany Dyp'e ta
CTBOPHUTHU AJIsl HUX y3arajbHEHUil rapMOHIYHMI aHami3 3a
aHasoriero 3 [6]. OcHoBHa ifes Liel poOoTu 3'aBUIACA MicCsA

TOTO, SIK aBTOPW MPOUYUTAIN TPO (-aHanor Beta-¢QyHKuii.
Lle y3aranpHmio q-aHami3 iHBepcii HemoBHUX Beta-¢(yH-
Kiiii, 30kpeMa Ateb-(GyHKuili, Ta Aaj0 3MOTY PO3MIUPUTH i
MOTJTMONTH TOCTI/KEHHS y HAarpsMKy 004HCIIeHb YacOBOTO
MacmTadyBaHHs [3].

BukaieHHsI OCHOBHOT'O MaTepiay

Jediniuisa q-Ateb-gynkuiii. [Tonamo criouatky ocHOB-
Hi O3HAYeHHS 3 (-aHaNi3y, sSKi OymIyTh MOTPiOHI IUTT Hac-
TYIHUX TBEPKEHb | KOHCTPYKIIiM.
Bume Bxke imutocs mpo g-aHamiz [11], me g-moxigHa
BHU3HAYAIOTH 32 (POPMYIIOIO
S(gx) = f(x)
D,f(x)= . (1)
gx—x
VY poboti [8] g-ananor miiicHoro yucna 7, KUl Takox
Ha3MBAIOTh (-TYKKOIO ad0 q-4MCIIOM YHCIIa 71, MOYKHA 3a/1a-
TH TaKot0 (HOPMYJIOFO:
q" -1
[y = : )
q-1
VY pobori [12] gq-aHaor BU3HAYEHOTO iHTEerpaja Ha 3aM-
KHyTOMY iHTepBalli [0; a] BU3HaYalOTh TaKo (HOPMYJIIO0

[ f(dgx = (1- g1y ¢' f(ga). 3)
0 i=0

3a anazoriero 3i 3BuuaiiHoro Gamma-(yHKIi€w, (-
Gamma-(yHKIis Oyay€eTbcs 3a CIiBBiAHOMLEHHAM

[eo]
T 0= [ 7 E;%d,x, 4)
0

me: E; =]]0+(1-9)q'z) ; g — eKcroHeHTa.
i=0

HenoBHy g-Beta-¢yHkuis npeacraBiseTscs GopMyioro
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@
— -1 s—1
By(t,s,0) = [ x'7(1— qx)§ 'd,x.
0
Ha mincraBi knacuaHux Ateb-yHKuiii MmoxeMo oTpu-
MaTH aHAITAYHI PO3B'S3KM CHCTeMH Au(epeHIliaTbHIX
PIBHSAHB!

X+ay?=0, y+px*=0
I o i B KOHCTAHTH ifICHOTO THUITY, a MApaMeTPH p Ta § BU3-
HAuaroTHCS 3a CMiBBiqHOIMEHHAMH (5):

20+1 26 +1
= , Ss= ,(0,0,6.6=012,.). 5
2 +1 2 B0es ) (5)
Hexaii 3HaueHHs 1 Ta m 3a10BOJILHSIOTH HEPIBHOCTI:
n:#>0’ m:L>0_ (6)
p+1 s+1

Toxi MU MOKEMO BBECTH CIIBBIIHOLIECHHS

<v<l1

-1
= ntls .[ (1 V"H) m“d V.

2

SIKII0 pO3TIISTHYTH 3BOPOTHY 3aJICKHICTh V Bill ), TO Y
pasi, sKmo ymoBH (5) Ta (6) 3aI0BOJBHIIOTHCS, OTPHMAEMO
g-aHajnor Ateb-cuHyca, SIKHii TO3HAYUMO SIK

Vv =sag(n,m,) (7)

SIKI0 BBECTH CHIBBIIHOMIEHHS

—1<u<l

_ m+l _[ (-

m+1) n+] —

JIe 3aJJ0BOJILHAIOTHCS YMOBH (5) Ta (6), TO MOXKHA MO0y Iy-
BaTH 0OEpHEHY 3aJISKHICTh ¢ Bijl , SIKY Ha3UBAIOTh (-aHa-
soroM Ateb-kocuHYyca i M03HAYAOTh
u = cay(m,n,). ()
JlonaTkoBO BBENEMO BH3HAYEHHS (-aHajora (yHKIIiit
Ateb-tanrenc, Ateb-koTtanrenc, Ateb-cexanc ta Ateb-koce-
KaHC:

ta,(n,m, ) = sa (n,m,) / ca,(m,n,); 9
cta,(n,m, ) = ca (n,m,o) / sa,(m,n,0); (10)
seq(m,n,0) =1/ ca (m,n,m); (11)
cey(m,n,0) =1/sa,(m,n,0) . (12)

O4eBHIHO, 0 Yy BUMANKY, ko m =1 Ta n =1y Bupa-
3ax (7)-(12), To 06UMCIIOIOYM TPaHULIO TPU ¢ — 1, MU OT-
PUMYEMO 3BUYANHI TPUTOHOMETPUYHI (PYHKIIIT.

