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Abstract. The methodology of the studying of dynamic processes in two-dimensional systems 
by mathematical models containing nonlinear equation of Klein-Gordon was developed. The 
methodology contains such underlying: the concept of the motion wave theory; the single - 
frequency fluctuations principle in nonlinear systems; the asymptotic methods of nonlinear 
mechanics. The aggregate content allowed describing the dynamic process for the undisturbed 
(linear) analogue of the mathematical model of movement. The value determining the impact of 
nonlinear forces on the basic parameters of the waves for the disturbed analogue is defined. 

Keywords: dispersion ratio, amplitude, frequency, wave number, mathematical model, 
nonlinear oscillations, asymptotic solution. 

Introduction 

The concept of wave motion in the study of various dynamic processes has been widely used for 
many linear models of physical or mechanical systems. However, in the linear models cannot always 
explain many phenomena that take place in real systems. First of all talking about the fluctuations of one 
and many-dimensional bodies and environments. The problem is much more complicated for the case 
when the last are characterized by constant or variable longitudinal movement speed [1], [2], [3], [4] (rope 
tensions, belt and chain gear, loose medium during vibratory processing, pipelines along which the fluid 
moves and others).  It is impossible to apply the classical methods such as Fourier or D'Alembert for 
analytical studies even linear (simplified) oscillating models of these systems. Despite the specified, the 
systems classes are allocated in the work. Their mathematical models of the process are same type of 
nonlinear partial differential equations, which contains mixed derivative of linear and time variables. It 
takes into consideration the longitudinal component of the medium movement and associated with it major 
problems linear models of systems integrating. Based on the wave theory of motion the single – frequency 
decoupling is managed to build for it. This in turn has served the basis for consideration nonlinear models 
of systems, dissemination of asymptotic methods of nonlinear mechanics [5], [6], [7] on new classes of 
dynamical systems. They allowed receiving the calculated dependences to research the impact of physical 
– mechanical parameters, nonlinear forces and speed of longitudinal motion on the main characteristics of 
a dynamic process. 

Problem Statement 

As known the mathematical model of nonlinear longitudinal or transverse vibrations of two-
dimensional environment in Euler variables which characterized by a constant speed of longitudinal 
motion V  is differential equation: 

( )2 22 , , , , , ,tt xt xx yy x y t xx yy xyu Vu u u u f u u u u u u uα β γ ε+ − − + = , (1) 
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where , ,α β γ  are constants, which are expressed through the physical and mechanical characteristics of 

the environment; ( ), , , , , ,x y t xx yy xyf u u u u u u uε  is known analytic function; ε  is small parameter. 

For equation (1) we consider the form of boundary conditions: 

( ) ( )0
, , , , 0

x x l
u t x y u t x y

= =
= = . (2) 

The problem is to determine the impact on environment entire spectrum of external and internal 
factors dynamical process. It is fully possible to make only based on the solution of the boundary value 
problem (1), (2). For its location the basic ideas presented in [8], [9] are developed in this paper. Their 
essence is to spread the concept of wave motion in case of longitudinally moving media. 

It should be noted that, based on the wave theory of motion in the works [10], [11], asymptotic 
approximation quasilinear and nonlinear models of one-dimensional equations Klein-Gordon and 
Brezerton, that consider the dynamics of their environments without longitudinal movement are built. It is 
reviewed the cases of a so-called “long systems” for which the boundary conditions were not considered. 
In papers [5], [6] the basic idea is spread in case of “short systems” with consideration of appropriate 
boundary conditions. This shows: the environment dynamic process in the case of one-dimensional 
medium, which characterized by a constant velocity component longitudinal movement, can be seen as 
overlapping waves of different lengths but identical frequencies. Moreover, based on the above the 
asymptotic approximation aces for perturbed models of these equations were managed to built, 
autonomous and non autonomous case was reviewed. 

