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Abstract. Problem statementThe development of energy-efficient and high-penfance
vibratory lapping machines demands the improvenaéntheir design diagrams and calculation
techniquesPurpose.The main objectives of this research consist itailil analysis of existent
design diagrams and mathematical models of vibydapping machines; designing the three-mass
hanger-type structures of such machines providimguler oscillations of laps; derivation of
differential equations describing the motion of ithescillatory systems.Methodology. The
technique of the research is based on fundameotalepts of engineering mechanics, strength of
materials and theory of mechanical vibratiofsidings (results) The improved design diagrams of
vibratory lapping machines with circular oscillai® of laps are proposed and the corresponding
differential equations describing the motion of tiwerking elements are derive@riginality
(novelty) The mathematical model of circular oscillatiorighee three-mass mechanical oscillatory
system of vibratory lapping machine is developdde possibilities of performing the double-side
lapping of cylindrical and prismatic parts are adesed. Practical value. The results of the
performed investigations can be used during crgateéw designs and improving existent structures
of vibratory finishing machines for lapping flatrfaces of cylindrical and prismatic par&copes of
further investigationsin further investigations, it is necessary tofen the numerical modelling of
the system’s motion using the derived differergi@lations, and to compare the obtained theoretical
results with the results of experimental investmad.

Keywords: lapping, finishing treatment, vibratory machinépebr oscillations, circular
oscillations, equations of motion, mathematical elpdesign diagram, oscillatory system.

Introduction. Problem statement

A lapping is a technological process of finishimgatment, during which there is performed a
removal of stock from the surfaces with a help lmfagive materials placed on the working surfacab®f
laps. The principal diagram of lapping flat surface presented in Fig. 1. The abrasive grains 4oaeted
in binding liquid 5, which is placed between theated surface of the part 1 and the surface ofah&.

The abrasive grains 4 are indented in the lap facseyrbecause it is made of softer material tharp#rt 1.
During the relative movements of the lap 3 andghd 1, the abrasive grains remove stock 2 from the
treated surface of the part 1. Physical and mechbproperties of the lapped surfaces are muchaveat

than those after grinding. The departure from teéeessary geometric shape can reach 0.1...0.3 um, and
the roughness can be equalRa=0.05...0.025um..

The lapping is one of the most energy-intensive land-time technological processes. It allows to
obtain the improved physical and chemical propemiethe material being treated in comparison whth
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finishing surface grinding. Nevertheless, the desigf lapping machines, as well as the lapping
technologies, are much more complicated than timeligg ones. That is why, the development of energy

efficient and high-performance lapping machines alas the improvement of their design diagrams and
calculation techniques in order to simplify anceimgify the corresponding treatment.
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Fig. 1. Principal diagram of lapping process:
1 — part being treated; 2 — stock being removed|a&d; 4 — abrasive grain; 5 — binding (cohesilapf

Review of Modern Information Sources

Numerous scientific publications are devoted tophablems of vibratory lapping and polishing of
flat surfaces of machine parts. Most of the existevestigations covers the issues of straight-{imear)
oscillations of the working bodies [1]-[3]. This ares that the technological process of lapping $poiig)
is not considered as the planar (two-dimensionab, @nd is reduced to the linear one. Therefor, th
corresponding mathematical models describing thevements of the working bodies (laps) are
sufficiently simplified and allow to easily deritbe analytical dependencies for calculating thetigle
stiffness and excitation parameters of the machini@iratory system in order to provide its openatio
energy-efficient resonant mode.

In practice, most of vibratory lapping and polighimachines operate in two-dimensional coordinate
system (usually, in horizontal plane). Some of so@chines are considered in patents [4]-[7]. In the
proposed designs, the finishing machines consistthoée-mass oscillatory systems excited by
electromagnetic drives. The parts to be treateglaced between the upper and the lower laps. Tkb-p
pull electromagnetic excitation is applied betwésnlower lap and the reactive masses. Dependingeon
excitation type, the laps can provide linear (gtitdine) or planar (two-dimensional) movements.

