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In this work, an implicit algorithm is used for analyzing the free dynamic behavior of
Functionally Graded Material (FGM) plates. The Third order Shear Deformation Theory
(TSDT) is used to develop the proposed model. In this contribution, the formulation
is written without any homogenization technique as the rule of mixture. The Hamilton
principle is used to establish the resulting equations of motion. For spatial discretization
based on Finite Element Method (FEM), a quadratic element with four and eight nodes
is adopted using seven degrees of freedom per node. An implicit algorithm is used for
solving the obtained problem. To study the accuracy and the performance of the proposed
approach, we present comparisons with literature and laminate composite modeling results
for vibration natural frequencies. Otherwise, we examine the influence of the exponent of
the volume fraction which reacts the plates “P-FGM” and “S-FGM”. In addition, we study
the influence of the thickness on “E-FGM” plates.

Keywords: third order shear deformation theory (TSDT), nonlinear dynamic analysis,
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1. Introduction

Since a long time composite materials play a major role in the overall industry (Automotive, aero-
nautics, civil engineering, etc). These industries are in permanent search of performance in terms of
production gain, lifespan, maintenance and functionality. Currently, most research and development
activities in structural applications have mainly focused on areas of joining two basic constituents,
such as ceramic and metal. The joint between two constituents with two different materials encounters
a problem on the structural interfaces. In 1987, the researchers proposed to use Functionally Graded
Materials (FGMs). These particular composite materials having a gradual and continuous variation
of the volume fractions of each constituent. In this kind of materials, properties vary from one point
to another eliminating interface problems. In FGM materials, material fraction varies continuously
through the thickness to have a material with two facets made up of ceramic and metal. The change
in material fraction is made between these two facets by laws describing the manufacturing process of
the FGM. Many benefits are expected from using this class of FGM. For example, the ceramic face
can provide high wear resistance, while the metal face offers the high hardness. Thus, these materials
are highly desirable for automotive applications because of the wear resistance and high hardness. The
use of FGM materials in the automotive industry is still limited at the moment, due to the high cost
of production. However, the material is used in very important parts of vehicles, where the use of this
kind of material is justified by scientific reasons. Present applications include pistons, cylinder liners
for diesel engine, leaf springs, combustion chambers, transmission shafts, shock absorbers, some parts
of the bodywork, etc. Also, FGMs are used in bodywork coatings, such as graduated coatings with
particles, for improved rigidity of cars. Research activity on FGMs is centered around the calcula-
tion of residual stresses, analysis and study of the temperature evolution in FGMs (thermal stresses),
calculation of interfacial stresses in FGMs, modeling of stresses and strains in the different vibration
studies of FGMs structures.

