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In this paper, we examine the fractional order analysis of a diffusion competition spa-
tial model describing the interactions between the externally introduced grey and local
red squirrel under the Atangana—Baleanu—Caputo (ABC) sense. Also, we establish the
existence and uniqueness analysis of the fractional order spatial model of the squirrel pop-
ulation dynamics, while the numerical computation of the fractional order spatial model
is carried out using the two dimensional Fractional Order Differential Transform Method
(FODTM). Simulations of the variables of the model reveal that as the system evolves,
the grey squirrels increase in density with increase in time, while the red squirrels decrease
in density with increase in time. Also the simulations show that the FODTM is efficient
and convergent with low computational cost.

Keywords: Atangana—Baleanu—Caputo (ABC), diffusion competition model, Fractional
order Differential Transform Method (FODTM).
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1. Introduction

Mathematical models have long been used to depict species interactions in ecological systems. In
1926, Lotka and Volterra [1], derived mathematical models to describe dynamics of species and later
Kermack and McKendrik [2|, Anderson and May [3] proposed compartmental models divided into
Susceptible-Infected-Recovered (SIR) population model to describe the interactions between man and
its environment [4|. Between the 18th to 21st centuries, the grey squirrel named, Sciurus carolinensis
was released from various places in Britain, where the grey squirrel has spread immensely in England,
Wales and Scotland [5-7]. About the same time, the indigenous red squirrel named, “Sciurus Vulgerns”
disappeared from these communities. An hypothesis was proposed, which led to the disappearance
of red squirrel; Firstly, there is competition with the grey squirrel, secondly, environmental changes
reduces the red squirrel population independent of the grey squirrel and thirdly, squirrel flu disease
transmitted from the grey squirrel to the local red squirrels led to their extinction [8-13|. Reasonably,
an interaction between the two species through indirect or direct competition for resources and space
acted in favor of grey squirrel to drive out red squirrels [14,15|. In recent times, fractional derivatives
and integrals have been applied to real life problems, which gives better results than the classical order,
because it produces better and accurate results due to the memory effect and ability to recall past
information [16-18|. Several fractional operators like Caputo [19], Caputo—Fabrizio [20], Riemann—
Lioville and host of others have been used to analyze nonlinear models, but the fractional operator of
interest in this study is the Atangana—Baleanu—Caputo (ABC) operator. ABC operator arises from
the fact that Caputo and Fabrizio proposed a fractional order derivative based on exponential function
to solve problems of singular kernel. They also showed that their derivative was appropriate for some
groups of physical problems. Furthermore, some issues were shown against this derivative as the kernel
was non-singular and non-local which showed that the integral associate is not a fractional operator. In
order to solve the issue of non-sigular and non-local kernel, Atangana and Baleanu derived two fractional
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derivatives in the sense of Caputo and Riemann—Liouville. In their results, the derivatives now have
fractional integral as anti-derivative of their operators. Therefore, since the nonlinear dynamics and
crossover effect of several physical and biological phenomena cannot be explained appropriately with
the classical order derivative because of its singular kernel, a generalized Mittag—Leffler function as
non local and non singular kernel is explored by Atangana and Baleanu [21,22].

In addition, obtaining the exact or approximate solution of several linear and nonlinear classical or
fractional order models using analytical or semi-analytical techniques is of interest to many authors.
The numerical method of interest in this work is the Differential Transform Method (DTM). The DTM
was first examined and studied by Zhou [23|, where he solved linear and nonlinear problems involving
electric circuit analysis. Several authors have applied DTM to one or two dimensional ordinary or
partial differential equations describing real phenomena [24-29|. Iteratively, this method is based on
Taylor’s series expansion which establish an analytic solution in form of a polynomial. Merits of DTM
includes low computational cost and no discretization, while the demerit of DTM is that, it results to
a truncated series solution that does not reveal the actual behavior of the problem but forms a good
approximation in a very small neighborhood [30-32|. Motivated by the work on spatial modeling of
squirrel dynamics, fractional calculus and application of semi analytical DTM to solve nonlinear models,
this work examines and extend the work of Okubo et al., [33]. In their work, a diffusion competition
mathematical model describing the competition between grey and local red squirrel species in great
Britain is formulated, given by

% = D1V2S1 +a1581(1 — b1S1 — ¢1.99),
T (1)