Some of the lapping machines’ designs have alrelbelgn considered in papers [8]-[11].
Nevertheless, the papers [8]-[10] covers the issfidmear (straight-line) motion of the corresporgl
vibratory systems, and the paper [11] considersptioeess of dressing the laps, which provide planar
(two-dimensional) motion (in particular, circularsaillations). In the present paper, there will be
overviewed all the possible designs of single-massible-mass and three-mass vibratory systems of
hanger-type lapping machines both with linear {ghtaline) and planar (two-dimensional) movemerits o
the working bodies (laps).

Objectives and Problems of Research

The main objective of this paper consists in thgloanalysis of existent designs of hanger-type
vibratory lapping machines. The corresponding matteeal models (differential equations) describing
the motion of the machines’ vibratory systems areb¢ formed and the analytical dependencies for
calculating their inertial, stiffness and excitatiparameters in order to provide the operationnergy-
efficient resonant mode are to be derived.

Main Material Presentation

Single-mass vibratory lapping machine with linear notion of lap (Fig. 2). In the presented
design, the upper lap 1 performs straight-line atilons, which provide the lapping of the upper flat
surfaces of the parts 6. The lap 1 can be freedgqul on the surfaces of parts 6 or can be pressed b
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special devices. The straight-line excitation fon%ét) can be provided by electromagnetic, inertial or

other type of vibration drive. The unmovable basen@ the lower lap 4 form one rigid body 2. Thetpar
holding frame 7 is fixed on the base 3, and theelosurfaces of parts 6 contact with the lower laphke

springs 5 ensure the oscillatory motion of the upge 1 under the action of excitation forE’eﬁt) :

Fig. 2. Design diagram of single-mass vibratory lappinginiae with linear motion of lap:
1 — upper lap; 2 — unmovable body; 3 — base; Avelldap; 5 — spring; 6 — part; 7 — holding frame

Single-mass vibratory lapping machine with circularmotion of lap (Fig. 3). In order to enlarge
the possible duration of the lapping technologpraicess without the necessity to dress the lapjedisas
to improve the smoothness of the treated surfade,groposed to provide circular oscillatory matiof
the lap. This can be ensured by means of applyengral forces (e.g.B(t), B,(t), R(t)) of the same
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magnitude with the certain phase shift equalam (where n is the number of applied forces). In this
case, the lap 1 performs circular motion (circalseillations) relative to the unmovable parts 6.

2

Fig. 3. Design diagram of single-mass vibratory lappinghirae with circular motion of lap:
1 — upper lap; 2 — unmovable body; 3 — base; Aveldap; 5 — spring; 6 — part; 7 — holding frame

Double-mass vibratory lapping machine with linear notion of laps (Fig. 4). Unlike single-mass
vibratory lapping machine, the double-mass one idesvthe possibility of double-side lapping of flat
surfaces of cylindrical or prismatic parts. Theddpand 2 can move relative to one another whdeptts
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6 remain at rest. In order to decrease the enespeb in the lap’s suspension (vibration isolasigstem),
the hangers 4 are designed in the form of longgophis causes the necessity to redesign the meshin
frame (body) 5. All the other design and operatigretuliarities of the machine are similar to thegke

mass one with linear motion of the upper lap (sge®d.

Fig. 4. Design diagram of double-mass vibratory lappingit@e with linear motion of laps: 1 — upper lap;: Bwer
lap; 3 — spring; 4 — hanger (hanging rope); 5 —avable base (body); 6 — part; 7 — holding frame
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Double-mass vibratory lapping machine with circular motion of laps (Fig. 5). In this type of
lapping machine, there is ensured the possibifitgircular oscillatory motion of the upper and togver
laps. Several forces (e.d3(t), P,(t), R(t)) of the same magnitude with the certain phasé shifal to
7/n (where n is the number of applied forces) are applied betwthe upper lap and the lower one.
Therefore, the double-side lapping of flat surfagiesiachine parts is performed.