(© 2021 Lviv Polytechnic National University 691
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In the following, we present some scientific research on FGMs. Vinh et al. (2021) [1| proposed
a modified plate theory of shear strain to analyze the free vibration of rectangular P-FGM plates.
Using the equilibrium of forces equations, the relationship between the bending and shear parts is
established, so that the displacement fields and the equation of the modified theory of plates contain
only a single unknown variable. Auada et al. (2019) [2]| investigated an isogeometric analysis of the
FGM plates. The kinematic model is based on the Reissner-Mindlin theory for flexural and shear strains
and the von Karman theory for nonlinear membrane strains. Isogeometric formulation is applied to
study buckling and post-buckling of FGM plates. Kim et al. (2019) [3] presented a semi-analytical
approach to study the nonlinear dynamic response and the vibration of an eccentrically oblique rigid
plate in FGM resting on elastic foundation. Fu et al. (2018) [4] analyzed the sound transmission
loss through corrugated core FGM sandwich plates filled with porous material. They considered two
types of FGM sandwich structures, one with FGM face sheets and homogeneous ceramic or metal
core, and the other is reversed with homogeneous face sheets and FGM core. Sharma et al. (2021) [5]
studied the free vibrations of the two-dimensional P-FGM square plate. The natural frequencies
are calculated for various boundary conditions using COMSOL-5.5 finite element software. Kar and
Srinivas (2020) [6] used the materials modeling and finite element analysis to study the behavior of the
P-FGM hydroxyapatite/titanium plate under thermo-mechanical loads. Unlike other studies in which
the plates are separately exposed to thermal or mechanical loads, a simultaneous analysis is performed
in this work. Katili et al. (2021) [7] performed a static and dynamic (free vibration) analysis of P-
FGM plates using an efficient quadrilateral finite element based on the discrete shear projection method
(DSPM). Zheng et al. (2021) [8] developed a hybrid meshless/displacement discontinuity method for
FGM Reissner’s plate with cracks. In addition, Multi-term extended Kantorovich method (MTEKM)
and the classical plate theory are used by Hassan and Kurgan (2020) [9] to examine the bending of thin
skew FGM plate embedded in the Winkler elastic foundation under uniformly distributed transverse
load. Various configurations of boundary conditions are considered. Yang et al. (2020) [10] analyzed the
postbuckling of multi-directional perforated FGM plates using NURBS-based on isogeometric analysis
and finite cell method. TSDT and von Karman nonlinear assumptions are used to determinate the
nonlinear deformation of plate, where shear correction factors are not needed in this model. Minh et
al. (2021) [11] introduced the high order shear strain theory (HSDT) to calculate the free vibration
of cracked plates (P-FGM) resting on elastic Pasternak foundations. A linearly variable thickness and
a crack in the center are considered for the rectangular plate. Li et al. (2021) [12]| studied composite
laminated and FGM plates using higher-order shear deformation theories with a novel unified plate
model. The parameters of free vibration of plates of cracked P-FGM materials whose thickness varies
nonlinear according to the symmetrical function of parabola under temperature studied. Minh and
Duc (2020) [13] investigate the free vibration parameters of cracked FGM plates under temperature
using the symmetric parabola function for nonlinear varying thickness. Tran et al. (2021) [14] used
ES-MITC3 element and prediction of artificial neural network to examine free vibrations of P-FGM
plates in the thermal environment embedded in elastic foundations. Timesli (2021) [15] investigated
analytical modeling of buckling behavior of porous FGM cylindrical shell embedded within an elastic
foundation uisng Donnell shell theory. In the work of Bourihane et al. (2020) [16], the free vibration and
forced nonlinear dynamic behavior of plate material (P-FGM) are analyzed using TSDT. FGM plates
operate as a laminated composite, and the power-law governs the variation of the material properties
of FGM. The resulting equations of motion established according to Hamilton’s principle.

In the present work, we are interested to the vibrations of FGM plates using TSDT and FEM.
We suppose that the material properties change continuously through the thickness of the plate using
the different laws which govern the variation of materials namely: the exponential law “E-FGM?”, the
power-law “P-FGM”, and the “S-FGM” sigmoid law. The equations of motion obtained by applying the
Hamilton principle and the fundamental frequencies calculated by solving the equations governing the
eigenvalue problem. Firstly for validation, we compare the results of the “P-FGM” plate obtained with
those of the literature. Afterward, we examine the influence of the exponent of the volume fraction
which governs “P-FGM” and “S-FGM” plates. Then we study the influence of the thickness on the
“E-FGM?” plates with different boundary conditions.
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2. The laws of the variation of the material properties depending on the thickness of
FGM plates

The material gradation methods of the variation of the material properties of FGM plates are given
as follows.

2.1. Material properties of P-FGM plates (Power law gradation)

Many researchers use a power law function “P-

x10°
FGM” to describe the material properties of = e .
materials with graduated functionality. Once 2| N2
the local volume fraction V(z),, is defined, —N=0s

the material properties of “P-FGM” plate can 15"
be determined by the rule of mixtures:

E@

e Young’s Modulus:
E(z)=(E.—Ep)xV(z)+ En, (1) %

. , . 0 : : : ; ‘ ‘ ‘ ‘ ‘
e Poisson’s ratio: 05 04 03 02 01 0 0.1 02 03 04 05
zlh

v(z) = (Ve — vm) X V(2) + Vm, (2) Fig. 1. Variation of Young’s modulus in a P-FGM plate.
e Mass Density:

p(2) = (pc = pm) X V(2) + pm, (3)
where E., v. and p. define the properties of the ceramic material and FE,,, v, and p,, define the

properties of the metal material. The expression of volume fraction of the P-FGM is given by a power
law function:

z  I\N
—(Z L= 4
Vi) = (2 +3) (4)
where h is the thickness of the plate and N (0 < N < o0) is an exponent of the volume fraction which

represents the variation of the material through the thickness of the layer in FGM. The variation of
Young’s modulus through the thickness of the P-FGM plate is shown in Fig. 1.

