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THE INFLUENCE OF DEGREE OF LOADING  
AND LOAD PLACING ON STEERABILITY OF VEHICLES 

 
Summary. The methodology of research of the influence of the degree of loading, kinematic 

parameters of movement, and nonlinear power characteristics of elastic elements and shock-
absorbers of the suspension system on their steerability on curved sections of the road is developed. 
The research is based on the equation of kinetostatics of the system of sprung-unsprung part and 
differential equations that relate the motion of the sprung part of vehicles. Concerning the last, they 
take into account both loading of a vehicle and nonlinear-elastic characteristics of shock-absorbers. 
For the case when elastic characteristics of shock-absorbers are described by degree or close to it 
dependence, the fluctuation of sprung part is described analytically. Their peculiarity is that the 
frequency and therefore dynamic force of wheels pressure on the bearing surface (road) depends on 
the amplitude. It is the last value and characteristics of the road surface that determine the main 
parameters of steerability and stability of the movement of wheeled vehicles along curved sections of 
the road. Taken together, the mentioned above allowed to obtain the dependence of the critical value 
of the dynamic angle of rotation of the steered wheels, as a function of the amplitude of longitudinal-
angular oscillations, kinematic motion parameters, and the level of loading of a vehicle. It is 
established: 

− fluctuation of the sprung part significantly reduce the value of the limiting angle of 
rotation of the steered wheels along the curved sections of the road; 

− for the period of acceleration of the vehicle and the closer location of the center of gravity 
of the cargo transported to the tailgate, the limit value of the dynamic angle of rotation of 
the steered wheels is less; 

− the suspension system with the progressive law of change of regenerative force of elastic 
shock-absorbers in a wider range of change fluctuations amplitude of the suspended part 
satisfies ergonomic conditions of transportation. 

The obtained calculated dependencies can simultaneously be basic during the modernization 
of existing or the creation of new suspension systems in order to improve the main operation 
characteristics of wheeled vehicles. 

Key words: vehicles, steerability, stability of motion, suspension system, sprung part, critical 
speed, oscillations, load. 

 
1. INTRODUCTION 

Steerability and stability of motion of wheeled vehicles characterize to some extent the ability to 
change the direction of safe motion of a vehicle and keep it due to a driver’s action on a steering wheel [1]. 
The main value that determines these characteristics (steerability, stability of motion, passability) in the 
end, is the loading on a tire and the forces of its interaction with the road pavement, etc. In the case of 
steady motion along a road without irregularities, the specified values are constant and therefore the limit 
value of the steering wheel angle or the critical speed of steady motion along the curved section is constant. 
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However, during unsteady motion (accelerated or decelerated) with various degrees of loading and the 
motion of a vehicle along the road with irregularities, the dynamic pressure force on the tires is variable 
and therefore changes the basic operational characteristics. The load component on the tires which is due to 
the dynamics of the sprung part depends on the degree of loading of a vehicle, its distribution in the body, 
and the force characteristics of the suspension system. 

Thus, the issue of assessment of the basic operational characteristics of a vehicle should be 
considered comprehensively, taking into account the main external and internal factors. Such questions are 
the subject of this research. Also, when considering the influence of the dynamics of the sprung mass of a 
wheeled vehicle on the limit values of the angle of steerability and the speed of stable motion, it is assumed 
that the elastic force characteristics of the suspension system are described by a nonlinear ratio [1-3], 
which more accurately reflects the real picture of the process of the sprung part. 

 
2. RESEARCH STATEMENT  

There are various approaches to solve the task partially, in particular, experimental, analog, or 
mathematical modeling of the process, etc. However, experimental or bench studies [4, 5] which are 
related to the separate influence of certain force factors on the dynamics of the sprung mass (SM) with a 
nonlinear force characteristic of the suspension system (SS), provided the purity of the experiment, can not 
answer the question of their compatible impact. This is because there is no superposition principle for 
nonlinear systems. Besides, experimental studies require significant material and time resources. A similar 
drawback is characteristic of the numerical simulation of mathematical models of the dynamic process of 
motion of a wheeled vehicle as a mechanical system of sprung – unsprung part [5, 6]. 

