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Mathematical modeling of 2-hydroxyethylmethacrylate with polyvinylpyrrolidone copoly-
merization process according to technological parameters of the exothermic reaction has
been carried out by Scheffe’s simplex-lattice planning method. Optimization of polymer
monomer composition formula has been carried out and the regression equations of the
main parameters of exothermic polymerization — gelation time, the duration of the gel
effect area, and the maximum temperature of the exotherm have been obtained. Using
the mathematical model obtained, the content of the initial composition has been defined.
The exothermic effects of such initial composition polymerization provide the optimal
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1. Introduction

In connection with the significant complexity of research objects of real technological systems and with
a considerable increase of expenses for carrying out the experimental research, a problem of improving
the mathematical modeling methods of these systems is actual. Such an improvement of mathematical
models and methods contributes to the development of practical qualitative and analytical computa-
tional algorithms with the aim, in particular, of designing and optimizing the parameters of physical [1],
mechanical [2], social systems [3], etc.

In recent years, approaches to experimentally-static research changed radically. In chemical tech-
nologies, in particular, in the technology of polymers synthesis, an experiment is the main source of
information. However, usually, the obtaining of experimental data is a process, which needs a lot of
material expenses, time, energy, etc. [4, 5]. Therefore, for modeling chemical and technological pro-
cesses the mathematical modeling of an experiment is widely used nowadays [6–10]. One of the relevant
technological issues is planning and optimization of multicomponent systems [11–13], and also a pre-
diction of characteristics and properties of produced polymers and composites. Quite often, properties
of obtained material do not depend on the volume of the initial composition, but on its ingredients
content only. Developed methods of optimization provide the use of a mathematical apparatus not
only on the stage of analyzing research results but also during their forecast. That gives an opportunity
to decrease significantly materials and time consuming for providing the experiment occurring [14,15].
The greatest use was made by Scheffe’s simplex-lattice plans [16–18]. The advantage of simplex-lattice
plans (SLP) is the possibility to predict the values of properties for multicomponent systems with any
composition using the minimum experimental results [17].
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2. Statement of the problem

Nowadays, significant success has been achieved in the development of the new methods [19], optimiza-
tion of the synthesis conditions [20] and the properties [21,22] of composite metal-filled polymers. This
is a prerequisite for creating materials with unique properties for different fields of application [23].
Composite materials based on metal-filled polymer hydrogels have particular importance among these
materials [24, 25]. The uniqueness of such materials is provided by a synergy of properties of the
polymer matrix and metal filler [26, 27]. Mainly, the choice of the method for obtaining metal-filled
hydrogels affects the formation of their complex of properties [28]. A new method of obtaining metal-
filled hydrogels based on copolymers 2-hydroxyethyl methacrylate (HEMA) with polyvinylpyrrolidone
(PVP) was proposed, which consists in the implementation of polymerization with the simultaneous
reduction of metal ions by using an exoeffect of polymerization [29, 30]. The possibility of obtaining
metal-filled hydrogels by polymerization with simultaneous chemical reduction of nickel [29] and ar-
gentum [30] ions has been proved. The diverse influence of the initial polymer-monomer composition
(PMC) formula on the parameters of the exothermic process was proved that complicates the choice
of the ratio of components for synthesis by the experimental method.