2.2. Material properties of E-FGM plates (Exponential law gradation)

For E-FGM plates, the exponential function

3(105
is used to describe the material properties. “

e Young’s Modulus:

s (5(-+2)) @

: _1 E.
with B = 7 In <Em)’

e Poisson’s ratio:

(2)—ve X exp (B <z + g)) (6)

with B = 1 In (”—m>
e Mass Density:

o) =pexew (B(z+3)) @)

with B = f1n (£).

The variation of Young’s modulus through the thickness of the E-FGM plate is shown in Fig. 2.
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2.3. Material properties of S-FGM plates (Sigmoid law gradation)

In power and exponential laws, stress concentrations appear in one of the interfaces, this problem is
overcome by the sigmoid law [17] which combines two power laws. The expressions of this law for
unidirectional S-FGM are given by:

e Young’s Modulus:

E(2)=(E.— Ep) xV(2) + En, (8)
e Poisson’s ratio:
v(z) = (Ve — Um) X V(2) + U, (9)
e Mass density:
p(2) = (pe — pm) X V(2) + pm. (10)

The expression of volume fraction is given by power laws in the form:

z

W AN
V(z) = —%<2g> for 0<2<h/2,

(11)

h_ N
V(Z):%<2%Z> for —h/2<2<0.

3. Mathematical formulation

3.1. Mechanical characteristics and Kinematics

Considering a FGM plate in Cartesian coordinates as shown in Fig.3 with the following geometric
characteristics: length b, width a and thickness h. The displacement of each point of the FGM plate is
defined by (U )T = (u,v, w>T which is correspond to the displacement of a point between the reference
state and the deformed state of the plate. The displacement components u, v, and w are defined
according to the coordinates (z,y,z). The components uy and vy correspond to the displacement
in the middle plane (z,y,0). The middle plane is positioned in z = 0 with u(z,y,0) = ug(z,y) and
v(x,y,0) = vo(z,y). The mechanical properties of plate E(z), v(z), and p(z) depend on the coordinate
z and vary from values E., v, and p.) to values E,,, vy, and p,,. Note that E., v., and p,. are the
properties of the top face (z = h/2) of the shell and E,,, vy, and p,, are the properties of the bottom

face (z = —h/2) as shown in Figs. 3 and 4.
a Ty |

z

| | Mid-plane | Full metal

Fig. 3. FGM plate in Cartesian coordinates. Fig. 4. Material properties through the thickness of
the FGM plate.

a

To adapt TSDT for elasticity problems, we assume a non-linear elastic behavior of the plate. The
field of displacements of a point M of the plate is written in the form:
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2]
u(@,y,2,1) = uo(z,y) — 2257 + f(2)pu(w,y),
UM) = q v(x,y,21t) =vo(z,y) — 22550 + f(2)py (2, ), (12)
w(ﬂj, Y,z t) = ’lU()(ZE, y)7
where g, v, and wg are the membrane displacements. ¢, (z,y) and ¢y (z,y) are given by:
{ @x(xay):%"i‘em (13)
9 )
oy, y) = % + 0y,
where 6, and 60, are the rotations around the axis = and y.
For Reddy’s TSDT f(2) = z(1 — cz?) with ¢ = %g, hence displacement field can express as:
’LL(J}, Y,z t) = ’LL(](:E, y) + 20, — ng(w + 990)7
UM) =13 v(z,y,zt) =uvolz,y) + 20y — ng(%;,y) + Hy), (14)

’(U(:E,y, Z,t) = wO(gj7y)7

3.2. Deformation field

The strain tensor of Green—Lagrange ~ is related to the displacement field by the following relation:

1 (0U; | OU;\ 1= QU O,

(15)

The small displacement assumption allows us to write the strain tensor of Green—Lagrange in the

following vector form:

2 2 2
- o (3 4+ (22)° + (32)
ey St g 2(3e e + 5o 50 + 52 %0)
{vij} = Q2% p = Ge+ 50 0+ 592555 + G5 + 525
) 2 2 2
! ay oy ) 2(5y 5t oy00 T 5 a%)
This tensor can be written as follows:
{7} = {6} + z {/1} —3cx 22 {90} — 2 {1/)}
with {5} is given by:
2 2 2
G [ (52)" + (92)° + (32
% (%) + (%)* + (%)
1 Y Yy Yy
()= (v g o g dantio + Gt dingm
D2+ On 2(%20, + 526,)
0y + %o 2(%0, + Z0g,)

or in short form: )
(e} = 1) {8} + S1aen (o)
where the displacement gradient vector {6} is written as follows:

T __
{9} = <u0,ma V0,2, Wo,z, U0,y, V0,y, W0,y ema an egc,gcy ey,gca egc,ya Qy,ya W 2, WO,yy» wO,xy>
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and the matrices [H1| and [A(0)] are given by:

1000 0O0O0OO0.
000 01O0O0O0.
[HiJ]=10 1. 0 1. 0 0 0 0 . (21)
0O 01 00 O0T1O0.
0O 00 0O0T1O01
and
0 0 wyp 00 0 00 .
00 0 00 wyy 0 0 .
[A@)] =10 0 wo,y O O wo, 0O O . (22)
Oo0 0O 00 o0 O00oO0.
o0 o0 00 0o O0O0.

3.3. Behavior law

The second Piola—Kirchhoff stress tensor S and the Green-Lagrange strain tensor 7 are connected by
the following relation:

1+v(2) v(2)
Yij = W&',j - mskkdi,jy (23)
where 0; ; is the Kronecker symbol. This relation can be written in the matrix form:
Sex Yxx
Syy Tyy
Sy p = [D()] § 22y (24)
Syz 2Yzy

1 wu(z) 0 0 0 ]
5 v(z) 1 0 0 0
[D(=)] = 1= ?))2 o o =@ g 0 . (25)
1o 0 0 B g
1-V(z
00 0 0 VG |

4. Application of Hamilton's principle

The equations of motion are derived from Hamilton’s principle which is given by the following expres-

sion:
t1

0H =9 (T — P)dt =0, (26)
10
where T is the kinetic energy, P is the total potential energy, H is the Hamiltonian of the system, g
and t; are the initial and final time, respectively, and dt is the time variation. The kinetic energy T is
given by:
1 .
73 [ o000y, (21)

where {U (M)} is velocity field. The variation of the kinetic energy is then given by:

5T = / (ST} {TT ). (28)
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Integrating the kinetic energy from time tg to time ¢; one can obtain:

ST di = / ! / o)UY {U} d2dt, (29)
"o dt = / ! / o)UY {0} d2 Zl— / ! / o)UY L0} d2dt, (30)
a b

[P

where the first term “a” is zero because U = 0 at times t = tg and ¢t = t;. Hence the expression of
kinetic energy becomes:

5T = — / p(2)(ii6u + 560 + wow) A, (31)

where i, ¥, w are the components of the acceleration vector and du, dv, dw are the variation of
displacements at point M. Subsequently, to facilitate the calculation of the operations, we set §; =
6; + w;, where j = z,y, and M; = [ 2ip(z)dz where i = 0,1,2,3,4,6 and M; is a component of the
mass matrix. The variation of the kinetic energy is then given by:

6T = — / [Mo(uau + B0V + Wow) + My (166, + 906, + ,.0u + 6,0v)

+ My(6,60, + 6,00,) — cM3(iidB, + 508 + Brou + f,.00)
— eMy(6,68, + 6,08, + 200, + ,00,) + Mg(5s08, + ﬁ"yaﬁy)] s (32)

or by the following compact form:

oT = — / (GUNMI{TT} dS, (33)
where
(0U) = (6u, 60, 6w, 6By, 6By, 060, 66,) (34)
and _ -
My 0 0 —CMs; 0 M, 0
0 My 0 0 -CMs 0 M,
0 0 M 0 0 0 0
[M]=|-CM3 0 0 C%*Mg 0 -CMy; 0 . (35)
0 —CMs 0 0 C? M 0 —CMy
M, 0 0 —CM; 0 M, 0
0 M, 0 0 -CMy 0 M, |