The latter are usually ordinary nonlinear differential equations. In [7-10], using their approximate 
analytical integration, a number of features of the dynamic process of a wheeled vehicle in comparison 
with linear models are shown. This primarily concerns the dependence of the frequency of natural 
oscillations on the amplitude and hence the influence of the latter on the ergonomic operating conditions of 
a wheeled vehicle, especially the transportation of goods. It is not possible to establish their generalized 
features on the basis of experimental research or numerical simulation of the corresponding mathematical 
models. Therefore, the issues related to the peculiarities of the transportation of goods on a wheeled 
vehicle by physical calculation models that take into account the actual properties of the suspension system 
are not only of theoretical but also practical value. 

 
3. THE MAIN MATERIAL 

For a flat model of a wheeled vehicle (see Fig. 1) which moves uniformly accelerated (decelerated) 
with acceleration (deceleration) w and has at this time the speed V, it is necessary to determine the 
influence of the mass of the object of transportation (Q), its location (∆) on the sprung part relative to its 
mass center of the magnitude of acceleration (deceleration) on steerability. 

 

 
Fig. 1. Calculation model and distribution of external forces of a wheeled vehicle 
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For the specified calculation model, let’s consider: 
− the center of mass of the sprung mass (without load) is at point O and is determined by the 

parameters;  
− a, b – the distance of the center of mass of the sprung part without any load to the front or rear 

axles respectively; 
− l, f – parameters that determine the position of the center of mass of the transported load on the 

sprung part; 
− h, δ – parameters that determine the position of the center of mass of the sprung part with the 

load relative to the center of this part without the load; 
− P; P1, P2 – the sprung mass of front and rear axles respectively; 
− N1, N2 – pressure forces of steered and rear wheels on the road surface; 
− the suspension system is characterized by elastic forces Fiпр and resistance forces Rion which are 

described by the dependences [8] Fiпр=ci∆i
v+1, Rion=αi i∆& s+1, where ci, αi, s, are constant values, ∆i 

and i∆&  – the deformation of the elastic elements of the suspension and the speed of the shock 
absorbers respectively (i=1 – for the front suspension and i=2 – for rear suspension); 

− v – a parameter that characterizes the deviation of the elastic characteristics of the shock 
absorbers from the linear law; 

− deformation of tires in the process of collision of a wheeled vehicle on the irregularity is a small 
value in comparison with the deformation of elastic shock absorbers and it will be neglected 
when solving the problem; 

− the maximum values of the resistance forces of the shock absorbers are clearly less than the 
maximum values of the elastic forces of the suspension; 

− irregularities of the road cause small relative oscillations of the sprung mass around the 
transverse axis which passes through the center of mass of the sprung part with the load. 

In this case, its relative position is uniquely determined by the angle of rotation φ(t) of the sprung 
part around the horizontal axis which passes through the center of mass of the sprung part with the load 
(point O) and is perpendicular to the vector of the transfer speed. The angle of steerability of a vehicle is 
the angle between a plane of steered wheels and the speed of a vehicle [13]. The location of the specified 
point is determined by the values of the mass of the transported cargo and the sprung part:  

, .Qf Ql Pdh
P Q P Q

δ +
= =

+ +
 (1) 

The influence of road irregularities on the oscillations of the sprung part can be the subject of 
separate research. 

As noted above, the limit value of the dynamic angle of steerability is largely determined by the type 
of the road surface and the value of the pressure force of the steered wheels of the sprung – unsprung mass 
on the road surface which are equal in magnitude to the dynamic response N1. The latter is determined not 
only by external active forces (mass forces) but also by the forces of inertia of portable motion and the law 
of relative motion of the sprung mass with the load. If the forces of inertia of the portable motion of the 
vehicle parts are determined by their masses and the acceleration of the portable motion of a vehicle, i.e. 
acceleration of portable motion w , then to determine the forces of inertia of the relative motion it is 
necessary to determine the law of oscillations of the sprung mass with the load. 

