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In the frame of non-relativistic approximation, a compact approximate solution of the
Schrödinger equation for the ion of H− has been obtained in the form of product for
Legendre polynomials and variational functions of the Schull–Löwdin type. The accu-
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1. Introduction

The negative hydrogen ion is an example of the simplest quantum-mechanical object with the strong
inter-electron correlations, which determines the independence and importance of the problem which
we consider. The relevance of this problem for astrophysics is due to the fact that the negative hydrogen
ions are one of the main factors of the formation of continuous absorption coefficient in the photospheres
of Solar-like stars [1–5]. For the calculations of spectral dependence of the photoionization cross-section
for H− ions it is useful to have a compact wave function which differs from the cumbersome variational
functions of Hylleraas [6] or function of Pekeris [7], which have tens or hundreds of terms. Such functions
are based on the principle — the more variational parameters they have, the better they are. But the
construction of such functions does not take into account the specificity of inter-electron correlations in
atomic systems what causes a self-consistent distribution of electron density. Unreasonable complexity
of such wave functions make it difficult to analyze the role of inter-electron correlations in the two-
electron systems, as well as their use in applied problems, in particular in astrophysics, solid state
physics and in nanostructural systems.

The description of the quantum state of the H− ion in the non-relativistic approximation is reduced
to finding solution of the Schrödinger equation for the motion of two electrons in the field of static
proton

{

ĥ(r1) + ĥ(r2) + v̂(r1, r2)
}

Ψ−(r1, r2) = E−Ψ−(r1, r2), (1)

where

ĥ(r) = −~
2∇2

2m
− e2

r
, v̂(r1, r2) = e2|r1 − r2|−1. (2)

There are known only approximate solutions for this problem. Because of strong inter-electron
correlations the Hartree–Fock approximation is not applicable here (in the self-consistent approach
E− > −0.945 . . .Ry) [8]. The simplest variational function, which approximately take into account
only radial correlations of electrons is the function of Schull–Löwdin [9]

Ψ(ρ1,ρ2) = Na,b {exp[−aρ1 − bρ2] + exp[−bρ1 − aρ2]} , Na,b =
{

1 + (4ab)3(a+ b)−6
}−1/2

, (3)
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where ρi ≡ ria
−1

0
, a0 is the Bohr radius, a and b are the variational parameters. At a = 1.0392,

b = 0.2832 the function (3) yields the energy E− = −1.0266 . . .Ry. The function (3) is the symmetrical
combination of two 1s-type orbits. The maximum probability of the one-particle density distribution
for first of them corresponds to ρ ≃ a−1, and for the second one — ρ ≃ b−1, which provides within this
approximation a minimum of matrix element for the potential energy of inter-electron repulsion. The
function (3) corresponds to the dual-shell model of the electron density distribution in the H− ion.

The three-parametric variational Chandrasekar’s function [2]

Ψ(ρ1,ρ2) =M {exp[−aρ1 − bρ2] + exp[−bρ1 − aρ2]} {1 + c|ρ1 − ρ2|} (4)

generalizes the expression (3) and gives the energy E− = −1.05184 . . .Ry at α = 1.077758, β =
0.47758, c = 0.31214 approximately accounting also for the angular correlations in the electron charge
distribution. As follows from the calculations based on simple wave functions with the small number
of variational parameters, the contributions of radial and angular correlations to the ionization energy
are almost of the same order (≈ 0.0275 . . .Ry).