Fig. 5. Design diagram of double-mass vibratory lappinginirze with circular motion of laps: 1 — upper lap;
2 — lower lap; 3 — spring; 4 — hanger (hanging Jppe- unmovable base (body); 6 — part; 7 — holdiage
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Three-mass vibratory lapping machine with linear maion of laps (Fig. 6). In the case of
equipping the lapping machine by electromagnetication exciters, there is a possibility to inceeés
efficiency ratio using a three-mass oscillatoryteys [1], [4]-[11]. The push-and-pull electromagneti
forces are applied between the reactive massesl 8hanlower lap 2. They excite the vibrations o th
lower lap, which actuates the upper lap (setslinear oscillatory motion).

Fig. 6. Design diagram of three-mass vibratory lapping mrae with linear motion of laps: 1 — upper lap; Bbwer
lap; 3, 9 — springs; 4 — hanger; 5 — unmovable;i&separt; 7 — holding frame; 8 — reactive mass
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Three-mass vibratory lapping machine with circular motion of laps (Fig. 7). This design
combines the structural and operational peculewitf double-mass machine with circular oscillatory
motion of laps (see Fig. 5), and of the three-nmaagshine with application of excitation forces betwehe
reactive masses and the lower lap (see Fig. 6).

Fig. 7. Design diagram of three-mass vibratory lapping mmae with circular motion of laps: 1 — upper lap;: Bower
lap; 3, 9 — springs; 4 — hanger; 5 — unmovable;i&separt; 7 — holding frame; 8 — reactive mass
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Calculation models of oscillatory systems of vibrairy lapping machines.The calculation models
with linear (straight-line) oscillatory motion ofps are presented in Fig. 8. Considering the finstlel
(Fig. 8,a), the upper lap is modelled as a rigid body of tressm, lying on a rough horizontal surface.

The oscillations are excited by forcFe(t) and can be described by the coordingteThe body’s motion is

restricted by a spring of stiffnesg, which satisfies the conditions of the Hook's lalduring the

deformation of the spring, as well as during they® motion, there occur the friction and damping
processes causing the energy dissipation in théadsty system. The friction force is described the
coefficient f,. The damping coefficieng; describes energy dissipation in the spring elemanrid the

damping coefficienty, describes the process of viscous friction betwibensurfaces of the lap and the
treated parts, which is proportional to the lapttion speed.

Considering the second model (Figb,the upper and the lower laps are connected dgphings
of stiffnessc, and can move relative to one another. The upgefiés on the top surfaces of the parts
being treated, while the lower lap holds the parid interacts with their lower (bottom) surfaceheT
energy dissipation in the oscillatory system iscdégd by friction coefficientsf,, f, and damping

coefficients 1, 4,, 4 . The lower lap is modelled as a rigid body of thassm, hanged by the ropes.
The treated parts are also considered as a rigigt bbthe total massn,. The excitation forceP(t) is
applied between the laps. The oscillatory motionthref upper and the lower laps is described by the

coordinatesx, and x,, respectively.

P(?) X,
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AR P
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Fig. 8. Calculation models of oscillatory systems of vtbrg lapping machines with linear (straight-linescdlatory
motion of laps: a — single mass model: b — doutdsgimodel; ¢ — three-mass model
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In the third model (Fig. &), the excitation forcesP(t) are applied between the lower lap and the
reactive massesy, , which are connected by the springs of stiffnessThe lower lap correspondingly sets
the upper one in oscillatory motion. The reactivessesm, are modelled as rigid bodies able to slide over
the lower lap. Thus, in this case, the correspandwefficients of sliding frictionf, and dampingw,, 4,
are considered. The damping coefficignt describes energy dissipation in the spring elembatween
the lower lap and the reactive masses, and the idgnopefficient 1, describes the process of viscous