 
3.1. The influence of the relative position of the load being transported on the oscillations of 

the sprung part of a wheeled vehicle. 
The oscillations of the sprung part play a dominant role in determining such dynamic operational 

characteristics as stability of motion along curved sections of the path, passability, smoothness, steerability. 
If vertical and transverse-angular oscillations play a dominant role in estimating the stability of motion 
along curvilinear sections of the path, passability, and smoothness [8-10], then vertical and longitudinal-
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angular oscillations play a dominant role for steerability. Such questions for the case of steady motion by 
the linear characteristics of the suspension system were partially considered in [11] and for nonlinear – in 
[12, 13]. 

Therefore, the dynamics of the relative motion of the sprung part with the load being transported in 
case of the unsteady motion and nonlinear characteristics of the resistance force of the shock absorbers and 
elastic forces will be described below. The basis for solving this problem will be the differential equation 
of the relative motion of this part. The forces acting on it and its inertia forces are presented in Fig. 2. 

Thus, the differential equation of longitudinal-angular oscillations of the sprung mass takes the 
following form: 

e.Ф
1 . 1 . 2 . 2 .( )( ) ( )( ) ,o пр оп пр оп OI a F R b F R Mφ δ δ= − + + − − + +&&  (2) 

where φ(t) – the angle of rotation of the sprung part around the horizontal axis passing through the center of 
mass of the sprung part with the load and perpendicular to the vector of transfer speed, Io – the moment of 
inertia of the sprung mass with the load relative to the axis, Mo

е.Ф
 – the moment of inertia force of the 

portable motion of the sprung mass with the load relative to the same axis. 
 

 
Fig. 2. Calculation scheme for the dynamics of the relative motion of the sprung part with the load  

(for the unsteady motion of a vehicle ) 
 

The moment of inertia OI is found according to the Huygens-Steiner theorem [14]: 

( ) ( )2 22 2( ( ) ( ),O C
P QI I h d f l h
g g

δ δ= + + − + − + −  (3) 

where IC – the moment of inertia of the sprung part without load, which is transported relative to the axis 
passing through its center of mass and parallel to the above axis. 

Regarding the deformations of the elastic elements of the suspension system and their speed in 
any position of the sprung mass with the load, they are determined by the dependences 

( ) ,)( т.1 cta ∆−+=∆ ϕδ ( ),)(1 ta ϕδ && +=∆ ( ),)(2 td ϕδ−=∆ ( ) т.1 )( ctb ∆+−=∆ ϕδ && , т.c∆ - the static 
deformation of the elastic elements under the action of mass of the sprung part and the transported load. 
The latter is determined by the following ratios: 

[ ] [ ]
[ ] [ ]

1 1
1 0 т. 2 0 т.

1 1
1 0 т. 2 0 т.

( ) ( ) ,

( ) ( ) ( ) ( ),

c c

c c

c a c b P Q

c a a c b b

ν ν

ν ν

δ φ δ φ

δ φ δ δ φ δ

+ +

+ +

+ − ∆ + − + ∆ = +

+ − ∆ + = − + ∆ −
 (4) 

where φ0 – the angle of inclination of the sprung part with the load to the horizon and below, for simplicity 
we assume that φ0=0. 

The above allows us with precision to the values of the highest order of magnitude to present the 
differential equation (2) with respect to the position of relative equilibrium in the form: 

( ) ( ) ( )2 2 1 1 1
1 2 т. 1 2( ) ( ) 1 ( ) ( )o cI c a c b c a c bν ν ν ν ν νφ δ δ φ ν δ δ φ+ + + + ++ + + − = + ∆ + − − −&&  
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2 2 1
1 2( ) ( ) .s s sa bα δ α δ φ+ + + − + + − 

&  (5) 

The magnitude of the moment of force of inertia of the portable motion of the sprung part with the 
load Mo

е.Ф, according to the definition [14], is equal to the moment of the main vector of forces of inertia 
Rе.Ф=((P+Q)/g)w relative to point O and therefore equals to zero. 