In the works of Hylleraas [6], Kinoshita [10], Hart and Herzberg [11], Schwartz (see [3]) and
Pekeris [7] the variational calculations of wave functions and energies of ground state of the H− ion,
the helium atom and helium-like positive ions were done with high accuracy by using trial functions
with large number of variation parameters. In particular, Hart and Herzberg [11] were calculated the
wave function and energy of ground state of the helium and helium-like ions based on 20-parametric
Hylleraas function

Ψ(r1, r2) = N exp

{

−1

2
ks

}{

1 + χ1u+ χ2t
2 + χ3s+ χ4s

2 + χ5u
2

+ χ6su+ χ7t
2u+ χ8u

3 + χ9t
2u2 + χ10st

2 + χ11s
3 + χ12t

2u4 + χ13u
4

+ χ14u
5 + χ15t

2u3 + χ16s
2t2 + χ17s

4 + χ18sut
2 + χ19t

4

}

,

s = ρ1 + ρ2, t = ρ1 − ρ2, u = |ρ1 − ρ2|,

(5)

in which k, χ1, . . . , χ19 are the variational parameters and ρ1, ρ2 and their absolute values are expressed
in units a0. This function leads to the value of energy E− = −1.055289 . . .Ry. The Schwartz’s 70-
parametric function has the same structure and gives the energy E− = −1.055495 . . .Ry [3]:

Ψ(r1, r2) = exp

{

−1

2
ks

} 70
∑

1

χlmnρ
l
12(ρ

m
1 ρ

n
2 + ρn1ρ

m
2 ). (6)

In his work Pekeris [7] used the parametric coordinates

u = ε(ρ2 − ρ1 − ρ12), v = ε(ρ1 − ρ2 + ρ12), w = 2ε(ρ1 + ρ2 − ρ12), (7)

which are independent and vary within the limits (0 ÷ ∞) and ε = {−2mE}1/2 a0~−1. The wave
function is expressed in the form

Ψ(r1, r2) = exp {−[u+ v + w]}
∑

l,m,n>0

A(l, n,m)Ll(v)Lm(w)Lm(u), (8)

where Ls(x) is the normalized Laguerre polynomials, A(l, n,m) are unknown parameters. According
to its structure the function (8) belongs to Hylleraas type functions. During the numerical calculations
444 terms of series were taken into account with l +m+ n 6 16, although the spectroscopic accuracy
(when the error has the order 10−6Ry) is achieved already with 100 terms of series (8). The ion energy
is in the limits

−1.055502028 . . . Ry < E− < −1.055502000 . . .Ry.
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146 VavrukhM., Dzikovskyi D., StelmakhO.

Although the expression (8) is the series of orthogonal functions, however the Laguerre polynomials
determine the wave functions of electron in the neutral hydrogen atom and do not take into account
the electron correlations. Therefore it is necessary to take into account the huge number series terms.

In the work [12] is used the variational function

Ψ(r1, r2) = exp

{

−k
2
(ρ1 + ρ2)

}

∑

l

Pl(cos θ12)Fl(ρ1, ρ2), (9)

where Pl is the Legendre’s polynomial of l-th order, θ12 is the angle between vectors ρ1,ρ2,

Fl(ρ1, ρ2) =
∑

m,n

Almn

{

ρm1 ρ
n
2 + ρn1ρ

m
2

}

, (10)

l > 0, m > n > 0, k and Almn are the variational parameters. The function (9) with 41 parameters
gives the ion energy E− = −1.0526 Ry.

It was shown from the following examples that the increase of the number of variational param-
eters improve description accuracy of quantum state of the H− ion. However, with small number of
parameters, the description is inaccurate, and wave functions with the large number of parameters are
very cumbersome and inconvenient for following use. The aesthetic side of the case also plays a role.

2. The basis-variational approach

The construction of optimal wave function, which is compact and gives a fairly accurate descrip-
tion of the H− ion, can be done using the reference system approach generalizing the Schull-Löwdin
function [9]. As follows from the formula (3), this function is the symmetric combination of 1s-type
one-electron functions in the neutral hydrogen atom,

ϕ1s(ρ) =
1√
4π
R1s(ρ), R1s(ρ) = 2α

3/2
1
e−α1ρ,

ϕ1s′(ρ) =
1√
4π
R1s′(ρ), R1s′(ρ) = 2α

3/2
2
e−α2ρ.