HacTtynHi BIacTMBOCTI (-aHanora TPUTOHOMETPUYHUX
Ateb-dyHKIi BUMIMBaIOTH Oe3mocepenHbo 3 1X BHU3HA-
YeHb!

saq(m,n,0)=0; ca,(m,n0)=1.

BaactuBocTi q-Ateb-¢gyHnkuiii. Binomo, mo B g-aHari-
31 iCHYIOTh 1IBa TUIM TPUTOHOMETPUYHMX (YHKIIiM, 10 OT-
pUManu nmo3HadeHHs 3rigHo 3 [11]: singx, cos,x, Singx Ta
Cos,x. BractusocTi mux ¢yHkuill onucani B podorax [11],
[8], [10], ampokcumariis y pobotax [2], [1], [16]. OueBun-
HO, mo (yHKUii q-Ateb 3a10BONBLHATUMYTH TakKi OCHOBHI
TOTOXKHOCTI:
say(l,1, ) =siny(w); cay(l1,®)=cosy(@).
[lepwa BracTuBicTh (YHKLIM, BU3HAUEHHX Yy BUpa3ax
(7) i (8), Mmoxxe OyTH chopMyITbOBaHA B TaKiil Teopemi.
Teopema 1. g-ananoru QyHkuiii Ateb-cunyca ta Ateb-
KocuHyca (me n i m 3amoBONBHAIOTH YMOBH (5) i (6)) €
nilicHoIo QyHKILi€er0 1ist Beix me R.
OyHKLIT 3a0BOJIBHIIOTh HEPIBHOCTI:
—1<sa (nmw) <1, —1<ca,(m,nw)<l

(13)

s Bcix we R. JloBeneHHS Teopemy BUIUTUBAaE Oe3moce-
pPEeHBO 3 BU3HAUEHHS (-aHajora TPUrOHOMETPUYHKX Ateb-
GyHKIH.

HactymHa Teopema miATBepmXKye MNEpiOAMYHICTD LMX
(GyHKIIIH.

Teopema 2. DyHkuil q-aHajoriB Ateb-cunyca ta Ateb-
kocunyca € 2I1,(m, n) nepionnuHnMu GyHKUisAMY, 1€

o)
rq(%n+l)+%m+l))

a ¢yHkuis I'y(®) BU3HAUaeThCA CMiBBiIHOIIEHHAM (4).

JloBeneHHSI TeOpeMH BUILUIMBAa€E Oe3MocepeiHbo 3 Biac-
THUBOCTI aIUTUBHOCTI iIHTETPyBaHHS Ha Bimpi3Kax.

Teopema 3. OyHkuil q-ananoriB Ateb-cexkanca i Ateb-
kocekanca € 2I1,(m, n) nepiomnyHuMu QyHKUiAMH, 1€
I1,(m, n) 3anaetbes hopmynoro (14).

JloBeieHHS TeopeMU BUILIMBAe Oe3MocepeiHbo 3 Teope-
mu 2 ta popmyan (11) i (12).

Teopema 4. OyHkuii q-aHasnoriB Ateb-tanrenca i Ateb-
koTaHrenca € 2I1,(m, n) nepioquuHnMu QyHKUiAMH, 1€
I1,(m, n) Bu3HauaeThCA 3a (14).

JloBeieHHS TeopeMU BUILIMBAe Oe3MocepeiHbo 3 Teope-
mu 2 ta popmya (9) i (10). Tenep mu BBegeMo miaropoBy
TOTOXKHICTh U (-aHAJIOTa TPUTOHOMETPpUIHUX Ateb-(yH-
KIIiit.