Let us briefly dwell on the solution of the differential equation (5). It is not possible to construct an 
exact analytical solution. However, the above limitations on the system, more precisely on the 
characteristics of damper devices, allow using the general ideas of perturbation methods adapted in [15] for 
the given type of equations. The efficiency of their use largely depends on the possibility of constructing a 
solution of the corresponding ‘non-perturbation’ analogue, i.e. the equation: 

( )2 2 1
1 2( ) ( ) 0.oI c a c bν ν νφ δ δ φ+ + ++ + + − =&&  (6) 

Its peculiarities are as follows: 
firstly, it, like the equation (5), describes the oscillatory process of the sprung part, and therefore the 

second term, the main part of the moment of elastic forces relative to the center of mass of the specified 
part with the load, must be an odd function φ. The specified condition will be true in the case when the 
parameter v takes values that satisfy the ratio v+1=(2m+1)/( 2n+1) (m, n=0, 1, 2, …). 

secondly, by performing the above, its periodic solution is expressed through periodic Ateb-
functions [16, 17] in the form [12, 13]: 

( ) ( )0 1,1, ,t a caφφ ν ψ= +  (7) 

where ,ϕa  ( ) ( )( ) ( ) 2
0

2
2

2
1 2/2)()(

ν

ϕ
νν

ϕ νδδω aIbcaca +−++= ++  – the amplitude and frequency of 

natural longitudinal – angular oscillations of the sprung mass with the load, ω(aφ)t+θ – the phase of 
oscillations of the sprung part; θ – the initial phase; 

thirdly, if for the non-perturbation equation the oscillation parameters of the sprung mass are 
constant and are determined from the initial conditions, then for the perturbation equation they change in 
time and the laws of their change are determined by the law of change of the right part of the differential 
equation (5); 

fourthly, in the value of the parameters v=0, s=0 the mathematical model of the dynamics of the 
sprung part is linear and the natural frequency does not depend on the amplitude; 

fifthly, by selecting the parameters ci and v the elastic force of a wide range of suspension systems 
from elastic cylinders [18] to the usual spring elements of the suspension system which are inclined at a 
certain angle to the vertical can be described. 

The above dependence for the frequency of natural longitudinal oscillations of the sprung mass can 
be replaced by a more convenient one. If we take into account that the parameters of ‘stiffness’ of the 
suspension system c1, c2 related by the ratio с2=кс1 (к – a known constant which indicates the relationship 
of stiffness of the front and rear shock absorbers), it is more appropriate to use the concept of static 
deformation of elastic shock absorbers – ∆ст.. In this case c1=(P+Q)/((1+к)∆ст.

v+1), the natural frequency 
takes the following value: 

( ) ( ) ( )( )2 2 1 2
0 ст.( ) 2 ( ) ( ) / 2 1 .a P Q a b I a

ν
ν ν ν

φ φω ν δ κ δ κ+ + + = + + + + − + ∆   (8) 

Below in Fig. 3, the dependence of the natural oscillation frequency 
( )
Π

=
2

ϕω a
f  in hertz on  

the parameters of the system is presented for different values of the parameters of the sprung part with 
the load, where Π is the half-life of the used periodic Ateb functions, i.e. 

( )( ) ( )( )2/12/12/1 1 ++Γ+Γ=Π − ννπ , ( )...Γ – the gamma function of the corresponding argument.  
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a)  ст2 , 0 .3m mδ = ∆ =  b) ст1.5 , 0.3m mδ = ∆ =  

 
 

 
 

c)  ст1.5 , 0.25m mδ = ∆ =  d) ст2 , 0.25m mδ = ∆ =  

  
e) ст2 , 0.3m mδ = ∆ =  f) ст1.5 , 0.3m mδ = ∆ =  

Fig.3. Dependence of the frequency f
 
of oscillations of the sprung part on the amplitude at different values  

of the parameter vand the location of the load at a=2m, b=3m, c=1,8m, P=105N, Q=4×105N 
 
The presented graphical dependences show that for the suspension system with the progressive law 

of change of elastic force (Fig. 3 a–d), the natural frequency is higher (increasing) for: 
a) larger values of the amplitude of longitudinal-angular oscillations of the sprung part; 
b) location of the center of mass of the load transported at a greater distance from the rear side; 
c) suspension systems with a larger amount of static deformation. 
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As for the suspension system with the regressive law of change of elastic force (Fig. 3 e,f), the 
natural frequency is lower for larger values of amplitude. 