Mathematical model 

Considering that the right side of equation (1) is proportional to the small parameter ε  for 
constructing asymptotic solutions formulated above boundary value problem we can apply the general 
ideas of perturbation methods. According to the latter, we’ll show that the unperturbed ( 0ε = ) boundary 
value problem that corresponds (1), (2), namely: 

2 2 2 2
0 0 0 0 02 ( ) 0tt xt xx yyu Vu V u u uα β γ+ − − − − = ; (3) 

( ) ( )0 00
, , , , 0

x x l
u t x y u t x y

= =
= =  (4) 

has a solution of the wave type. Developing the basic idea of works [8], [9], indeed the solution of equation 
(3) for the boundary conditions (4) will be sought in the form: 

( ) ( ) ( ), , cos cosu t x y a x y t b x y tκ δ ω φ χ δ ω ψ= + + + + − − + , (5) 

where, respectively ω  is frequency; ,a b  are amplitudes of the direct and reflected waves; ,κ χ  are their 

wave numbers; δ  is a wave number of the transverse component of the wave; ,φ ψ  are initial phases of 

the waves. 
Representing the solution in the form (5) doesn’t contradict to known classical results, because of it, 

as will be shown below were obtained known classical value as a special case when 0γ δ= = . Indeed, 

substituting (3) in place of derivative expressions which deriving from (5), to contact between frequency 
and wavenumber the dispersion relations are obtained: 

2 2 2 2 2 2 22 ( ) 0,V Vω ωκ α κ β δ γ+ − − − − =  
2 2 2 2 2 2 22 ( ) 0V Vω ωχ α χ β δ γ− − − − − = . 

(6) 

Also, the representation of the solution in the form (5) will satisfy the boundary condition at 0x = ,  
if there is a relationship between the amplitudes and initial phases of the wave form a b= − φ ψ= − , 

Similarly the representation of the solution in the form (5) will satisfy the conditions in x l= , if the 
identity is performed: 

( ) ( )cos cos 0l y t l y tκ δ ω φ χ δ ω φ+ + + − − − − ≡ . (7) 

Identity (7) will be carried out at any moment of time t , if there is a connection between wave 
numbers κ , χ , δ  and parameter l : 
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( ) ( )cos cos 0l y l yκ δ χ δ+ − − ≡ , 

( ) ( )sin sin 0l y l yκ δ χ δ+ − − ≡ . 
(8) 

Identities (8) are defined by wave numbers κ , χ  in the form: 

2
, 1, 2, ...

k
k

l

πκ χ+ = = . (9) 

The dispersion relation (5), together with the dependence (9) allows determining the wave numbers 
,κ χ  and frequency of process ω : 

2 2 2 2 2 2 2

2 2

( )V l k Vk

l l V

γ δ π απκ
α α

+ −
= +

−
, 

2 2 2 2 2 2 2

2 2

( )V l k Vk

l l V

γ δ π απχ
α α

+ −
= −

−
, 

2 2 2 2 2 2 2 2 21
( )V l k V

l
ω α γ δ π α

α
= − ⋅ + − . 

(10) 

In the obtained dependences parameter δ  is the wave number of transverse waves that remains 
undefined. It can be found with additional conditions. In particular assuming that across the medium fits 

integer number of half-wave, than the parameter δ  takes the value 
m

b

πδ =  (b  is the width environment, 

1, 2, ...m= ). Thus, the specified assumptions the dynamic process in a linear environment model described 

by the relation: 

( )
2 2

0 , , cos
k V m V

u t x y a x y t
l b

π π α φ
α α

 − = + ∆ + + ∆ + −  
  

 

2 2

cos
k V m V

x y t
l b

π π α φ
α α

 − − − ∆ − − ∆ −   
  

; 

2 2 2 2 2 2 2

2 2

( )l k V

l V

γ δ π α
α

+ −
∆ =

−
. 

(11) 

Submitted graphical dependencies show the impact of physical and mechanical properties and the 
speed of longitudinal movement on the dynamics of the linear model environment. In particular, for larger 
values of velocity of longitudinal movement the frequency of natural oscillations is smaller and at a speed 
of longitudinal motion V α=  oscillation is failured. 