3 ¢opmyn (7) ta (8) BurumBae, mo i QyHKUIl 3a10-
BOJIbHSIIOTh TOTOXHICTh, SIKa y3arajibHIOE€ OCHOBHY TOTOX-
HiCTh  1ns  3BUuaiiHMX  QyHKUin  Ateb-¢yHkuiii:
cal*l(n,m,®) +sa™ (m,n,0) =1. Pe3ymbTaT momaHuii Takoro

(14)

I1,(m,n) =

TEOPEMOIO.
Teopema 5. g-aHamor TpUroHoMeTpHUuHUX Ateb-(yH-
KL 3aI0BOJILHSIE TOTOXKHICTH

sa™l(n,m,m) + ca”* (m,n,0) =[1],.

JloBeneHHs TeOpeMHU BUILIMBAE Oe3M0CepeTHbO 3 BU3HA-
YeHb (-aHaJora TPUTOHOMETpMYHMX Ateb-pyHKuiit Ta 3
BiIITIOBiTHOT TOTOXKHOCTI Tt Ateb-QyHKITiit.

Hactymra Teopema mae ¢opMmynd -MOXigHOT WIS (-
aHaJjiora TpUroHOMeTpuIHNX Ateb-(yHKIiit.

Teopema 6. q-NOXiHI ISl -aHAJIOTa TPUTOHOMETPHY-
Hux Ateb-pyHkuiii Bu3HavaroThcs Qopmymamu (15) Ta

(16):

Dyca,(m,n,) = = sag(n,m, ); (15)
m+1

(16)

JloBeieHHS TEOpEeMH BUILIMBAE Oe3MOCePeIHbO 3 BU3HA-
YeHb (-aHaJIoTa TPUTOHOMETPUUHUX Ateb-(yHKiii croco-
Oom 3HaXOuKEeHHs g-noxinHoi D, 3 Bupasis (7) Ta (8).

V HacTynHilt TeopeMi po3rIIsTHEMO BJIACTUBOCTI MapHOC-
Ti Ta HeMapHOCTI q-aHanora Ateb-(yHkuiil.

Teopema 7. q-ananoru Ateb-cunyca, Ateb-taHreHca ta
Ateb-cekaHca € HemapHUMHU (QYHKILISIMH BiJl apryMeHTa :

2
Dysay(n,m, ) = ——cag(m,n, ).
n+1

say(n,m,—o) = —sa,(n,m,); (17)
ta (n,m,—0) = —ta (n,m,o); (18)
seq(n,m,—w) = —seq(n,m,w), (19)

Jie m Ta n 3aJ0BOJILHAIOTH yMOBH (5) i (6).

JloBeieHHS TeOpeMU BUILIUBAE O€3M0CEPEeIHbO 3 BU3HA-
YeHb (-aHajora TPHUIOHOMETpUMYHUX Ateb-QpyHKIiii Ta
BJIACTMBOCTEH 00EpHEHHS IPaHULb iIHTErpyBaHHS.
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Teopema 8. gq-ananoru Ateb-kocunyca, Ateb-koTaHreH-
ca Ta Ateb-kocekaHca € TapHUMU (QYHKLISMH BiJl apryMeH-
Ta ©:

ca (m,n,—m) = ca (m,n,®); (20)
cta(m,n,—o) = cta (m,n,0); 21
ce,(m, n,—w) = ce,(m,n,). (22)

Jie 7 Ta 1 3a10BOJIBHAIOTH YMOBH (5) i (6).

JloBeneHHs 30ira€Thes i3 TOBEIEHHIM TEOpEeMH 7.

JIBi HaCTYTIHI TEOPEMHU OMHUCYIOTh BIACTUBOCTI (DYHKIIiif
g-aHanora Ateb-taHreHca, Ateb-koranreHca, Ateb-cekanca
i Ateb-kocekaHca.

Teopema 9. g-anamorn QyHKLi Ateb-TaHreHca Ta
Ateb-kocekanca € gmificHUMU  QyHKIOiSIMA I BCIX
we R\{[1,(m,n), ke Z} , ne MapamMeTpu n Ta m 3aJ0BOJIbHS-
1oTh yMoBH (5) i (6). OkpiM 1poro, ui ¢yHKLUii € 3pocTa-
1ouMMHi Ha iHTepBanax (kIl,(m,n); (k+ DI, (m,n)). Otxe,
CTpaBeTNBI HEPIBHOCTI:

o <y = tag(m,n,m) <tay(m,n,a) ;

o <@y = csay(m,n,m) < csag(m,n,a) ,
SIK1 3aI0BOJIBHSAFOTHCS IS BCIX
o, a» € (kl'lq(m, n); (k + l)l'Iq(m,n)) .
JloBeieHHS TEOpEMU BUIUIMBAE OE3MOcepeHbO 3 BiATo-
BITHUX BJIacTHBOCTEN Ateb-taHreHca ta Ateb-kocekaHca i

dopmyn (9)i(11).