% = D2V2SQ + a252(1 — b9Sy — 0251),

oT
where, for i = 1,2, a; are the net birth rates of the red and grey squirrels respectively. b%_ denote
the carrying capacities, ¢; denote competition coefficients and D; represent diffusion coefficients which
are all nonnegative. In order to investigate the possibility of traveling waves of grey squirrels invasion
which drives out the reds. Eq. (1) is non-dimensionalized by setting

1
0; = b;S;, i=1,2 t=aT, x:<ﬂ)2x,
Dy (2)
_a e . D o a
71 b27 Y2 bl, o D17 1 a2-

The quantities in Eq. (2) denote the non-dimensional population densities at dimensionless time ¢
and spatial coordinate x. Also, k, = g—f is defined to be the ratio of diffusion of red squirrel to the

grey squirrels, where oy = Z—; denote the ratio of red squirrel to grey squirrel growth rate. All these

assumptions results to
891 o 2
o7 = D1V 01+ 161 (1 — b161 — 1162), -

00
72 D2V292 + 01292(1 — boby — ’7291).

oT
In view of Egs. (1)—(3) and motivated by the importance of fractional calulus, Eq. (3) is changed from
the classical to a integer order spatial model system given by

o6, 0%

=—+60(1 -0, —m0
0t a2 1 11— mb2),
070, 026,
— =ky—— O2(1 — O3 — v261).
gy omz +onb2(l =02 — 7201)

The existence and uniqueness of Eq. (4) is analyzed under the ABC sense in Section 2, while Section 3
involves obtaining the approximate solutions of Eq. (4) using the FODTM. Finally, Section 4 discusses

the numerical simulations and conclusion of the work.

(4)
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2. Preliminaries, existence and uniqueness criteria

2.1. Preliminaries

In recent times, Atangana and Baleanu [21,22| proposed new fractional differential operators based on
Mittag—Leffler law, known as ABC-fractional derivative and integral operators.

Definition 1 (Refs. [21,22]). The ABC fractional derivative operator is given by

. (ca(r =)
ABC D) = / V(9B [ as )

where B(«) satisfy the property B(0) = B(1) =

Definition 2 (Refs. [21,22]). The ABC fractional integral operator is given by

I = )+ i P — 9 ©

Applying the ABC fractional order operator to Eq. (4) yields

(7)

ABEDT01(t) = V201(t) + 61(t)(1 — 61(t) — 116a(1)),
ABCD;YHQ(t) = kOV292(t) + a191 (t)(l — Hg(t) - 7291 (t))

Subject to the boundary conditions 6y (x,t) = 1, Oa(x,t) = 0, O2(z,t) = 1 and 6;(x,t) = 0. Hereafter,
we shall be referring to Eq. (7) in subsequent sectional analysis.

2.2. Existence analysis of the fractional order spatial model

Here, the fixed point technique for the existence of solutions of ABC fractional order spatial model in
Eq. (7) is utilized by applying ABC-fractional integral operator in Definition 2, to obtain

61(t) — 62(0) = T; (V20,1(t) + 01(1) (1 — 61.(t) — 10a(t)))
T t -« 2 — — «
: B | @ (P + 101 06~ ba(t)) do N
B2 (t) — 62(0) = B—WZ koV205(t) + afy () (1 — 02(t) — 7261 (1))
+ (’Y,).YI,( ) /t(t — a) -1 (kOV292(t) + a101(t)(1 — Qg(t) — Vggl(t))) da.
We assume that
K (t,01) = V?01(t) + 61(t) (1 — 61(t) — 71162(t)) (9)
and
Kg(t, 92) = kov292(t) + a191(t)(1 - Hg(t) - Vggl(t)). (10)
Let
p(t) = (1 —01(t) — 1162(t)) (11)
and
q(t) = a1 (1 — Oa(t) — 7201 (t)). (12)

— (A;) For continuous functions f, g and 01, 609,61,,62, € L[0, 1], there exist some constants d1, d2 > 0,
such that the following holds true;
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{Hm,en — f(t.61,)]
Hg(tv 02) - f(t7921)||

01|01 — 01, ],

(13)
d2(|02 — O, ||

NN

— (A) For continuous functions ~o(t),v1(t),01(t),01,(t),02(t),02,(t), there exist some constants
03,04, 05, ¢ > 0, such that the following holds true:

[p(t)-VO1(t) — p(t).Vor, (t)]| < dsllp)[|101 — 61, I,
q(t)-VO2(t) — q(t). Va2, ()| < dallg(t)l|62 — 02,1,
[VO1(t) — VO, || < 35[161 — 01,11,
[VOa(t) — VO, || < d6[|62 — 0, |-

<
<
(14)

Theorem 1 (Refs. [21,22]). Assume that (A;) and (Asz) are satisfied. Then, for ||k,(t)|| < mq,
Ip(t)]| < ma, ||q(t)|| < ms, the functions K (t,601), K2(t,02), defined in Egs. (9) and (10), respectively
satisfy the Lipschitz conditions and are contractions provided mqdg+ms3ds+01 <1 and m3ds+05+09 <1.