The obtained value pave the way for the study of the effect on the dynamic process of nonlinear 
forces, that is, to derive the solution perturbed equation. According to the general principles of construction 
of solutions nonlinear differential equations with a small parameter in the right side, the solution perturbed 
equation (1) for homogeneous boundary conditions (2) will be sought in the form of asymptotic series: 

( ) ( ) ( )( ) ( ) ( )2
1 2, , cos cos , , , , , , ...u x y t a x y x y u a x y u a x yκ δ θ χ δ θ ε θ ε θ= + + − − − + + + , (12) 

where tθ ω φ= + , and unknown functions ( ) ( )1 2, , , , , , , , ...u a x y u a x yθ θ  should be determined so that:  

a) asymptotic representation of the solution (12) satisfies with the required degree of accuracy the original 
equation (1); b) be periodic relatively to ,x y,θ  ; c) satisfy the boundary conditions arising from (2). 

In addition, the nonlinear force is the reason that the parameters a  and φ  for a perturbed case are 

variables. Below we consider the case when these parameters are depending on time, and do not change 
their values along the tape. Laws of changes will be sought in the form of differential relations: 

( ) ( )2
1 2 ...ta A a A aε ε= + + ,          ( ) ( )2

1 2 ...t B a B aφ ε ε= + + . (13) 
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Thereby, task is to identify these unknown functions ( ) ( )1 2, , ...,A a A a  ( ) ( )1 2, , ...,B a B a  and 

( )1 , , , ,u a x yθ  ( )2 , , , , ...,u a x yθ  in which the asymptotic representation of the solution (11) with the 

necessary degree of accuracy satisfies the original equation (1). To do this by differentiating (12) with 
regard to the variable (13), we have: 

( ) ( ) ( ) ( ) ( ){
( ) ( ) ( )

1

21
1

, sin sin cos cos

sin sin ...,

tu x t a x y A a x y x y

u
aB a x y x y

ω κ δ θ ε κ δ θ χ δ θ

κ δ θ χ δ θ ω ε
θ

= −  + + +  +  + + − − −  −   

∂ −  + + + − −  + +  ∂ 

 

( ) ( ) ( )
( ){ ( ) ( )

( ) ( ) ( )

2

1

2
21

1 2

, cos cos

2 sin sin

2 cos cos ....

ttu x t a x y x y

A a x y x y

u
aB a x y x y

ω κ δ θ χ δ θ

ωε κ δ θ χ δ θ

κ δ θ χ δ θ ω ε
θ

= −  + + − − −  − 

−  + + + − −  + 

∂+  + + − − −  − +  ∂ 

 

(14) 

  
a b 

  
c d 

Fig. 1. The dependence of wave numbers on speed V and physical-mechanical characteristics of environment 
(parameters α, γ) and frequency of natural oscillations of these parameters 
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Similarly, we find , ,xt xx yyu u u : 

( ) ( ) ( )
( ) ( ) ( ){

( ) ( ) ( )

1

2
21

1

, cos cos

sin sin

cos cos ...,

xtu x t a x y x y

A a x y x y

u
aB a x y x y

x

ω κ κ δ θ χ χ δ θ
ε κ κ δ θ χ χ δ θ

κ κ δ θ χ χ δ θ ω ε
θ

= −  + + + − −  − 

−  + + − − −  − 
∂−  + + + − −  + +  ∂ ∂ 

 

( ) ( ) ( )
2

2 2 21
2

, cos cos ...,xx

u
u x t a x y x y

x
κ κ δ θ χ χ δ θ ε ε∂
 = − + + − − − + +  ∂

 

( ) ( ) ( )
2

2 21
2

, cos cos ....yy

u
u x t a x y x y

y
δ κ δ θ χ δ θ ε ε∂= −  + + − − −  + +  ∂

 

(15) 

The asymptotic representation of the solution (11), (12) will satisfy the original equation (1), if after 

substituting in his place the function ( ), ,u x y t  and its derivative expressions that are consistent with (12)–