(11)

This basis can be extended including in it the functions which are analogues of 2p, 3d, 4f -functions of
electron in the hydrogen atom, namely

ϕ2p,m(ρ) = Y1,m(θ, ϕ)R2p(ρ), R2p(ρ) =
2√
3
β
5/2
1
ρ e−β1ρ;

ϕ2p′,m(ρ) = Y1,m(θ, ϕ)R2p′(ρ), R2p′(ρ) =
2√
3
β
5/2
2
ρ e−β2ρ;

ϕ3d,m(ρ) = Y2,m(θ, ϕ)R3d(ρ), R3d(ρ) =
2
√
2

3
√
5
γ
7/2
1
ρ2e−γ1ρ;

ϕ3d′,m(ρ) = Y2,m(θ, ϕ)R3d′(ρ), R3d′(ρ) =
2
√
2

3
√
5
γ
7/2
2
ρ2e−γ2ρ

(12)

etc., where Yl,m(θ, ϕ) are the spherical functions and β1, β2, γ1, γ2, . . . are the variational parameters.
Due to the presence of factors Yl,m(θ, ϕ) the functions which belong to different shells are orthogonal
to each other.

Considering the addition rule of the spherical functions

l
∑

m=−l

Yl,m(θ1, ϕ1)Yl,−m(θ2, ϕ2) =
2l + 1

4π
Pl(t), (13)

where t is the cosine of the angle between vectors ρ1 and ρ2, let us create set of the two-electron
functions from (11), (12)
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ψ1(ρ1,ρ2) =
N1√
2

{

R1s(ρ1)R1s′(ρ2) +R1s(ρ2)R1s′(ρ1)

}

1

4π
P0(t);

ψ2(ρ1,ρ2) =
N2√
2

{

R2p(ρ1)R2p′(ρ2) +R2p(ρ2)R2p′(ρ1)

}
√
3

4π
P1(t);

ψ3(ρ1,ρ2) =
N3√
2

{

R3d(ρ1)R3d′(ρ2) +R3d(ρ2)R3d′(ρ1)

}
√
5

4π
P2(t)

(14)

etc. The functions (14) are normalized,

N1 =

{

1 +
(4α1α2)

3

(α1 + α2)6

}−1/2

,

N2 =

{

1 +
(4β1β2)

5

(β1 + β2)10

}−1/2

,

N3 =

{

1 +
(4γ1γ2)

7

(γ1 + γ2)14

}−1/2

, . . . .

(15)

Due to orthogonality of Legendre polynomials the functions (14) are orthogonal to each other and their
radial factors are generalized the Schull–Löwdin function. Therefore the functions ψi(ρ1,ρ2) form the
two-electron basis in space {R} ≡ {ρ1,ρ2}, which allows us to search the equation solution (1) in the
series form

Ψ−(ρ1,ρ2) =

k
∑

s=1

asψs(ρ1,ρ2). (16)

Substituting the expression (16) in the equation (1), multiplying by ψs(ρ1,ρ2) and integrating by
coordinates we obtain the system of linear homogeneous equations for unknown coefficients as:

a1(H11 − E−) + a2V12 + a3V13 + · · ·+ akV1k = 0;

a1V21 + a2(H22 − E−) + a3V23 + · · ·+ akV2k = 0;

.............................................................................

a1Vk1 + a2Vk2 + a3Vk3 + · · ·+ ak(Hkk − E−) = 0.

(17)

The normalization condition of function (16) requires satisfaction of the expression

k
∑

s=1

a2s = 1. (18)

The matrix elements which appear in the equations (17) are defined as follows:

Hii = 〈ψi|ĥ(r1) + ĥ(r2) + v̂(r1, r2)|ψi〉;

Hij ≡ Vij = 〈ψi|v̂(r1, r2)|ψj〉 by i 6= j.
(19)

All of them are calculated in the analytical form. In particular,

〈ψ1|ĥ(r1) + ĥ(r2)|ψ1〉 = N2

1

{

α2

1 + α2

2 − 2(α1 + α2) + 2
(4α1α2)