Proof. In order to show that Kj(t,6;) satisfies the Lipschitz condition, consider
[ K1(¢,01) — Ki(t,01,) ||
= [|V201(t) + 61 (£)(1 = 01(t) = 1102(1)) — (V2601,(t) + 01, (£)(1 — 01, () — 7105, (1)) ]|
V2 1161(t) — 61, ()] + [|p(t) - 61(t) — p(t) - 61, ()]
m106 |61 — 01, || +m34l|6h — 01, + 61][01 — 61, ]|
= (m166 +mgds + 01)||01 — 61,1, (15)

<
<

and

[ K2(t, 02) — Ka(t,02,)||
= ||koV202(t) 4 02(t) (1 — O2(t) — 1 02(t)) — (V202 (t) + 02, (£)(1 — 02, (t) — 1161, (1))
72| 162(t) = 02, (B)]| + [Ip(E) - 61(£) = p(£) - b2, (2)]]
m3d3]|02 — Oa, || + J5 |01 — b2, || + 2|61 — 02, ||
— (m3d3 + 65 + 02)]|02 — O, |- (16)

<
<

Using Egs. (15) and (16), the functions K;(¢,61) and Ks(t,603) satisfies the Lipschitz condition and

they are contractions with 81 = mqdg + m3gds + 61 < 1 and By = mgd3 + 5 + d9 < 1. This completes

the proof. [ ]
Furthermore, using Egs. (9) and (10) and Eq. (8), we obtain

1—17 T

Ql(t) = 91(0) + Kl(t,el(t)) + W /Ot(t — Oé)T_l (Kl(a,el))da,

_ 1-v Y o (Ko ) da
02(8) = 02(0) + Kt 02(0) + s [ (6= ) (Ko ) do
From Eq. (17), the following recursive formulas are defined as:
01,(t) = 1BZ—T;K1(t,91(n—1)(t)) + W/o (t =) (Ki(, 01 1)) ) dev, "
02, (1) = G Kalt O (1)) + s [ (= )7 (Kofew By )

with the conditions 6,,(t) = 601(0) and 6a,(t) = 62(0). Furthermore, the following differences are
considered.
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(671 (1) = (01,4, — 01,)(1) = ;[—T;(Kl (t,01(t)) — K1(£,601,_, (1))

T

+ 5 /0 (t — a) " (Ky (e 01, (@) — Ki(a, 01, () da,

s (19)
P (E) = (Bg,,,, — b2,)(t) = W(Kz(tﬁm(t)) — Ka(t, 02, ,(t)))
T t — o)t « o)) — « « o
i [ 0 (a2, () — Koo, () do
By considering the norms
™ @) = [1(Br,y — 61,
1—-7
- | 55 o0y - Ko, o)
+ 5 /0 (t— )™} (K1 (0,01, () — K101, ()))da
< H 1Bz—7.7)- (Kl (t7 eln (t)) - Kl(ta elnfl(t)))
+ W/o (t— )" (Ki(ev, b1, (@) — K1 (v, 0101y (@)))der|, (20)

and

"N = 02,1 = 02,) ()]

_ H B Kalt. e, () + g /0 (t = 07 (K (0,0, () — Kl 03,01y (@))) do

H (a, 09, () — K2(t792(n—1)(t)))

B(L(7) —a)! « - e a)))dal|.
B(fy)F(fy)/O(t )7 (Ka(a, 02, () — Ka(a, 0, (@)))d

Egs. (20) and (21), proved the existence of solution for the fractional order spatial model in Eq. (7) in
the subsequent Theorem 2.