At the same time, the development of technology for obtaining metal-filled hydrogels by poly-
merization method with simultaneously chemical reduction of metal ions suggests the grounding and
determination of optimal technological parameters for its realization. One of the important stages of
the process is a chemical deposition of metal filler particles. As kinetic investigations of the speed
of nickel ions reduction by hypophosphites have shown, the main parameters of the process are the
duration of the induction period of reduction (τi.r.), duration of reduction (τr.t.), the reduction tem-
perature (Tr) [28]. A start time of gel formation (τs.f.), a duration of gel effect area (τd.e.) and the
maximum exothermic temperature (Tmax) [29, 30] were used for a characteristic of the copolymeriza-
tion process HEMA with PVP [26, 27]. τs.f., τd.e., Tmax parameters have been taken on the base of
thermometric polymerization research [29,30]. It needs to choose compositions, which polymerize with
the maximum heat liberation, the minimum induction period and with the maximum gel effect area
according to the technological features of obtaining metal-filled hydrogels by the proposed method.
The kinetic parameters of the polymerization depend on the composition PMC, the content of the
solvent and T0, what have been shown by the results of what have been shown by the results of ther-
mometric research. The initial temperature of polymerization was taken Tmax = 50 ◦C. At higher
initial temperatures, Tmax increases to 110 − 130 ◦C with intense boiling of the composition. At the
same time, it has been determined that the content of solvent, of HEMA and PVP initial composition
has a diverse influence on the parameters of the exothermic process. Experimentally, the optimal com-
bination of the influence factors values could not be figured out (content of the original composition
components), which helps to achieve the extremums of all the necessary response functions. There-
fore, for research the simultaneous influence of initial composition components on the parameters of
exothermic process was used optimization by means of Scheffe’s SLP in order to reduce the amount
of experimental costs. The effectiveness of using SLP to optimize compositions based on PVP was
confirmed in previous works [11, 12]. However, all carried out research concerns the establishment of
the dependence of “composition–property”. The purpose of this work is to implement an optimization
of the composition of the original HEMA/PVP/H2O composition and to obtain the dependences of
“composition–technological parameters” with the possibility of forecasting the technological conditions
for the chemical reduction of metal ions during polymerization.

3. The method of constructing a multivariate mathematical model

For mixtures, whose properties depend only on the component ratio, the factor space is a regular
(q − 1)-dimensional simplex [16]. The necessary requirement in the simplex method is to provide a
condition fulfillment (1) at each experimental point
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q
∑

i=1

Xi = 1,

where Xi > 0 is the concentration of the i-th component in the composition, q is the number of mixture
components.

During the research of the mixtures properties, which depend only on three components, the factor
space is represented as an equilateral triangle (Fig. 1). In this case, the ratio is executed:

X1 +X2 +X3 = 1.

The vertices of the triangle correspond to the pure substances, the sides correspond to the double
systems.

X
1

X
2

X3X1

X2

X3

a

X
1

X
2

X3X1

X2

X3

Z1

Z2

Z3

b
Fig. 1. Triangles for the research of “composition–property” diagrams: (a) is concentration triangle;

(b) is local area of research.

Table 1. The matrix of planning
for {3, 2}–lattice.

No. X1 X2 X3 Xexp

1 1 0 0 y1
2 0 1 0 y2
3 0 0 1 y3
4 1/2 1/2 0 y12
5 1/2 0 1/2 y23
6 0 1/2 1/2 y13

Scheffe’s plans provide an equitable distribution of experimen-
tal points for (q − 1) is measuring simplex. Experimental points
represent{q, n} is lattice on the simplex, where q is the number of
composition components, n is the degree of polynomial [16]. In this
case, the result of the research is a multifactor mathematical model in
the form of a polynomial of a given degree. Simplex-lattice plans are
saturated plans. There are (n+1) equally placed levels Xi = 0, 1/n,
2/n, . . ., 1 for each component and all possible combinations with
the following values of component concentrations are used. Thus,
for the quadratic lattice {q, 2}, which ensures approximation the re-

sponse surface by polynomials of the second degree, the following levels of each of the factor must be
used: 0, 1/2 and 1. The matrix of planning will be obtained by writing the point’s coordinates of the
simplex lattice (Table 1).

Indices near the properties of the mixture indicate the relative content of each component in the
mixture. For example, mixture 1 consists of only the component 1, the property of this mixture is
indicated by y1, mixture 4 consists of 1/2X1 and 1/2X2, the property is indicated by y12.

The coefficients of the polynomial can be figured out, by using the property of the plan saturation.
The coefficients of a polynomial can be obtained by

y′ = β1X1 + β2X2 + β3X3 + β12X1X2 + β13X1X3 + β23X2X3, (1)

Mathematical Modeling and Computing, Vol. 6, No. 2, pp. 258–267 (2019)



The Scheffe’s method in the study of mathematical model of the polymeric hydrogels . . . 261

sequentially substitution the all six points of the matrix of planning into the equation of coordinate
(Table 1). Then, the first point (X1 = 1, X2 = 0, X3 = 0) will be:

β1 = y1. (2)

Accordingly
β2 = y2; β3 = y3. (3)

After the substituting the other points (Table 1) into the equation (1) by considering (2) and (3),
the following will be obtained:

β13 = 4y13 − 2(y1 + y3);
β12 = 4y12 − 2(y1 + y2);
β23 = 4y23 − 2(y2 + y3).