The results concerning the dependence of the frequency of the considered natural oscillations on the 
magnitude of static deformation are of some practical interest. They are presented in fig.4 for different 
values of the parameters of the system of load-sprung part. At the same time, the obtained graphical 
dependencies can be the basis for choosing the elastic characteristics of the forces of the suspension 
system.  

 

 
Fig. 4. Dependencies of the frequency of longitudinal-angular oscillations on static deformation  

at a=2m, b=3m, c=1,8m, P=105N, Q=4×105N 
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From the dependencies presented in Fig. 4, it follows that: 
1. A larger value of static deformation corresponds to a smaller value of the natural frequency of 

longitudinal-angular oscillations (at constant amplitude); 
2. The speed of decrease of the natural frequency with increasing static deformation for the 

progressive law of change of elastic force for small values of static deformation is greater than 
for the suspension with the classical linear law and smaller – for large values of static 
deformation of the suspension; 

3. For the regression law of change of elastic force, the speed of decrease of the natural frequency 
for really existing static deformations of suspension systems is greater than for the linear one; 

4. Ergonomic conditions of transportation of people without additional amortization for large 
amplitudes of longitudinal-angular oscillations are more satisfied by a suspension with the 
progressive law of change of elastic forces and for small amplitudes – with the regressive one. 

As for the influence of the resistance forces of shock absorbers, they, as noted above, cause 
attenuation of the amplitude of oscillations. Without going into mathematical calculations for the specified 
type of the law of change of force of resistance of shock-absorbers, the law of its change is defined [8] by a 
ratio: 

    
( ) ( )( ) ( )

( )

12 2
1 2 1

0

2 1 2 1 2 .
2 2 2 2 2 2

ss sa b a a ada s s
dt I

φφ
α δ α δ ω

ν ν ν

−+ +
−

+ + −   + +      = − Γ Γ Γ +     Π  +  + +      
 (9) 

Fig. 5 shows the change in time of amplitudes and frequencies of longitudinal-angular oscillations 
according to equation (9). 

 

 
Fig. 5. Change in time of the amplitude-frequency characteristic at different parameters  

of the suspension and the location of the load 
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Fig. 5. (Continuation). Change in time of the amplitude-frequency characteristic at different parameters  

of the suspension and the location of the load 
 

The graphical dependencies presented in Fig. 5 show that the rate of decrease of the amplitude of 
longitudinal-angular oscillations for the suspension system with the progressive or regressive law of 
change of elastic force is greater for larger ν  and smaller values of static deformation. 

Fundamentally different results for the change in time of the frequency of natural oscillations: if for 
the linear law of change of elastic force for the first approximation it is constant, then for the progressive 
law of change of elastic force it decreases with time, and for the regressive one – it increases. In addition, 
the suspension system with the progressive law of change of elastic force with static deformation of the 
shock absorbers 0.3 m∆ ≈  and the closer location of the load that is transported to the rear side satisfies 
the ergonomic conditions for a wide range of time changes to a greater extent. 