The variation of the total potential energy is written as follows:
0P = Wi+ dWegt, (36)

where 0W, is the variation of strain energy and Wy, is the variation of work done by the external
force. dWy is given by:

5wg::§/k5v}T{S}dﬂ, (37)

which allows to obtain:

W= [ ({6)Du}e} + (60) [Da){e} — 3e69) [Dal{)

— c(69)[Ds){e} + () [D1]{r} + (65)[Da]{r} — 3c(5¢)[Ds]{r}
— c(0Y) [Da]{r} — 3(de) [Da]{p} — 3c(dk)[D3]{ 0}
+9c%(60) [Dal{sp} + 3¢ (59)[Ds]{} — c(0e)[Ds]{p} — c(0r)[Da] {1}

+3¢2(0¢) [Ds]{} + A (0) Do {w} ) dS,  (39)
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where
[D;] = / 2'[D(2)]dz with i=0,1,2,3,4,5,6, (39)
Rea m,m
Kyy Oy.y
{/{} = < 2Ky v+ 0uy ¢ = [Ho {9}, (40)
2K 0
2Ky, 0
Pz 0
Pyy 0
{‘P} =\ 2Pay 0 = [H3] {9}7 (41)
290502 9 + U)() T
2‘:0yz 9 + wo,y
/l/}xl' SC T
Vyy Oy,y + w,yy
(oh =200, b= L,y by 3wt — 2 {0} (42
2%y, 0
29y, 0

On the other hand, §W,,; is given by:

Wt = Mt) [ (1607 (£} + {96}" {a}) ds (43)

where A(t) is a loading parameter depend on time, F, is the force vector expressed by {F.}T =
(Fy, Fy, F,) and {M.} is the moment vector given by {M.}T = (0,0,0,0,0,0, M,, M,,0,0,0,0,0,0,0).

Taking into account the equations (33), (38) and (39), the Hamilton’s principle is written in the
form:

Jvipng@as + [ (62)(Dole} + Gr)Dile) - 3clEoDale)

— c(09)[Ds]{e} + () [D1]{r} + (65) [Da]{r} — 3c(5¢)[Ds]{r}
— c(0Y) [Da]{r} — 3(de)[Da]{p} — 3c(dx)[D3]{ 0}
+9c%(60) [Dal{p} + 3¢ (0¢)[Ds]{} — c(0e)[Ds]{p} — c(0rk)[Da] {1}

+ 3¢ (5p)[Ds {0} + 2(60) [De]{w} ) dS = A(t) / (100} (F.y + {96} (M.} )dS. (44)

4.1. Discretization with the finite element method

Spatial discretization is performed by the finite element method which consists to discretize the domain
S into several subdomains S, called element. The displacements {U} are related with the nodal dis-
placements {r}¢ on each element via a matrix [/V] of interpolation functions, as follows {U} = [N]{r}¢.
Likewise, the displacement gradient vector {6} is expressed as a function of the nodal displacements
{r}¢ via a matrix [G] of gradients of interpolation functions, as follows {6} = [G]{r}°. Note that there
is seven degrees of freedom per node, four independent components (u,v,,,6,), the transverse dis-
placement w and its derivatives (w,,w,). To ensure a good approximation, for interpolation functions,
we adopt bilinear Lagrange functions for axial displacements (u, v) and rotations (6,6,) and high
degree Hermite functions for the transverse displacement w. In this work, we choose the quadrilateral
element which is the optimal choice. The passage of the reference elements to the real elements is
carried out by a geometric transformation which is called “Jacobian transformation”. Consider the
coordinates of the real elements  and y and the coordinates of the reference elements £ and 7, so we
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can write:

nn (45)
y= ; Ni(&,m)yi
Where nn is the number of nodes per element.
After the spatial discretization, the tensors {E}, {KJ}, {cp}, and {1/1} can be written in the following
forms:

{e} = [HIG) {r} + S1A®NC) {r°} = [Ba(6)) {r<}. (16)
where [B1(0)] = [B'] + [B™],
{} = [RIIG] {r} = [Ba] {r°} (47)
{cp} = [H3][G] {7‘6} = [Bs] {7‘6}, (48)
{v} = [HIG{r ) = [Ba] {r°} - (49)