friction between the surfaces of the lower lap #@redsliding masses.
The models with circular motion of laps are notgargted because of their significant complicity.
Differential equation of motion of single-mass ostiatory system with linear motion of lap
(Fig. 2). The simplest model of oscillatory system of vibrattapping machine (Fig. 2, Fig. 8) can be
described by one homogeneous linear differentiahggn of the second order:

m O+ (4 +4,) D+ qOx= R Y- F, (1)
where P(t) can be considered as a periodic function (ePgt) = P$in(w0); P is a magnitude of the
periodic force;w is a cyclic frequency of the periodic forcéj, is a friction force between the contacting
surfaces of the upper lap and the treated partgeteral, the friction forcd=, can be described by the
following equation:

Fe = f, INBign(%), 2)
where f is a coefficient of sliding friction depending time materials and on the state of the upper lap’s
and the parts’ contacting surfaces; is a normal reaction of the parts’ surfaces calgetthe action of the
weight of the upper lap lying upon thefiN =m Og) ; sign(%) is a function defining (specifying) the
motion direction of the upper lap. It can be deiead by the following formula:

1if >0
sign(x) =4-1if %< 0 3)
0, if % =0.
Therefore, taking into account formulas (2) and (3 differential equation (1) can be written as:
m DX + (1, + 4,) X+ ¢Ox= Fsin(w0)- §OmO dgsign( "y . (4)

Differential equations of motion of single-mass odtatory system with circular motion of lap
(Fig. 3). Considering the second design of lapping machimg @), it is necessary to describe the plane
motion of the upper lap under the action of thregiqalic forces B(t), B(t), R(t)) of the same

magnitudeP with the phase shift equal #/3:
B (t) = PBin(w);
R, (t) = PGin(wi+77/3); (5)
R (t) = PBin(wl+ 207 3.
In the case of adopting plane Cartesian coordiggséem, the lines of action of the corresponding
forces must be projected on two perpendicular doatd axesx, and y,, wherex, has the same direction

as the forcePl(t) does. Therefore, the differential equations desugi the plane motion of the single-
mass oscillatory system of vibratory lapping maetave the following form:

m 0% + (£ + 44,) D¢+ 6, O =
= PBin(w) + PGin(wit+ 77/ 3 0cogry B+ POsifwit+ B/ 3 cés(Z/ )3 {,OmOg] sifix)
m O + (4, + 44,) 9+ 6, Oy =
= PBin(wl+77/3) Gsin(77/ 3+ POsifw+ Ziy POsif 27 )3- f,CmOg0 sidny)

(6)
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where ¢, = ¢ + g [tos(77/ 3+ qOcogrr/ B= 2 is the reduced (projected omaxis) stiffness of the
springs connecting the upper and the lower lagss ¢, [8in(77/ 3 + ¢ [sin( 77/ § = 1.732% is the reduced

(projected on y-axis) stiffness of the springs connecting the uwppend the lower laps;
thy =t + i [8os( 77/  + p,Ocor/ B= 2, is the reduced (projected oraxis) damping coefficient of

the springs connecting the upper and the lower; laps= 1, 8in(77/ 3) + 11, Tsin(71/ 3 = 1.732, is the

reduced (projected opaxis) damping coefficient of the springs conneagtime upper and the lower laps.

Differential equations of motion of double-mass od$itatory system with linear motion of laps
(Fig. 4). The corresponding calculation model is presenteHign 8,b. The oscillations of the laps are
performed relative to one another, while the faotforces act between the contacting surfaceseofas
and the parts being treated. If the coordinateand x, describe the motion of the upper and lower lap,
respectively, so the differential equations ofslgstem’s motion can be written as follows:

m O+ 4, O+ %= %)+ 6 - %)= Rsin(wOf- fOnd Gsign(” k;

m, D+ 44 O + 44T %= %)+ 6 %= =~ Psin(wD}- i e g)0 Geign( .