(4)

After finding the coefficients of the regression equation, it is necessary to do a statistical analysis
of the obtained results —- to check the adequacy of the equation. To verify the equation for adequacy,
experiments were carried out in additional, so-called control points.

While studying the “composition–property” diagrams of q-component systems, the necessity arises
to research the dependence of the property on the composition, not in the whole region of the compo-
nents’ concentration change 0 6 Xi 6 1, but on the local area of the diagram: 0 6 ai 6 Xi 6 bi 6 1, i =
1, 2, . . . , q [16] (Fig. 1b). The local area of the research on the diagram is an improper simplex, the coor-

dinates of vertices of which A1(X
(1)
1 ,X

(1)
2 , . . . ,X

(1)
q ), A2(X

(2)
1 ,X

(2)
2 , . . . ,X

(2)
q ), Aq(X

(q)
1 ,X

(q)
2 , . . . ,X

(q)
q )

are known. For applying the plans, which had used to research the full diagrams, the renormalization
was performed and the content in the vertices Ai = (1, 2, 3) was accepted like the independent pseudo-
components Zi in such a way that the condition should be performed for the whole region of the local
simplex:

q
∑

i=1

Zi = 1. (5)

Planning of the experiment is carried out in the coordinate system of pseudo-component. Any plan
can be constructed, relatively to the new variables Z1, Z2, . . . , Zq that satisfy the condition (5). It’s
necessary to make a transfer from pseudo-component Zi to initial component Xi. For any k-th point
of the plan, this transfer is carried out according to the formula:

X
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,

where Xi is the content of the i-th component in the vertex Zj (Aj).
The coefficients of the regression equation in the coordinates of the pseudo-component can be

calculated through the implementation of plan and using the formulas (2)–(4):

y = (Z1, Z2, . . . , Zq). (6)

For practical use of the equation (6) it should be written in the initial coordinate system by using the
transfer coordinates formulas from one affine system to another:
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(7)
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The Z
(j)
i value can be figured out by solving equations system (8).
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where Z
(i)
i is the pseudo-component Zi content in the vertices of the initial simplex; X

(j)
i is the content

of the i-th component in the vertices Zj (Aj), j = 1, 2, . . . , q.
Whereas, such a transfer of coordinates is possible only for equations with independent variables, it

is necessary to transform the initial regression equation. To do this, one variable should be excluded,
for example the last one and write down:

Zq = 1−
q−1
∑

i=1

Zi.

4. Results of numerical calculations

The first stage of the study is to obtain equation-dependences that will be an experimental statistical
model of the task and provide the ability to predict the required property for any combination of
component content in the PMC.

In our case, not the whole concentration triangle was investigated, but only its local part, which is
a simplex with vertices A1(72% HEMA; 8% PVP; 20% H2O); A2 (56% HEMA; 24% PVP; 20% H2O);
A3 (56% HEMA; 8% PVP; 36% H2O) (Fig. 2).
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Fig. 2. The field of property research.

Let X1 denote the content of HEMA in the original
composition, %; X2 is the content of PVP, %; X3 is the
content of H2O, %. The optimization was carried out for
exothermic parameters — the start time of the gel forma-
tion (τs.f., min), gel-effect area (τd.e., min) and the maxi-
mum exothermic temperature (Tmax,

◦C).
In order to obtain the regression equations, the

Scheffe’s SLP relative to the pseudo-components Z1, Z2,
Z3 should be constructed. To solve the task, the SLP {3,
2} and a second-order polynomial for a triple system (3)
were used. In this case, the number of experimental points
is 6.

In Table 2, conditions and results of experiments in the
form of pseudo-components and on a natural scale have
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been presented, which were obtained on the basis of the planning matrix (Table 1). The average
results ye1 (Tmax,

◦C), ye2 (τs.f., min) and ye3 (τd.e., min) were obtained by two parallel experiments.
Let y′1 denote the regression equation Tmax, y′2 is the regression equation τs.f., y′3 is the regression
equation τd.e..

Table 2. Conditions and results of experiments in the form of
pseudo-components and on a natural scale.