 
3.2. Determination of the dynamic pressure force of steered wheels on the road surface. 
The kinematic relations obtained above, which describe the dynamics of the relative motion of the 

sprung part of a considered wheeled vehicle, together serve the main relations arising from the 
kinetostatics equations of the sprung-unsprung part system to determine the dynamic interaction of tires 
with the road surface and hence the dynamic angle of steerability. For the considered calculation model of 
a wheeled vehicle with a load, the basic ratio which follows from the equations of kinetostatics of statics is 
transformed into:  

. . e i

. . e i

Ф Ф 0,

( ) ( ) (Ф ) (Ф ) 0,

e a

e a
B B B B

R R

M R M R M M

+ + + =

+ + + =

r r r r

r r r r r r r r  (10) 

where, respectively . . e i, , Ф , Фe a iR R
r r r r

– the main vectors of external active forces, reactions of ligaments, 

transfer and relative forces of inertia, . . e i( ), ( ), (Ф ), (Ф )e a
A A A AM R M R M M

r r r r r r r r
 – the main points of these 
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forces relative to the arbitrary point B. Let us note that for the considered transfer motion of a wheeled 
vehicle (translational) the main vector of the Coriolis force of inertia and therefore the main moment of this 
force relative to the arbitrary point is equal to zero. We would like to note that point B is chosen so that the 
scalar equations derived from (10) take the simplest form. In our case, these are the contact points of the 
steered wheels of a vehicle. Thus, from the vector relation (10) for the plane model of the motion of a 
wheeled vehicle the scalar follows 

( )
( ) ( )

1. 2 1 2
. . . . .в.

1 .
. .

2
.п. .в. r.Ф

Р 0,

0,

( cos ) ( cos )

sin - sin 0,

е н е п е
р тр

е н

е е
A

P P Q N N

F F Ф Ф Ф

N a b P a Q l a Ф r

Ф d Ф l M

δ φ δ φ

δ φ δ φ

− − − − + + =

− − − − =

+ − + − + − − −

− + − − =

 (11) 

where N1, N2 – respectively, are the vertical components of the reactions of the road surface of the steered 
and driven wheels (equal in magnitude to the pressure forces of the respective wheels on the road surface), 
F2, F1тр – driving and resistance force, F1тр  – according to Coulomb's law is related to the dynamic 

pressure force 1 . тр 1трF f N= , . . 1 2

g
е н P PФ w+

= , . .

g
е п QФ w=  respectively, are the main vectors of inertia 

forces of non-sprung, sprung parts and the load transported in portable motion, i(Ф )A AM I φ=
r &&  – the main 

moment of inertia of relative motion of the sprung mass with the load relative to the point of contact 
(adherent point) of the steered wheel and the road surface (point A), r – a wheel radius. 

From the system of differential equations (11), we can find without special difficulties 

( )тр 1 нр
wF f N Р P Q
g

= ± + + . In addition, based on the dependence (1), the third equation of relations (11) 

can be somewhat simplified by presenting it as follows: 

( ) ( ) 1 2
2 ( ) 0,

gA
P PP QN a b g a hw I wr

g
δ φ

++
+ − + ± =&&∓ ∓  (12) 

where IA is located according to the Huygens-Steiner theorem. 
To determine the limit angle of steerability of a vehicle, let’s limit to the maximum value of the 

angular acceleration of the relative motion of the sprung part. From the obtained relation (6) we can get the 
following: 

( ) ( )
1

2 2
1 2

0

max
( ) ( ) .

min
a

t c a c b
I

ν
φ ν νφ δ δ

+
+ + 

= ± + + − 
 

&&  (13) 

Thus, the extreme values of the pressure force of the leading wheel on the road surface are equal 

   ( )( ) 2 2 1 1 2
2 1

1 ( ) ( ) ( ) .
( ) g

A

O

I P PP QN g a hw c a b a wr
a b g I

ν ν ν
φδ δ κ δ+ + + ++  = + ± ± + + −  +  

∓  (14) 

The upper sign in the above dependencies is taken for the accelerated motion and the lower – for the 
slow one. According to the first equation of dependencies (11), we have extreme values of the pressure 
force of the steered wheel on the support surface 

( ) ( )
( )

1 1. 2
1

2 2 1 2
1

ст.