3

(α1 + α2)6

[

α1α2 − α1 − α2

]}

Ry;

〈ψ2|ĥ(r1) + ĥ(r2)|ψ2〉 = N2

2

{

β21 + β22 − β1 − β2 +
(4β1β2)

5

(β1 + β2)10

[

2β1β2 − β1 − β2

]}

Ry;

〈ψ3|ĥ(r1) + ĥ(r2)|ψ3〉 = N2

3

{

γ21 + γ22 −
2

3
(γ1 + γ2) +

(4γ1γ2)
7

(γ1 + γ2)14

[

2γ1γ2 −
2

3
(γ1 + γ2)

]}

Ry

(20)
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etc. Using the expansion of factor |ρ1 − ρ2|−1 in a series of Legendre polynomials Pl(t) we reduce
the calculation of matrix elements of inter-electron interactions operator to the integrals calculation of
type

In|m(a|b) =
∫ ∞

0

dρ1 ρ
n
1e

−aρ1

∫ ρ1

0

dρ2 ρ
m
2 e

−bρ2 . (21)

The explicit expressions of the matrix elements Vij through the integrals (21) are given in the Appendix.
The value of energy of H− ion have found by minimizing the root of the secular equation

det |Hij − E−δij| = 0 (22)

with regard to parameters α1, α2, . . . , γ2. It turned out that the minimum energy value is achieved by
β1 = β2, γ1 = γ2, δ1 = δ2, . . . . In order to find the coefficients of expansion as let us use k−1 equation
of system (17) and the normalization condition (18) at the known value of E−. The calculation results
of the ion energy, variational parameters and coefficients of expansion as for different values of number
of terms in expansion (1 6 k 6 4) are given in Table 1.

Table 1. The value of H− ion energy, variational parameters and the coefficients of expansion as.

k 1 2 3 4
E

−
(k),Ry −1.0266 −1.04915 −1.05058 −1.05087
α1 1.0392 1.035582 1.03524 1.03518
α2 0.2832 0.323936 0.326516 0.32706

β1 = β2 − 0.998302 1.00138 1.00151
γ1 = γ2 − − 1.53401 1.53982
δ1 = δ2 − − − 2.09053
a1 1.0000 0.993734 0.9939285 0.993977
a2 − −0.111768 −0.1086079 −0.108094
a3 − − −0.0176175 −0.0171053
a4 − − − −0.005792
c(k) − − 0.039840 0.039592
E

−
(c) − − −1.055054 −1.0552888

3. The perturbation theory

As can be seen from the Table 1 the convergence of series (16) become worse at k > 3, which require
the increase of terms number of series. To omit the cumbersome function, we represent the solution of
the equation (1) as the sum of two terms

Ψ−(ρ1,ρ2) = Ψ0(ρ1,ρ2) + cΦ(ρ1,ρ2). (23)

Here Ψ0(ρ1,ρ2) is the normalized function (16) at k = 3 or 4, which corresponds to the energy E−(k)
found with the known parameters α1, α2, β1, β2, γ1, γ2, . . . as well as known coefficients as. The factor
c is the variational parameter and function Φ(ρ1,ρ2) is the correction to the Schull–Löwdin function,
namely

Φ(ρ1, ρ2) =
M

4π
α3

{

{e−αρ1e−
α

2
ρ2(1− Γρ2) + e−αρ2e−

α

2
ρ1(1− Γρ1)

}

. (24)

The factor M determines from the normalization condition Φ(ρ1, ρ2) and depends on the variational
parameters α and Γ:

M =

{

1− 6
Γ

α

(

1− 2
Γ

α

)

+

(

8

9

)3 [

1− 4
Γ

α

(

1− Γ

α

)]}−1/2

. (25)
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Now we have the problem with three variational parameters, and the energy of ion can be found
from the expression

E−(c) = min
E−(k) + 2c〈Φ|Ĥ |Ψ0〉+ c2〈Φ|Ĥ|Φ〉

1 + 2c〈Φ|Ψ0〉+ c2
. (26)