No.
Pseudo-components Natural variables

ye
1

ye
2

ye
3Z1 Z2 Z3 X1 X2 X3

1 1 0 0 0.72 0.08 0.20 103.5 23.00 37.00
2 0 1 0 0.56 0.24 0.20 84.40 13.00 18.20
3 0 0 1 0.56 0.08 0.36 79.00 24.20 36.50
4 1/2 1/2 0 0.64 0.16 0.20 96.80 16.00 28.00
5 1/2 0 1/2 0.64 0.08 0.28 92.00 23.70 36.90
6 0 1/2 1/2 0.56 0.16 0.28 84.00 17.40 26.40

Using the matrix of planning, conditions and results of the experiment (Tables 1, 2) and using the
property of unsaturated plan [16], the coefficients of the polynomial (1) for y′1, y′2 and y′3 can be
calculated by the equations (2)–(4).

For y′1: β1 = 103.5; β2 = 84.4; β3 = 79; β12 = 11.4; β13 = 3; β23 = 9.2

y′1 = 103.5Z1 + 84.4Z2 + 79Z3 + 11.4Z1Z2 + 32Z1Z3 + 9.2Z2Z3; (9)

for y′2: β1 = 23; β2 = 13; β3 = 24.2; β12 = −8; β13 = 0.4; β23 = −4.8

y′2 = 23Z1 + 13Z2 + 24.2Z3 − 8Z1Z2 + 0.4Z1Z3 − 4.8Z2Z3; (10)

for y′3: β1 = 37; β2 = 18.2; β3 = 36.5; β12 = 1.6; β13 = 0.6; β23 = −3.8

y′3 = 37Z1 + 18.2Z2 + 36.5Z3 + 1.6Z1Z2 + 0.6Z1Z3 − 3.8Z2Z3. (11)

Pseudo-components Z1, Z2, Z3 can be calculated, using the formulas of coordinates transfer (7) in
the form

Z1 = Z
(1)
1 +X2

(

Z
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(1)
1

)

+X3

(

Z
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1 − Z

(1)
1

)

;
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2 +X2

(

Z
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(1)
2

)

+X3

(

Z
(3)
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2

)

;

Z3 = 1−
(

Z1 − Z2

)

.

(12)

For a three-component composition, the system of equations (8) takes the form:
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(2)
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X
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2 +X
(3)
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2 +X
(3)
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(13)

Substituting the initial values (Table 2) in the system of equations (13):

X
(1)
1 = 0.72; X

(1)
2 = 0.08;

X
(2)
1 = 0.56; X

(2)
2 = 0.24;

X
(3)
1 = 0.56; X

(3)
2 = 0.08.
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it is obtaining

Z
(1)
1 = 2.75; Z

(2)
1 = −3.5; Z

(3)
1 = −3.5;

Z
(1)
2 = −0.5; Z

(2)
2 = 5.75; Z

(3)
2 = −0.5.

Using the obtained values of Z
(j)
i and equation (12), the dependency between the natural coordinates

Xi and the coordinate system Zi can be figured out:

Z1 = 2.75 − 6.25X2 − 6.25X3;

X2 = 6.25X2 − 0.5; (14)

Z3 = 6.25X3 − 1.25.

Substituting the equation (14) into (9), (10) and (11), the regression equation in the initial coordinates
can be obtained

y1 = 123.44 + 63.75X2 − 71.25X3 − 203.13X2X3 − 445.31X2
2 − 117.19X2

3 ; (15)

y2 = 33.13 − 184.38X2 + 7.5X3 + 109.38X2X3 + 312.5X2
2 − 15.63X2

3 ; (16)

y3 = 40.39 − 50.63X2 + 28.75X3 − 234.38X2X3 − 62.5X2
2 − 23.44X2

3 . (17)

After determining the coefficients of the regression equations, the adequacy of these equations was
checked by Student’s criteria (t) in three control points (Table 3). The value of t-ratio was found for
each point.

t =
∆y

√
n

s2y
√
1 + ξ

,

where ∆y = |ye − yc|; ye, yc are the properties obtained by the experimental (Table 3) and the
calculated (based on the obtained regression equations) methods accordingly; n is the number of
parallel experiments at each point (n = 2); s2y is reproducibility dispersion (s2y and ξ were calculated
according to the method presented in [15]).

