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This paper studies regularities of proportional division, on the basis of which we show the 

possibility of effective application of the golden section method to modeling regularities of 

atomic systems and positioning of elements of noble gases of the periodic table. It is illustrated 

that by partial reconstruction of the Mendeleev tables, the elements of noble gases can be 

arranged along lines whose slope tangents in the coordinate system “the atomic number – the 

relative atomic mass” are in close agreement with the sequence of inverse Fibonacci numbers. 

It was shown that given the correct slope of axes, slope tangents of the corresponding lines does 

not change. 

Keywords - Golden section, Fibonacci numbers, proportional division, atom, periodic 

table. 

Introduction 

The method of golden section (GS) of the whole system divided into two unequal parts was applied 

for various modeling problems [1-16], including problems related to the modeling of atomic [1-2,9, 11] and 

quantum [15, 16] systems. Thus, in [1,17-19], by means of the Cartesian axis system scaling, it was illustrated 

that by partial reconstruction of the periodic system, the elements of noble gases can be arranged along lines 

whose slope tangents in the coordinate system ‘the atomic number – the relative atomic mass’ are in close 

agreement with the sequence of inverse Fibonacci numbers: 

 .13,8,5,3,2,1,1 1111111 
 (1) 

This paper studies regularities of proportional division, on the basis of which we show the possibility 

of effective application of the GS method to modeling regularities of atomic systems and arrangement of the 

elements of noble gases of the periodic table [1,17-19]. 

The model of Bohr atom 

It is known [20-21] that the mathematical model of structure arrangement using the GS method with 

quantitative characteristics ,  is: 

  (2) 

at the phase point with coordinates 1,1  qp . In the Cartesian plane qp 0 , the axes of which divide 

it into four quadrants, the point with coordinates 1,1  qp  is located in the second quadrant 

0,0  qp  in the phase direction 
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,01  qp                     (3) 

which is parallel to the first 1K  root straight line 

 ...,3,2,1,0,02  KKqKp  (4) 

and shifted right by a unity 1q . 

Along the direction (4) modules 

 ,kqp   (5) 

coincide, so in the second 0,0  qp  and the third 0,0  qp  quadrants the roots of a square three-

term 

 ,02  qpxx  (6) 

are quadratically irrational and exhibit the GS properties (Fig. 1). As follows from this figure, in the first and 

third quadrants there are areas with imaginary roots (6). Therefore, let us limit ourselves to the corresponding 

analysis within the second quadrant. 

 

Fig. 1. 

As we can see in Fig. 1, in the second quadrant, with continuous change of k  along the direction (3) 

(line 2), the roots satisfy the regularities: 
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that is, the graph of the roots  k  is in the form of parabola 3 (given in Fig. 1 for a positive solution only). 

A positive solution  )(k  in the third 0,0  qp  quadrant related to )(k  of the equation [22-25] 

  
 

.


 
k

k
k


 (8) 

Therefore, now let us turn the solutions  k  and   k  into 

          ,1
2

,1
2

kD
k

kkD
k

k   (9) 

and consider their plurality, for which the exact square is the discriminant: 

   .1
4

1 2  MM
k

kD
M

 (10) 
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 The set of integers M  corresponds to the set of values Mk  
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In the interval from 

 0
3

4
2


 MM

ktok  (12) 

the values of (12) form a nonlinearly descending sequence 
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in which there is the difference between the two denominators of adjacent numbers. This is a decreasing 

dependence, the graph of which is shown in Fig. 2. Given values k , functions  M  and  M  are: 
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Fig. 2.  

The sequence (13) also includes a value 1k  corresponding to the classic golden section. The 

differences between two denominators of adjacent numbers 
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change according to the integer law  M 23 . Given
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and 
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the values of the solutions (14) form the series: 
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 M  and  M  satisfy the ratio 

    2   MM  (19) 

the implementation of which is confirmed in the form of Table 1, which shows the calculated first eleven 

values of the functions  M  and  M . The regularity of changing the numerical values of the 

denominator in the sequence (18), as the difference between the values of the two adjacent denominators, 

follows the law (15), as a series of natural numbers ,...,5,4,3,2,1  transformed with constant coefficients. 

Therefore, the ratio 
241 Mk   is interesting because it is similar to the allowed atom’s internal energy 

values in the Bohr model from number K : 
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Table 1. 
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The graphic illustration of the diagram of the position of energy levels by law 
21 M , is shown in Fig. 2 

The periodic table of elements 

It is known in atomic physics [25] that every period of elements from the second to the seventh is 

terminated by an inert atom. Fig. 3 (a) presents the dependencies of the atomic masses of each element in a 

given period as the fraction of the atomic mass of the last element of a given period, that is, an inert element. 

Different slopes of direct linear dependencies for different periods of chemical elements prompted the author 

[1,17-19] to think that it is possible to relate them to the regularities of inverse Fibonacci numbers: 
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However, in our opinion, the author's conclusion is wrong and is caused by the choice of the scale on 

coordinate axes. Indeed, to exclude its influence along the abscissa axis, we performed statistical processing 

of the experimental data in Fig. 3(a) by the least squares method and revealed that the slopes of all rectilinear 

dependences of the atomic masses of each element in a given period as the fraction of the atomic mass of the 

last element of a given period, practically does not depend on the period number of the chemical elements 

(Fig. 3(b)) 

 

Fig. 3. 

Conclusions 

In this paper, on the basis of the known equation of the proportional division of a system parameter 

into two unequal parts (golden section), we developed a recurrent model of atomic levels and positioning of 

noble gases of the periodic table of elements. By processing the data in coordinate system ‘the atomic number 

– the relative atomic mass’ by the least squares method, it was shown that given the correct slope of axes, 

slope tangents of the corresponding lines does not change. 
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МОДЕЛЮВАННЯ АТОМНИХ СИСТЕМ ТА ПОЗИЦІОНУВАННЯ 

ЕЛЕМЕНТІВ БЛАГОРОДНИХ ГАЗІВ ПЕРІОДИЧНОЇ СИСТЕМИ МЕТОДОМ 

ПРОПОРЦІЙНОГО ПОДІЛУ 

© Кособуцький П.С., Каркульовська М.С., 2021 

У даній роботі досліджені закономірності пропорційного поділу, на основі яких 

показана можливість коректного застосування методу золотого перерізу для 

моделювання закономірностей атомних систем та позиціювання елементів благородних 

газів періодичної системи. Проілюстровано, що шляхом часткової реконструкції у 

таблиці Менделеєва елементи благородних газів можна розташувати вздовж ліній, 

дотичні нахилу яких у системі координат ' атомний номер - відносна атомна маса' тісно 

узгоджуються з послідовністю обернених чисел Фібоначчі. І при правильному нахилі осей 

дотичні нахилу відповідних прямих не змінюються.  

Ключові слова – Золотий переріз, числа Фібоначчі, пропорційний поділ, атом, 

періодична система. 
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