In our case the parameter c should be several times smaller than in the approximation (4) because
zero-order approximation of the function φ0(ρ1,ρ2) gives more than 90% of ionization energy. On the
other hand, the coefficients of the expansion (16) have such order: a1 ≈ 1.0; |a2| ∼ 0.1; |a3| ∼ 0.01.
Therefore, while calculating matrix elements, which appear in the expression (24), we consider the
approximation

〈Φ|Ψ0〉 ∼= a1〈Φ|ψ1〉, 〈Φ|Ĥ|Ψ0〉 ∼= a1〈Φ|Ĥ|ψ1〉. (27)

As follows from orthonormality of the functions ψi(ρ1,ρ2)

〈Φ|v̂(r1, r2)|ψ1〉 = 2Ry. (28)

Herewith instead the matrix element 〈Φ|v̂(r1, r2)|Ψ1〉 we used the corrected matrix element

A〈Ψ1|v̂(r1, r2)|Ψ1〉〈Φ|ψ1〉+ (1−A)〈Φ|v̂(r1, r2)|Ψ1〉, (29)

which effectively takes into account the influence upper terms of expansion (16). The factor A =
0.5(

√
3− 1) corresponds to the “golden section” approximation. At k = 4 and Γ = 0.1001, α = 0.4095

the energy minimum is achieved at c0 = −0.1202. The value of ion energy equals E− = −1.055502Ry,
that corresponds to the result of the work [7].

The normalized function (23) is presented in the form

Ψ−(ρ1,ρ2) =

4
∑

s=1

ãsψi(ρ1,ρ2) + c̃0Φ(ρ1, ρ2), (30)

where

ãs = asη
−1/2,

c̃0(k) = c0η
−1/2,

η = 1 + 2c0a1〈Φ|ψ1〉+ c20 = 0.910821.

(31)

4. Conclusions

As follows from the calculation of the energy, the distribution of electron density in H− ion can be
interpreted within shell model. Two of the shells correspond to the spherically-symmetric distribution
of charge (the function ψ1(ρ1,ρ2)), and the maximum of distribution is in the distances approximately
a0 and 3a0 from the proton. Three other shells correspond to the distribution of charge by type 2p-,
3d- and 4f -hydrogen function, and the maximum of radial distribution is in the distances ≈ 2a0. The
most significant contributions to the ionization energy gives the spherically-symmetric shells and shell
of the 2p-type. The shell of 3d-type gives much lower contribution, and the contribution of 4f -shell is
negligible. The function Ψ0(ρ1,ρ2) gives more than 90% of ionization energy. The correction function
Φ(ρ1,ρ2) gives the contribution to the ionization energy which is approximately 5 times less than the
contributions of functions ψ1(ρ1,ρ2) or ψ2(ρ1,ρ2). Nevertheless, this contribution is also important,
it takes into account the radial and angular correlations between electrons from the first and third
shells and allows us to achieve spectroscopic accuracy (∼ 10−5 Ry) in the calculation of the ionization
energy of negative ion of hydrogen.
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Appendix

Let us show here the expressions of matrix elements of operator of inter-electron interactions v̂(r1, r2)
which appear in the expression (19):

V11 = 8N2

1

α1α2

(α1 + α2)4

{

α1α2(α1 + α2) +
α3
1
+ α3

2

4
+ 5

(α1α2)
2

α1 + α2

}

;

V22 =
64

9
N2

2 (β1β2)
5

{

Is
3|4(2β1|2β2) + I3|4(β1 + β2|β1 + β2)

+
2

5

[

Is
1|6(2β1|2β2) + I1|6(β1 + β2|β1 + β2)

]

}

;

V33 = N2

3

1

25

(

4

3

)4

(γ1γ2)
7

{

Is
5|6(2γ1|2γ2) + I5|6(γ1 + γ2|γ1 + γ2)