Teopema 10. g-ananorn ¢yHkuiii Ateb-kotanreHca Ta
Ateb-cekaHca € giicHUMM  QYHKOiIMH Ui BCiX
e R\{l'lq(m,n)/Z, ke Z} , 16 mapameTpu m Ta 1 3aJ10BOJIb-
HAI0Th YMOBH (5) 1 (6). OkpiM 1bOTO, 1 PYHKIIT € CTIaTHN-
Mu Ha inTepBanmax (0,5kI1,(m,n); 0,5(k + DI1,(m,n)) . OTxe,
HEepiBHOCTI:

W <@, = ctag(m,n,a) 2 ctay(m,n,an) ;

@ < @y = se,(m,n,a) = se,(m,n,ay)
33JJ0BOJIbHAOTBCS JUTA BCiX
m, € (0, 5kT14(m, n); 0,5(k + DI, (m, n)) .

JloBeieHHS TEOpEMU BUILIMBAE Oe3MocepeHbo 3 BiAmo-
BiJHMX BJIacTUBOCTel Ateb-koTaHreHca Ta Ateb-cexaHca i
thopmya (10) ta (12).

HactymHa Teopema onucye g-aHajior audepeHLiaTbHuX
PiBHSHB, SIKi 327J0BOJIBHSAIOTH -Ateb-QyHKIIT.

Teopema 11. OyHkUii ca,(m,n,0), sa,(m,n,o) 3a10BOJb-
HSFOTh CHCTEMY -TIOXiTHUX Au(epeHIiaIbHUX PIBHSIHb:
(23)
(24)

JloBeneHHs TEOpEeMH IPYHTY€EThCS Ha MiICTAHOBII CiB-
BinHomens (15) i (16) y (23) i (24) BignoBigHo.

OcTaHHS Teopema CTOCY€EThCS B3a€EMO3B'SI3KY MiX Tepi-
ONMYHUMHU (-aHAJOraMHU TPUTOHOMETPUYHUX Ateb-(yH-
KLiH.

Teopema 12. g-aHanoru TpUroHoMeTpudHUx Ateb-QyH-
KL 32 10BOJBHAIOTH BKa3aHi HIKYE PIBHOCTI:

cagy(m,n,m) = sa (m, n,%l‘lq(m, n)+o);

Dy cay(m,n,0)+ asag(m,n,w) =0 ;

Dy sag(m,n,w)— Bcal(m,n,w)=0.

sa(m, n,) = —cag(m,n, V3 Tly(mn) + o) ;
cay(m,n,m) =—say(m,n, % I (m,n) * ) ;

sa (m, n,0) = % ca (m, n,%nq(m, n)+o);

cta,(m,n,w) = Fta,(m, n,%l’[q(m, nto);
ta,(m,n,w) = Fctay(m, n,% I,(m,n) + ) ,
csy(m,n,m) = —se,(m, n,% I1,(m,n) + o) ;
se,(m,n,0) = —cs,(m, n% T, (mn) * o) ;
csg(m,n,m) = tse,(m,n, % I1,(m,n) * ) ;

se,(m, n,0) = cs (m,n, % T, (m,n) * ) .

JloBeneHHs Teopemu 12 BUIUTHBae O€3MOCEPEIHBO 3
BIAMOBiTHUX BiacTuBocTel Ateb-pynkuiit i Gopmyn (7)-
(12) ta (14). Mu noBenu HaBaKIMBIII Ta HAWKOPUCHIIII
BJIACTUBOCTI MOOymoBaHWX (DYHKIIH. YCi HaBeeHi BIACTH-
BOCTI TOB'sI3aHi 3 BiIMOBIAHUMH BJIACTUBOCTSIM 3BUYAHHHX
Ateb-dynkuiii. Byne mikaBo 3HaliT TeBHI crienudidHi
BJIACTMBOCTI (-aHanoriB Ateb-QyHKIii, mo Moxe OyTH
HACTYITHIM KPOKOM HAIIOTO JIOCHiPKEHHSI.