(21)

Theorem 2 (Refs. [21,22]). The fractional order spatial model system in Eq. (7) has a solution
provided that the following holds true:

8 = max {m1(56 + mgdy + 01, m3d3 + 05 + 52} < 1. (22)

Proof. Assume the functions F,(t) = 61, (t) — 01(t) + 61(0), Gy (t) = 02, ., (t) — O2(t) + 02(0). Then,
by Egs.(20) and (21), we obtain

I 0 = | B (30,01, () ~ K. 610)
+W/o (t—a)T_l(Kl(a,Hln(a))—Kl(a,el(a)))da ,
< Gl (@b, () = Kileta(0)
+ W/O (t—a) T_IH(Kl(a,Hln(a)) Ki(a, 61 (a da”
1—7 161, — 61]]
< [ B(7) 101, — 61| + W} (m1de + mads + 1) (23)
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1—71 1 n "
[B(T) + B(T)F(T):| |61, —61]8" =0, as n— oco. (24)

Similarly, we have

1G]] = Hl‘—”wt,eln(t» (K (t,6:(1)))

B(v)
+ m/o (t — )" (Ka(a, by, () — Ka(o, f2()))dar
S %HKE(%H%(O‘)) - Kl(a’92(t))“
b g [ 07 K 0) (o, 1 )]
1—_7 B 161, — 01l m
< | 10— oul + s mas 4 )
“B?’v? " B('Y)lr(v)} (0 = Q2P 2 0 e o =

Thus, Egs. (23) and (25) implies that the functions F,(t), Gn(t) — 0, as n — oo for 8 < 1, which

shows that lim 6;
n—oo

wi1 = 01 and lim 6 , = 0. Consequently, the solutions of the fractional order
n—oo

spatial model in Eq. (7) exist. n

2.3. Uniqueness of solutions of fractional order spatial model

This section is devoted to the uniqueness analysis of solutions of fractional order spatial model in
Eq. (7) which is based on the assumptions (A;), (A2).

Theorem 3 (Refs. [21,22]). Assume that (A;), (Az2) are satisfied and

= min — 1o 1 m m — 1= ! m
N = {1 |:B(7')+B(T)F(7') (m1de + mgds + 91), 1 B(’y)—I_B(’y)F(’y) ( 3534-55—1—5222}6;

then the fractional order spatial model in Eq.(7) has a unique solution.

Proof. For the uniqueness of solution of the fractional order spatial model Eq. (7), we assume contrarily
for the proof. That is, let there exist some solution (61, 02, 01,, 02,) satisfying the integral system
given by

1—17 T

01,(6) = 01,(0) + S [ ¢~ o a0, do

(Kt 00,(0) +

B0) BOT(r o
024 (8) = 02, 0) + 5 (Ka(t.02,(0) + 5 | (¢ ) (a0, 02,) ) do.
For the fractional order spatial model in Eq. (7), we have 61, (0) = 62, (0) = 0. Consider
101(6) = 01, (0] = G711 (0.10)) = 12,01, 1)
+ m /Ot(t — o) | K (o, 04(8)) — Ko (a, 01, (1))]|dor
< Es@; + B(T;F(TJ 16 — 61, ]| (mads + msds + 61), (28)
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which implies that

161 (t) — 601, ()| (1 - EB?Bf + B(ﬁ)lr(ﬁ)} (136 +m354+51)> <0. (29)

Similarly we obtain

162(8) — 02, ()| = ;?—WZHKE(@ 02(1)) — K (t, 02, (1)) ||

Y t 1
+ W /0 (t - Oé)fy HKQ(OZ, 92(t)) - KQ(O(,@Ql (t))HdOé
1—7x 1
< |55 * BTy 102~ Nt 6045, 30)
which implies that
162(t) — s, ()] (1 - [;7; + B(v)lf(v)] (mads + 65 + 52)> <0. (31)

By the condition in Eq. (26), and Egs. (27)—(31) we obtain [|#; — 61,] — 0 as well ||#2 — 62,] — 0.
Consequently, 61 (t) = 61, (t) and 65(t) = 6o, (t). Thus, the solution of the fractional order spatial model
in Eq. (7) under the ABC sense is unique. [

3. The two dimensional fractional order differential transform method (FODTM)

In order to apply the two-dimensional FODTM to the fractional order spatial model in Eq. (7), a
function of two variables, wu(r, s) is considered and suppose that it can be represented as a product
of two single variable functions, i.e., u(r,s) = f(r)g(s), based on the properties of a generalized two-
dimensional FODTM [32], the function u(r, s) can be represented as

u(r,s) =Y Fr(k)(r — o)™ Gy(h)(s — 50)" =D Ups(k,h)(r —r0)F7(s — s0)",  (32)
k h=0

-0 k=0 h=0

where 0 < a,8 < 1, Ury(k,h) = Fr(k)G,(h) is called the spectrum of u(r,s). The generalized
two-dimensional FODTM of the function u(r, s) is given by

1

Ursy (k) = (T(tk + D)I(vh + 1))

((DDF D Mu(rs)] (33)

(ro,50)

Hence, the generalized two-dimensional FODTM properties are tabulated below.