+
2

7

[

Is
3|8(2γ12γ2) + I3|8(γ1 + γ2|γ1 + γ2) + I3|8(γ1 + γ2|γ1 + γ2)

+ Is
1|10(2γ12γ2) + I1|10(γ1 + γ2|γ1 + γ2)

]

}

;

V12 = N1N2

64

3
√
3
(α1α2)

3/2(β1β2)
5/2

{

Is
1|4(α1 + β1|α2 + β2) + Is

1|4(α2 + β1|α1 + β2)
}

;

V13 = N1N3

128

45
√
5
(α1α2)

3/2(γ1γ2)
7/2

{

Is
1|6(α1 + γ1|α2 + γ2) + Is

1|6(α1 + γ2|α2 + γ1)
}

;

V23 = N2N3

256

9 · 15
√
15

(β1β2)
5/2(γ1γ2)

7/2 +
{

Is
3|6(β1 + γ1|β2 + γ2)

+ Is
3|6(β1 + γ2|β2 + γ1) +

9

14

[

Is
1|8(β1 + γ1|β2 + γ2) + Is

1|8(β1 + γ2|β2 + γ1)
]

}

;

(32)

etc. All matrix elements are dimensionless and expressed in Ry. Here are also introduced the symmetric
integrals (21), namely

Is
n|m(a|b) ≡ 1

2

{

In|m(a|b) + In|m(b|a)
}

. (33)

The matrix elements and overlap integrals which appear in (24), (26) are also calculated in analytical
form or reduced to the tabular integrals:

〈Φ|ψ1〉 = 16
√
2MN1α

3(α1α2)
3/2

{

α2 +
α
2
− 3Γ

(α+ α1)3(α2 +
α
2
)4

+
α1 +

α
2
− 3Γ

(α+ α2)3(α1 +
α
2
)4

}

;

〈Φ|v̂12|ψ1〉 =
16√
2
MN1α

3(α1α2)
3/2

{

I12

(

α+ α1, α2 +
α

2

)

− ΓI13

(

α+ α1, α2 +
α

2

)

+ I12

(

α1 +
α

2
, α+ α2

)

− ΓI22

(

α1 +
α

2
, α+ α2

)

+ I12

(

α+ α2, α1 +
α

2

)

− ΓI13

(

α+ α2, α1 +
α

2

)

+ I12

(

α2 +
α

2
, α+ α1

)

− ΓI22

(

α2 +
α

2
, α+ α1

)

}

;

〈Φ|ĥ1 + ĥ2|ψ1〉 =
32√
2
MN1α

3(α1α2)
3/2

{

α1(α− 1) + α2(
α
2
− 1)− 3

2
α

(α+ α1)3(α2 +
α
2
)3

+
α2(α− 1) + α1(

α
2
− 1)− 3

2
α

(α+ α2)3(α1 +
α
2
)3

− Γ[α2(α− α2)− 2α2 + 3α1(α− 1)− 4α]

(α+ α1)3(α2 +
α
2
)4

− Γ[α1(α− α1)− 2α1 + 3α2(α− 1)− 4α]

(α+ α2)3(α1 +
α
2
)4

}

.
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Оболонкова модель електронної структури
негативного iона водню

Ваврух М., ДзiковськийД., Стельмах О.

Львiвський нацiональний унiверситет iменi Iвана Франка,

вул. Кирила i Мефодiя, 8, Львiв, 79005, Україна

У межах нерелятивiстського наближення одержано компактний наближений розв’я-
зок рiвняння Шредингера для iона H− у виглядi розкладу за полiномами Лежандра
i варiацiйними функцiями типу Шулля–Льовдiна. Точнiсть розрахунку енергiї iона
вiдповiдає результатам, одержаним за допомогою багатопараметричних функцiй Гiл-
лєраса i Пекерiса.

Ключовi слова: негативний iон водню, базисний пiдхiд, варiацiйний пiдхiд, енергiя

iонiзацiї.
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