Table 3. Examination the model for adequacy.

No.
Natural variables

ye
1

yc
1

∆y1 t1 ye
2

yc
2

∆y2 t2 ye
3

yc
3

∆y3 t3
exp. X1 X2 X3

7 0.67 0.08 0.25 96.50 96.49 0.01 0.08 23.50 23.47 0.03 0.12 37.20 36.98 0.22 0.85

8 0.67 0.13 0.20 100.0 99.98 0.02 0.15 18.00 18.16 0.16 0.62 31.80 31.47 0.33 1.27

9 0.54 0.13 0.33 79.20 79.22 0.02 0.15 19.50 19.91 0.41 1.59 30.00 29.63 0.37 1.42

0.72

0.70

0.68

0.66

0.64

0.62

0.60

0.58

0.56 0.24

0.22

0.20

0.18
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0.08

0.20 0.22 0.24 0.26 0.28 0.30 0.32 0.34 0.36

X
1

X
2

X3

Tmax, ◦C τs.f., min τd.e., min

Fig. 3. The lines of the exothermic process equal pa-
rameters’ values.

For all control points at the level of sig-
nificance p = 0.05, the number of degrees of
freedom fy = 3 and ttable = 3.18 value of
the t-criterion, in each case, are less than the
tabular value (Table 3). Therefore, the calcu-
lated regression equations are adequate to the
experiment and describe the obtained depen-
dences with sufficient accuracy. Equations (15)–
(17) provide a prediction of the parameters’
change character of the exothermic copolymer-
ization HEMA with PVP – a start time of gel
formation, a gel-effect area and the maximum
exothermic temperature (Tmax) for any formula
of the initial composition.

The second research stage is the isolines con-
struction of changing the exothermic parame-
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ters according to the obtained regression equations, depending on each component content of the
original composition (Fig. 3).

The obtained lines of equal parameters’ values provide a quick search for a totality of values
of the components’ concentrations in the reaction composition, which make possible to obtain the
optimal technological conditions, that are necessary for precipitating the required metal fillers during
the polymerization.

5. Conclusions

Using the Scheffe’s simplex-lattice planning method, the optimization of the experiment was made to
forecast the polymerization parameters of HEMA/PVP compositions, which define the technological
regime of metals’ chemical precipitation. The obtained regression equations are a mathematical mod-
eling result, which allows establishing analytically the relationship of exothermic processes parameters
with the technological conditions for the reduction of metal ions, as well as with the formula of the
polymer-monomer composition. The obtained lines of equal values of parameters will significantly
reduce the experimental search for a composite formula with given parameters of the polymerization
process exothermically, depending on the nature of the deposited metal.
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Використання методу Шеффе у дослiдженнi математичної
моделi оптимiзацiї композицiйних складiв полiмерних гiдрогелiв

Гриценко О. М.1, Пукач П. Я.1, Суберляк О. В.1, Моравський В. С.1, Ковальчук Р. А.2,
Бережний Б. В.1

1Нацiональний унiверситет “Львiвська полiтехнiка”,

вул. С. Бандери, 12, Львiв, 79013, Україна
2Нацiональна академiя сухопутних вiйськ iменi гетьмана Петра Сагайдачного,

вул. Героїв Майдану, 32, Львiв, 79012, Україна

Методом симплекс–ґраткового планування Шеффе здiйснено математичне моде-
лювання процесу кополiмеризацiї 2-гiдроксiетилметакрилату з полiвiнiлпiролiдоном
за технологiчними параметрами екзотермiї реакцiї. Здiйснено оптимiзацiю складу
полiмер-мономерної композицiї та одержано рiвняння регресiї основних параметрiв
процесу екзотермiї полiмеризацiї — часу початку гелеутворення, тривалостi областi
гель–ефекту, максимальної температури екзотермiї. З використанням одержаної ма-
тематичної моделi встановлено вмiст вихiдної композицiї, екзотермiчнi ефекти про-
цесу полiмеризацiї якої забезпечують оптимальнi технологiчнi параметри стадiї вiд-
новлення йонiв металiв пiд час полiмеризацiї.

Ключовi слова: математичне моделювання, метод Шеффе симплекс–ґраткового

планування, оптимiзацiя композицiйних складiв, металонаповненi гiдрогелi, екзо-

термiя.
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