Р

1 ( ) ( ) ( ) .
( ) 1 g

k

A

O

G N P P Q

aI P Q P PP Q g a hw a b wr
a b g I

ν
φν ν
νδ δ κ δ

κ

+
+ +

+

= = + + + −

 + ++  − + ± ± + + −  + + ∆  
∓

 (15) 
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3.3. Limit angle of steerability. 
The dependence (15) is the basis for determining the dynamic angular stiffness (similar to static) of 

the tire cω relative to the vertical axis cω=kGk, the coefficient k is determined by empirical dependence. At 
the same time, the moment of dynamic resistance of the tire rotation, provided that the latter is proportional 
to the angle of rotation of the tire [1], takes the following form: 

( )1. 2.
1Р ( )

( )
P QM k P P Q g a hw

a b gφ δ
  += + + + − + ± ± +   

( )
( )

1
2 2 1 2

1
ст.

( ) ( ) ,
1 g

A

O

aI P Q P Pa b wr
I

ν
φν ν
ν

δ κ δ
κ

+
+ +

+

+ +  ± + + − Θ + ∆ 
∓

 
 

(16) 

where Θ – the angle of rotation of the steered wheel relative to the axis of the pin (the axis relative to 
which the wheel rotates). The condition of steerability of a wheeled vehicle (taking into account the 
oscillations of the sprung part and the variable of speed motion dV/dt=w takes the form Mφ≤ Mφ max, where 
Mφ max – the limit value of the coupling torque resistance of the tire which occurs when the sliding of the 
tire elements that are in contact with the supporting surface [1]. 

The latter can be taken as the maximum value of the static moment of resistance of the tire rotation: 
( ) ( )( )max 1 max/M k P P Q a a bφ = + + + Θ , maxΘ – the limit value of the angle of rotation of the steered wheel, 

which for different types of the road pavement is found empirically. In this case, to determine the limit 
angle of rotation of the steered wheel, taking into account the longitudinal oscillations of the sprung mass, 
we obtain the following dependence:  

( )
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2
1. 2.

1Р ( ( ) ) ( )
( ) 1

A
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2 1 2
1 max1
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g
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ν
φν
ν

κ δ
+

+
+

+ +  + − Θ ≤ − Θ   + ∆ 
∓  

(17) 

From obtained dependence, we can find the value of critical dynamical angle of rotation Θ  
depending on the amplitude of longitudinal-angular oscillations, acceleration of the wheeled vehicle, and 
parameters that describe power characteristic of the sprung mass and the location of the cargo in the body. 

( )( ) 1 2
1 1. 2( )(Р ) ( (

g
P P P QP P a b Pa wr a b P P Q g a

g
  + +

Θ = + + − ± + + + + − +  
  

( )
( )

1
2 2 1 2
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) ) ( ) ( ) .
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O

aI P Q P Pwh a b wr
I

ν
φν ν
ν

δ δ κ δ
κ

+
+ +

+

+ +  + ± ± + + − Θ  + ∆  
∓  

(18) 

The dependence of the relation of the critical value of dynamical angle of rotation to its static value 
( max/η = Θ Θ  ) at different values of parameters of suspension force and accelerations of wheeled vehicle 
for progressive and regressive characteristics of the suspension system is given in Fig. 6. 

The given graphical dependencies show that longitudinal-angular oscillations significantly reduce 
the critical value of the dynamic angle of steerability. As for the influence of oscillation amplitude and 
characteristics of the elastic force of the suspension, its regressive dependence should be chosen for 
practical use to increase steerability which can increase the dynamic value of the angle of steerability 
significantly comparтed to the linear one for a wide range of longitudinal-angular oscillations. At the same 
time, the limit value of the dynamic angle of steerability is greater, provided that the transported load is at a 
greater distance from the rear side. 
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Fig. 6. Dependence of the ratio of the critical value of the dynamic angle of rotation to its static value ( max/η = Θ Θ
) at different values of the parameters of the suspension force and the location of the load transported at  

a=2m, b=3m, c=1,8m 
 

4. CONCLUSIONS AND RESEARCH PERSPECTIVES 
The obtained results and the presented graphical dependences show: 
− firstly, for wheeled vehicles with the nonlinear law of change of regenerative force of the 

suspension system, the natural frequency of longitudinal – angular oscillations depends on the 
amplitude, besides for the suspension system with the progressive law of change of regenerative 