Table 1. Basic operational properties of a two dimensional FODTM.

Basic Function Transform Function
u(r,s) = v(r,s) £ w(r,s) Ur~(k,h) = Ve qy(k, h)(r,s) £ Wy (k, h)(r,s)
u(r, s) = av(r,s) Ur~(k,h) = aV; (K, h)
u(r,s) = v(r, s)w(r, s) Urr(kyh) =30 0> 1o Ve (a,h = b)We o (k — a,b)
u(r,s) = (r —ro)" (s — so)™ Ur~(k,h) =6(k —n)o(h —m)
u(r,s) = DTo(r, s) Uy o (k, h) = SRV (k4 1, h)
u(r,s) = 220s) Urry (b h) = (k+ 1)V, (k+1,h)
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Applying the two-dimensional FODTM to Eq. (7), we obtain

I(tk+1)
L(r(k+1)+1)

01, ,(k,s+1) = [(k+1)(k+2)01, . (k+2,5)+01(k,s)(1 —01(k,s) —7102(k, 5))], (34)

so that
b1 (k1) = SIS 1) 2000, (542,5) + 03k, 5)(1 = k) = Bl 5D, 35)
and
L(vk+1)

921’7 (k, S—l—l)

F(’y(k? T 1) T 1) = [/f()(k—i-l)(l<3-i-2)921w (k+2,s)+a191(/<;, S)(l—@g(lﬁ, S)—’}Qel(lﬁ, S))], (36)

so that

F(y(k+1)+1
I(vk+1)

921,.y(k7 s+1) = ) [k‘o(k‘—l—l)(k‘—l—2)921,,Y (k42, 8)+a101 (k, s)(1—01(k, s)—7261(k, s))]. (37)

Solving Egs. (35) and (37) and transforming the boundary conditions in Eq. (8), we obtain

61(0) = 61(1) =0,
0(2) = P§P+ 1;<2!>,
I'ir+1
"o e a0
0 = g (B - (™) e e @)
(1 +3) I'(r+1) I'(r+1) r(r+1), . T(v+1)
00 =t P @) - (r(T %) (3)) - N2 e ) B )
and
(65(0) = 65(1) = 0,
0(2) = E'Yi 1;(211@0),
02(3) = Fg ().
0a(4) = ?8 - g; <12(k0 + o) (VF 1y (2to) + o0 (+ (ﬁ 5 (2ho))’ (39)
r I
o () (2)), :
0(5) = i;( 12(120 n oq()?E : E s+ (T o)
I'ir+1 I'iv+1
| rean el )
Furthermore, substituting Eqs. (38) and (39) into Eq. (7) after some simplification and re-arrangement,
the closed form solution of Eq. (7) is given by;

O1(x,t) =1+t + <F(TF+ N (2!)>t2 + (?E: i ;3 (3!)>t3

I'(r+2) ) r 2 y r
" <F(T +3) <13r(7 sy <m(2l)> RSN CES YA ey (2!k°)>t4 (40)
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I(r+1) > D(r+1), . T(y+1)
— (3!)) S veay (3!)r(7+2) (3!k0)>t5 +...,

—
w
|
—

and

02(33,15) =14+t+ ﬁ(mko)ﬁ + (%(3%0))153

2
+ % (12(1130 + al)ﬁ(%ko) +a <ﬁ(2!ko)> - ’72041%(2%0)%(2!))754
i+ ra+ Moy, )
+ Y201 ?E:i;; (3')?&1;; (3!/€o)>t5 T )

4. Numerical simulations

Having obtained the closed form solutions in Eqgs. (40) and (41) we adopt the following parameter
values; 71 = 0.2, 79 = 1.5, a1 = %, ko =1, Dy = Dy = 10%, a1 = 0.82, as = 0.61 as seen in
the work of Okubo et al., [33]. Figures la—1d displays the spreading wave of the density of the red
squirrel population. As the system evolves, the red squirrels gradually decrease in density as time ¢
increases (t = 20 weeks) at different fractional orders (7 = 0.2 —0.8) due to the action of the externally
introduced grey squirrels in driving out the red squirrels.