(15), coefficients of the same powers of a small parameter ε  of the right and left parts of it will be the 

same. The latter is a prerequisite for the determination of unknown functions ( ) ( )1 2, , , , , , ...u a x u a xθ θ , in 

particular, to find ( )1 , ,u a xθ  let us obtain a linear differential equation: 

( )

( )( ) ( ) ( ) ( ){
( ) ( ) ( ) ( ) ( ) }

2 2 2 2
2 2 2 21 1 1 12 ( ) , ,

12 2 2

2 (sin sin )
1

( cos cos ) ,
1

u u u u
V V F a x y

x x y

A a V x y V x y

aB a V x y V x y

ω ω α γ θ
θθ

ω κ κ δ θ ω χ χ δ θ

ω κ κ δ θ ω χ χ δ θ

∂ ∂ ∂ ∂
+ − − − = +

∂ ∂∂ ∂ ∂
+ + + + + − − − +

+ + + + − − − −

 

( ) ( ) ( )( )
( ) ( )( )
( ) ( )( )
( ) ( )( )

, , ( , , )
1 cos cos ,

sin sin ,

sin sin ,

sin sin .

F a x f u u u
x t u a x y x y

u a x y x y
x

u a x y x y
y

u x y x y
t

θ
κ δ θ χ δ θ

κ κ δ θ χ χ δ θ
δ κ δ θ χ δ θ

αω κ δ θ χ δ θ

=
= + + − − −

= − + + − − −

= − + + + − −

= − + + + − −

 
(16) 

After simple transformations the coefficients of the ( )1A a  and ( )1B a  in the right side of equation 

(15) presented in the form: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( )
( ) ( ) ( )( )

1

1

1 1

1 1

sin sin

cos cos

sin( ) sin( ) cos sin

cos( ) cos( ) sin cos .

V x y V x y A a

a V x y V x y B a

V x y V x y A a aB

V x y V x y A a aB

ω κ κ δ θ ω χ χ δ θ
ω κ κ δ θ ω χ χ δ θ

ω κ κ δ ω χ χ δ θ θ
ω κ κ δ ω χ χ δ θ θ

 + + + + − − −  + 
+  + + + − − − −  = 

=  + + + − −  − + 
+  + + − − −  + 

 (17) 

For an unambiguous determination the unknown functions ( )1A a  and ( )1B a  from the differential 

equation (15) impose upon the function ( )
1

, , ,U a x yθ  additional conditions, namely: it can not contain the 

schedule of terms proportional sinθ  and cosθ . With 2π  periodicity of θ  this function implies that the 
same properties are and its partial derivatives with respect to θ , x  and y . This allows us to get from (17) 

the system of algebraic equations connecting the unknown function ( )1A a  and ( )1B a  in the form: 

( ) ( ) ( )

( ) ( ) ( ) ( )
1

2

1 1

0

sin( ) sin( )

cos( ) cos( ) , , , cos ,
2

V x y V x y A a

a V x y V x y B a F a x y d
π

ω κ κ δ ω χ χ δ
εω κ κ δ ω χ χ δ θ θ
π

 + + + − −  + 
−+  + + − − −  =  

 (18) 
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( ) ( ) ( )

( ) ( ) ( ) ( )
1

2

1 1

0

cos( ) cos( )

sin( ) sin( ) , , , sin .
2

V x y V x y A a

a V x y V x y B a F a x y d
π

ω κ κ δ ω χ χ δ
εω κ κ δ ω χ χ δ θ θ θ
π

 + + − − −  − 
−−  + + + − −  =  

 

By averaging left and right parts of (18) by linear variables x , y , we find: 

( )
( ) ( )

( )

( ) ( ){
( ) ( ) }

2

1 12 2
0 0 0

, , ,
2

sin( ) sin( ) cos

cos( ) cos( ) sin ,

l b

A a f a x y
bl V V

V x y V x y

V x y V x y d dydx

πε θ
π ω κ ω χ

ω κ κ δ ω χ χ δ θ
ω κ κ δ ω χ χ δ θ θ

= ×
 + + −
 

×  + + + − −  + 
+  + + − − −  

  