BucHoBkn

3 ypaxyBaHHSIM TEpCIEKTHUBHOCTI Cy4YacHUX IOCITi-
JUKEHb MpoOsieMu OOYMCIIeHb YacoBOro MacluTaOyBaHHS
3alpOIIOHOBAHO BBECTH HOBi (-aHAJIOTH TPUTOHOMETpPHUY-
HUX Ateb-QyHKUiil. Y3aranbHeHO BCi TN 3BUYaHHUX TPHU-
TOHOMETPUIHUX (PYHKIIH. YV poOOTi po3rsHYTO Ta OBEIE-
HO OCHOBHI BJIACTUBOCTI po3podieHux ¢yHkmii. [lepmmit
LiKaBU{ pe3yNbTaT MPOBEACHOTO MOCHIMHKEHHS TOJIATaE B
TOMY, 110 TOOynoBaHi (yHKIi 3a0BOJBHAIOTH (-aHAIOT
CHUCTEMU 3BHYANHUX MU(EpEeHIiabHIX PiBHSAHB, AKY 3a10-
BOJILHSIOTH 3BUUaiiHi Ateb-¢ynkuii. JloBeneHHs 3IifCHIO-
€TbCS 32 IOTIOMOTrot0 g-audepeHwitoBaHHs. JIpyrimM Bakiu-
BUM PE3yJIbTaTOM € JIOBEJCHHS TPUTOHOMETPUYHOI TOTOXK-
Hocti [Tiaropa nnst g-Ateb-yHkuiit.

Mu cnoziBaeMoch MPOAOBXKHUTH PO3MOYATI TOCHTIKEH-
Hs Ta MoOyayBaTu q-aHajior Ateb-mepeTBopeHsb [6] K y3a-
rajbHeHHs1 nepeTBopeHHs] Dyp'e, a TAKOXK TOBECTH NEsKi
HOBI BIIaCTUBOCTI pO3MIAHYTUX (pyHKIiH. Llle omuH MOXIH-
BUIf HATIPSAM JOCHiKEHb — PO3POOUTH anredpy Ha MifcTaBi
g-Ateb-niepeTBOpEHb.

BaxnuBicTh Ta TpakTUYHE 3HAYEHHS OTPUMAaHHUX pe-
3yJbTaTiB IPYHTYETHCA Ha MOXKJIMBOCTSIX BUKOPHCTAHHS pe-
3yNbTaTiB MaTEMaTHYHOTO arapary (-aHallizy mJsi po3B's-
3aHHS 3a]]a4 YacoBOT0 MacIuTa0yBaHHs. 3acTOCYBaHHS PO3-
poOJIeHOTO MiIXOMy MO aHaji3y 4acoBUX PsIIiB Ta Teopil
CUTHAJIIB J]a€ 3MOTY BpaxyBaTH CTHCK Ta PO3TAT YacOBHX
rnapaMeTpiB, IO € BAXIMBUM IS HOBITHIX JOCHIIKEHb
LLOTO HATIPSIMY.
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INVESTIGATION OF TIME SCALING FOR THE INVERTED BETA FUNCTIONS

The use of Ateb-functions is determined by those areas where ordinary trigonometric functions are used. Modern advances in
physics have led to the development of new mathematical areas that require the relativity or variability of time. The current rese-
arches in this field and main results of studies of the ordinary Ateb functions are briefly described. To take into account compres-
sion/slow-down as a property of time parameter, the q-analogs of Ateb-sine (q-Ateb-sine) and Ateb-cosine (q-Ateb-cosine) are
constructed by inverting the incomplete g-Beta functions. The change in parameter q corresponds to the time scaling in the studi-
es. g-analogs of Ateb-tangent (q-Ateb-tangent), Ateb-cotangent (q-Ateb-cotangent), Ateb-secant (q-Ateb-secant) and Ateb-cose-
cant (q-Ateb-cosecant) are introduced. Theorems characterizing the basic properties of the constructed functions are proved. In
particular, it is shown that when q—1, taking the limit we obtain ordinary Ateb-functions. The introduced functions are periodic
with the period corresponding to g-analogue periods of the ordinary Ateb-functions. The representation of the period using the g-
analogue of the Gamma-function is constructed. The generalized Pythagorean identity for the g-analogues of trigonometric Ateb-
functions is proved. Also the properties of the parity and oddity of these functions are considered and proved. The intervals of
increasing/decreasing for all functions are found. The g-analogues of the identities formulas for the trigonometric Ateb-functions
are presented. Formulas for calculating g-derivatives for the g-analogue of trigonometric Ateb-functions are constructed. It is
proved that constructed functions satisfy the system of g-derivative differential equations. Results of the presented studies can be

used in the time series theory and signal processing.

Keywords: Ateb-functions; q-Ateb-functions; q-Analysis; time-scaling.
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