Differential equations of motion of double-mass ositatory system with circular motion of laps
(Fig. b). Taking into account the design diagram presentdelgn5, it can be concluded that the diagram
looks like the combination of the single-mass othwircular oscillations of the upper lap, and doeible-
mass one with linear oscillations of the upper tradlower lap. Therefore, it is necessary to adopt
independent variableg, x,, y, and y, to describe the plane motion of the laps. In tase, the system

of differential equations describing the laps’ roatcan be written as follows:
m 0%+ 4, O+, (%= %)+ G [ %= 9=
= PBin(w) + Pin(wit+ 77/ 3 0cogy B+ POsifwit+ 27/ B cds(Z/ )3 {,0mOgD sifix)
m Oy + 4, O+, - W)+ 0 y- Y=
= PBin(w+ 77/ 3) Gsin( 77/ 3+ POsi{w+ 2 POsif 27 13- f,Cm Og0 sidny)
. o . 8
m, X, + 44 B + 4, [ %~ %) + 6, [ %~ %)= RSin(wD}- ®
~Pin(wl+ 7773 (tof 77 3- POsifwt+ 2/ Bl cds @/ )3 §{m+ m)Og] sigr)
m, Ly, + 4 Dyz"'ﬂly[qyz_ M)+ (i/[q %~ 30:
= -P8in(wl+ 77/ Gsin(77/ § - POsi{wt+ 2 P0sif &y 13- § ffm+ m)Ogd sidny).
Differential equations of motion of three-mass oslttatory system with linear motion of laps
(Fig. 6).In the considered caste excitation force is applied between the reacthasses and the lower

lap connected to each other by the springs. Isssi@ed that both reactive masses move synchrong@isly
one phase), so the mass, will be considered as the total mass of two dishg bodies, and the

(7)

coordinatex, describes the motion of the bodies. The energgihition during the reactive masses motion
relative to the lower lap is described by one shlidiriction coefficient f, and two damping coefficients

M, (energy dissipation in the springs) apg (viscous friction during the reactive mass slidinghe
motion of the oscillatory system can be modelledhgyfollowing differential equations:

my 0K+ 44, O+ 0T %= %) + 6 %= %)== fOng geign( " §;
m O+ 4, Oy + 00 Y- ) + ol Y= ) =- fOn0 geign( " Y ;
m, 0%+ 44 O+ 4, %= %) + (1t 14 ) %= 9+ ¢ % + ¢f % }=- Bin(wD)t @)
-P&in(w+ 77/ 3) Ccog 77/ 3- POsifew+ 207/ 3) [tod 277/ 3-
~f, fm + m,) OoiSign( %) - f OmOdsigr x- Y ;
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szyz"'M Dyz"'lul[q \ M)’f(ﬂz’fﬂr)[ﬂ'yZ— .y:)+ Q[ﬂ ¥~ 3)"' qu ¥ Q:
=-PB8in(wl+ 77/ 3 Gsin( 77/ - PUsifwt+ 2y PIsif 27 13-

~f, (fm + m, ) Dgisign( y) - fOmOdsigr( y- "y ;
my O + (4, + 4, ) 1 %= %) + G %= %)= Rsin(wl}+

+P&in(w+ 77/ 3 Ceog 77/ 3+ Pin(wl+ 207/ J Ocog 237 B- f, [, CoO sighx — %)