 

( )
( ) ( )

( )

( ) ( ){
( ) ( ) }

2

1 12 2
0 0 0

, ,
2

sin( ) sin( ) sin

cos( ) cos( ) cos .

l b

B a f a x
a b l V V

V x y V x y

V x y V x y d dydx

πε θ
π ω κ ω χ

ω κ κ δ ω χ χ δ θ
ω κ κ δ ω χ χ δ θ θ

= ×
 + + −
 

×  + + + − −  − 
−  + + − − −  

  

 

(19) 

Defining functions that define the first approximation of the main characteristics of waves 1( )A a  and 

( )1B a , we’ll move to find functions ( )1 , , ,U a x y θ .This function will satisfy the conditions imposed on it, 

defined in the form: 

( ) ( )1 1
1

, , exp ( ),ksm s m
k m s

s m
U a x y U a X x Y y i k

l b

π π θ
≠

   =    
   

  (20) 

where s

s
X x

l

π  
  

  
, m

m
Y y

b

π  
  

  
 must complete orthogonal system of functions satisfy the appearance, 

namely sins

s s
X x x

l l

π π    =    
    

, sinm

m m
Y y y

b b

π π    =    
    

. 

To find the unknown coefficients of expansion ( )1ksmU a  from the differential equation (15) we 

have: 

( )
( )

( )

( ) ( )
( ) ( )

2 2 2

exp ( )2 21
2 2( )

sin( )
, , , 2 cos si

1 1sin( )

dXs m msk X x Y y iV Y y
s m ml b dx b

U a i k
ksm s m s mk m s V X x Y y

s ml b l b

V x y
f a x y A a aB

V x

π π πω ω
θ

π π π πα

ω κ κ δθ θω χ χ δθ

      
− +      

       ⋅ =  
        + − +        
        

 + + +
= + − + − − 

( )
( ) ( ) ( )( )

n

2 cos( ) cos( ) sin cos .
1 1

V x y V x y A a aB

θ

ω κ κ δ ω χ χ δ θ θ

+

+  + + − − −  + 

 

(21) 

Last value determines the unknown coefficients in the form: 

( )
( )

( )
2

1 12 2
0 0 02 2 2 2

1
, , ,

l b

ksm s m

s m
U a f a x y X x Y y

l bs m
k V lb

l b

π π πθ
π πω α π

   = ×   
        − + − +         

  

exp( ( ))i k dydxdθ θ× − ,    1k ≠ . 

Such species derived differential equations for the second and the following approximations, only 
the right side of the equation is a function ( )2 , , ,F a x yθ  has more bulky look. 

Below (in Fig. 2), for the case ( ), , , , , ,x y t xx yy xyf u u u u u u u = 3
t xxKu Bu+  there are presented graphical 

dependencies that illustrate the impact velocity of longitudinal motion, the amplitude and frequency 
parameters on natural oscillations. 
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a b 

  
c d 

Fig. 2. The dependence of the oscillation frequency on the amplitude of the motion and the physical and mechanical 
characteristics of the environment at different speeds of longitudinal motion 

Conclusions 

Developed in work methodology allows to determine the impact velocity of longitudinal motion, 
different nature of nonlinear forces on the main parameters of oscillation of flexible elements of the 
systems gear and transportation, as well as loose environments in their vibratory processing. These 
formulas can serve as a basis for engineering calculations related elements of systems and presented on the 
basis of their image dependences recite a significant impact on both the physical and mechanical, 
geometrical parameters on the dynamics of the process, particularly for higher speeds longitudinal motion 
frequency natural oscillations is smaller and a value of the latter α  is the failure of oscillation. The 
reliability of the developed method is confirmed by the fact that in the limiting case when 0γ → . Based on 

the results value related to oscillation one-dimensional systems. The very same method will be the basis for 
a more complex case study of the dynamics longitudinally moving systems - external periodic 
perturbations. 
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