I. Kuzio, M. Sokil 72

force, the bigger value of amplitude corresponds to the bigger value of the natural frequency of 
oscillations; for the regressive law – vice versa; 

− secondly, longitudinally – angular oscillations of the sprung mass significantly reduce the critical 
(limit) value of the angle of steerability – for larger values of the amplitude of the specified 
oscillations, the critical value of the angle of steerability is smaller; 

− thirdly, the variable in the time of the speed of the vehicle changes the value of the critical angle 
of steerability – the accelerated movement (at the same other parameters) corresponds to a larger 
value of the dynamic angle of steerability and vice versa; 

− fourthly, for larger values of static deformation of the suspension system with the progressive 
law of change of elastic force, the critical value of the dynamic angle of rotation is greater and for 
the regressive – smaller; 

− fifthly, the location of the center of the load which is transported closer to the rear side increases 
the critical value of the angle of steerability; 

− sixthly, for small amplitudes of oscillations of the sprung part, the critical value of the stable 
motion of the suspension with the progressive law of change of elastic force is less than for the 
linear law and vice versa. 

The use of a mathematical model allowed us to analytically establish the influence of various factors 
(design parameters) on the smoothness and a fairly accurate description of the oscillations of a vehicle 
when driving on peculiar road pavement. This methodology of studying the influence of longitudinal-
angular oscillations of wheeled vehicles with nonlinear force characteristics of the suspension system on 
their steerability is implemented in articles [21-22]. 
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ВПЛИВ СТУПЕНЯ ЗАВАНТАЖЕНОСТІ ТА РОЗМІЩЕННЯ ВАНТАЖУ 

НА КЕРОВАНІСТЬ ВАНТАЖНИХ ТРАНСПОРТНИХ ЗАСОБІВ 
 

Анотація. Для колісних транспортних засобів з нелінійною силовою характеристикою 
пружинних амортизаторів та демпферних пристроїв розроблено методику оцінювання 
впливу ступеня завантаженості, кінематичних параметрів руху на їх керованість вздовж 
криволінійних ділянок шляху. В основу досліджень покладено рівняння кінетостатики 
системи підресорена–непідресорена частини та диференціальні рівняння відносного руху 
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підресореної частини транспортних засобів. Щодо останніх, то вони враховують як 
завантаженість транспортного засобу, так і нелінійно-пружні характеристики аморти-
заторів. Для випадку, коли пружні характеристики амортизаторів описуються степеневою 
або близькою до неї залежністю, вдалось аналітично описати коливання підресореної 
частини. Їх особливістю є те, що частота, а отже, динамічна сила тиску коліс на опорну 
поверхню (дорогу) залежить від амплітуди коливань. Остання та характеристики дорож-
нього покриття визначають основні параметри керованості та стійкості руху транс-
портних засобів вздовж криволінійних ділянок шляху. Все в сукупності дало змогу отримати 
залежність критичного значення динамічного кута повороту керованих коліс як функцію 
амплітуди поздовжньо-кутових коливань, кінематичних параметрів руху, ступеня заванта-
женості транспортного засобу. В результаті встановлено: а) коливання підресореної час-
тини значною мірою зменшують граничний кут повороту керованих коліс вздовж криволіній-
них ділянок шляху; б) для періоду розганяння транспортного засобу і ближчого розташуван-
ня центра ваги вантажу, який транспортується, до заднього борта граничний динамічний 
кут повороту керованих коліс є меншим; в) система підвіски з прогресивним законом зміни 
відновлювальної сили пружинних амортизаторів у ширшому діапазоні зміни амплітуди 
коливань підресореної частини задовольняє ергономічні умови перевезення. Отримані роз-
рахункові залежності можуть бути базовими під час модернізації наявних чи створення 
нових систем підресорювання з метою покращення основних експлуатаційних характе-
ристик колісних транспортних засобів. 

Ключові слова: транспортні засоби, керованість, стійкість руху, система підресорю-
вання, підресорена частина, критична швидкість руху, коливання, навантаження. 

 
 