”EDS/3+(#2+M)E@'V3— y2)+ QEG %= %):
=PBin(w+ 77/ 3 sin(7 3+ POsifwt+ Ziy POsif 27 )3- f Cm OgO sidniy - y)
Differential equations of motion of three-mass ostiatory system with circular motion of laps
(Fig. 7). The considered design of the machine consists ofresictive (disturbing) masses evenly

distributed in a circle. It is assumed that eadh gladiametrically placed masses moves synchrolydias
one phase), so the masseg, m,, and m,, will be considered as the total masses of theesponding

pairs of disturbing bodies. The oscillatory motiohthe upper and the lower laps (massgsand m,,

respectively) is described by the correspondinggaized coordinateg,, y, and x,, y,, which represent

the displacements of the mass centres of the uppérlower laps with respect to their equilibrium
position. The mass centres’ displacements of eath gf the reactive bodies are described by the

generalized coordinates,;, X,,, X3, Ya1, Y0, Ys3. We assume thay,, =y, because the mass center of

the first pair of reactive bodies cannot move algraxis relative to the lower lap. Therefore, the
differential equations of the three-mass systengion are as follows:

my 0% + 44, O+, 0 %= %) + 6 [ %= ) =— fOnd 8ign("
my D%+ 44, O+ 4, T Y= W)+ 6 0 y= W)=~ fOni @ign(
m, 0% + 44 O + 4, T %= %) + 4 [{80%— "%y— %~ %)+
TH, |:q().(z_ 5%1)““005(”/3[@ 43X, = X~ X3g)+
+6, 1% %)+ & (%~ %) +cos(7/ JTU L~ %~ %)) =— Fsifw} -
-PBin(w+77/3) o7/ 3- POsifwt+ 217/ B cds (27 )3
-, [@ml+ nL)DgBklgn - ngj g Csign( "% ")+ mpOsigf " ¥ " ¥+ nOsigh x - 3})
(m, + msl)Dyzw Oy + 4y, 0 Y= W)+ (44 + 1,30 (77/3)) [ 203, = ¥, = Vi) +
+¢, 0y, - yi)+ ¢ Bin(77/ M 20y, — y,— %)=
=-PBin(wl+ 77/ 3) Gsin( 77/ - POsifwl+ 2 Psif 27 13-
~f, ffm + m ) Cgisign( )~ fOgf m,Csigr( "y "y)+ mOsigf " y- " ) ;
My, O, + (4 + 1) 0 %= %)+ S %= %) = PSin(wD}- fny, Cosign( %, - %) ;
m, O, + (4, + p,[08( 71/ 3) [ %, %) + c0co§7/ B %, X) =
= PBin(w+ 77/ 3) Ctod 77/ 3- f, O, TgUsigh %, — %) ;
My, O, + (4 + 2,3i0(77/ ) O Yoo )+ SN 3 - y) =
= Pin(w + 77/ 3) Gsin( 77/ 3 - f. Ty, JgOsigr v, — V) ;
My By + (4, + 11, [80S( 77/ §) W X5 = 5,) + C,0c0477/ B X5~ X) =
=P Bin(w+ 207 Y Ocog 21/ B~ f [, g0 sigh,— %)
My O+ (4, + 2, 8i0(77/ 3) 0 o= V) + csin(77/ 3 yam ¥) =
= PBin(w+ 207 3 Csir( 237/ 3~ . T, DgOsighy,— ) -

X;
y:

(10)
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Conclusions

Based on the results of thorough analysis of thigtieg designs of vibratory lapping machines, the
single-mass, double-mass and three-mass designradiag were considered. The prospects of
implementing the hanger-type oscillatory systemsevgeibstantiated. The simplest machines designed on
the basis of single-mass oscillatory systems attmywerform single-side lapping of flat surfacesohder
to improve the quality and to intensify the proces&apping, it was proposed to excite circularilbesory
motion of laps using several pairs of electromagnatces in a circle of the laps. This idea was
implemented in single-mass, double-mass and thessndesigns. In order to investigate the lapping
process, the corresponding mathematical modelsidegr the motion of the laps during the treatment
were derived. In further investigation on the sabjef the paper, there will be deduced the anaditic
dependencies for calculating inertial, stiffnesd amcitation parameters of the corresponding @doity
systems in order to ensure the energy-efficierdnast operation mode.
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