¢ Simulation of 8y (x,t) at t = 80,7 = 0.6 d Simulation of 8;(x,t) at ¢ = 100,7 = 0.8

Fig. 1. Model simulations of the population of the red squirrels 8;(x,t) using FODTM
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Figures 2a—2d displays the spreading wave of the density of the grey squirrel population. As the
system evolves, the grey squirrels gradually increase in density as time t increases (¢ = 20 weeks) at
different fractional order values (v = 0.2 — 0.8) due to the action of the externally introduced grey
squirrels in driving out the red squirrels.

¢ Simulation of 8s(x,t) at t = 20,7 = 0.6 d Simulation of o (x,t) at t = 20,7 = 0.8

Fig. 2. Model simulations of the population of the grey squirrels 65 (z,t) using FODTM

5. Conclusions

In this work, we studied the diffusion competition model describing the interactions between invading
grey squirrels and local red squirrels in Great Britain. Since this model is a classical order diffusion
model, we extend it by changing the classical order to an integer order, studied under the ABC sense.
Further, we established the existence and uniqueness results of the fractional order spatial model.
We performed the numerical simulations by solving the fractional order spatial model using the two
dimensional FODTM. Our results reveal that the population of the grey squirrel increases faster as
the system evolves and drives out the red squirrels, leading to their decrease as time increases at
different fractional order values. This shows the effectiveness of FODTM with low computational cost
and effectiveness. In order to curtail this, the grey squirrel population needs to be controlled and the
red squirrel population needs to be preserved through the application of optimal control theory. Also,
other fractional operators like the Grunwald Letnikov, Caputo—Fabrizio, Atangana bi-order operators
etc., can be applied to the model.
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MNpo icHyBaHHA, €AMHICTL Ta 064MCNIOBaNBHUI aHaNi3 NPOCTOPOBOI
Mogeni apoboBoro nopsgky ANns AuHamMiku nonynsuii 6islok 3a
onepatopom AtaHraHa—baneany—Kanyto

Orynminopo O. M.!, ®anyr6a C. E.2, Titunoe E. O.2

! Kagpedpa mamemamuru npupodnunozo darysvmemy Hepotcashozo ynisepcumemy Eximi, Ado-Ewximi, Hicepis
2 Kagedpa mamemamury daxysvmemy disuunur nayx Ynieepcumemy Liopin, wmam Keapa, Hizepis

VY ni#t poboTi AOCTIIKYETHCS aHAJI3 APOOOBOTO MOPSAIKY IIPOCTOPOBOI Moje i audy3iii-
HOI KOHKYPEHIIil, IO ONUCYE B3aE€MO/III0 Mi>K BBEJIEHOIO 1330BHI CipOI0 Ta MiCIIEBOIO PYJIOI0
6iikoro B po3yminni Aranrana—Baneany—Kamyro (ABK). Takox BcTaHOBJIEHO icCHYBaHHS
Ta aHaJi3 €IMHOCTI MPOCTOPOBOI MOJIENI IPOOOBOTO MOPSAAKY MUHAMIKU MOMYJISAINI OLIKHA,
TOJIi SIK YUCEJbHUI PO3PAXyHOK ITPOCTOPOBOI MOJIEi IPOOOBOTO MOPSIAKY ITPOBOJUTHCS 33,
JIOIIOMOT'00 JIBOBUMIPHOIO MeTO/Iy AudePeHIiaJbHOr0 IePETBOPEHHS JPOOOBOr0 MOPSIKY
(MAITAIT). MogenroBanHst 3MiHHUX MOJeJi [IOKA3ye€, IO IOIYJIAIis cipux OLIOK 3611b-
IIYy€ThCs 31 301IBIIEHHSM Jacy, TOl K MOIYJISAIis IePBOHUX OIIOK 3MEHITyeThCs. TaK0K
MOJIe/TIOBaHHs TOKa3yoTh, 1o MJIITJIIT € edexTuBHNM Ta KOHBEPr€HTHUM i3 HU3BKAMU
00YNCTIOBAJILHIMEI BUTPATAMH.

Kntouosi cnosa: Amanzana—Baaeany—Kanymo (ABK), modeav dudysitinot xonkypen-
wit, memod dugdeperuyianvrozo nepemeopenta dpobosozo nopadky (MIILIII).
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