Injecting these expressions above in the Hamilton’s principle equation, one can get the following
equations of motion:

Z/ Bl T[Dol{e} + [Ba]"[Dil{e} — 3¢[Bs]" [Da){e}

— [Ba)"[Ds){e} + [B1(0)]" [D1){r} + [B2)" [Da]{}
— 3¢[Bs]"[Ds){} — c[Ba]" [Dal{} — 3¢[B1(0)]" [Da){}
— 3¢[Ba]" [Ds]{} + 9¢*[Bs]" [Dal{p} + 3¢*[Ba]" [Ds){ 0}
— [B1(0)]" [Ds{} — c[Ba]" [Dal{t} + 3¢*[Bs]" [Ds {4} + ¢ [B4]T[D6]{w})ds

—|—Z/Ng M[N]{7¢}dS, _ZA ) [45re (T (B + 6T () s, (50)

where ne is the total number of elements. Using the assembly technique, equations of motion can be
rewritten in the following global form:

[M] {7} + [K(0)] {7} = A0 { £y} - (51)

4.2. Eigenvalue equations

The theoretical formulation of free vibration is the same as nonlinear vibration, except that the strain
tensor must be linear and the work of the external forces is zero. To determine the eigenmodes, we
assume that the displacement field can be written in the following form:

{r} = {@} cos(wt), (52)

where @ is a vector which corresponds to a mode. We inject the approximation (52) in the equation (51)
to obtain the following equation:

(—w® [My] + [Ka]) {2} = {0}, (53)

where [K gl] is the linear part of the stiffness matrix. This is the eigenvalue problem where the existence
of solution to matrix equation (53) leads to:

det(M~'K —w’I) =0. (54)
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5. Numerical result

In this numerical section, we are interested to determine the natural frequencies of each FGM plate and
to examine the influence of the exponent N which represents the variation of the material properties
of P-FGM and S-FGM plates. In addition, we determinate the natural frequencies of E-FGM plates
and examine the influence of the thickness on this kind of plates. In this study, the effect of different
boundary conditions has been taken into account as shown in Fig.5, material properties of FGM
plate given in Table1 are used, and the obtained numerical results are compared with those given in
references [18] and [16] in particular case of P-FGM plates.

(A) B) ©)
Fig. 5. Different boundary conditions SSFF, SSSS and CCCC.

Table 1. Material properties of FGM plate.

Material characteristics E (GPa) v p (Kg/m?)
Metal material (7 —6Al —4V) | 122.56  0.31 4429
Ceramic material (Zr02) 244.27  0.288 3000

5.1. Influence of the exponent N of the volume fraction for P-FGM and S-FGM plates

In this part, we examine the influence of the exponent N of the volume fraction for P-FGM and S-
FGM. We consider a simply supported square plate SSSS (see Fig. 5-(B)) of side 0.2m with uniform
thickness A = 0.025m and material properties given in Table 1. Note that the Poisson’s ratio of the
FGM plate is considered constant and equal to the average of the given coefficients for two materials.
The plate is discretized by 5 x 5 elements. The eigen-frequencies have been calculated by the proposed
approach for a square P-FGM plate and compared with the results of references [16] and [18] as shown
in Table2. Table3 presents the calculated eigen-frequencies by the proposed approach for a square
S-FGM. These results show that when the exponent N increases the frequencies decrease.

In Fig. 6, the first eight eigen-frequencies of the P-FGM plate and the S-FGM plate are illustrated.
We notice that the results of the P-FGM plate are very close to those obtained with the S-FGM plate.
Also note that the fundamental frequencies depend on the volume fraction of materials of FGM plates.

5.2. Influence of the length-to-thickness ratio (a/h = b/h) of the E-FGM plates

Consider three E-FGM plates of the same proprieties material with different aspect ratios
(length/thickness): Plate 1 with a/h = b/h = 4, plate 2 with a/h = b/h = 8, and plate 3 with
a/h = b/h =12, knowing that a = b = 0.2m. There are the same discretization 5 x 5 elements and the
same boundary conditions of a simply supported square plate SSSS (see Fig.5-(B)) as in the previous
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Table 2. Eigen-frequencies of free vibration of a square P-FGM plate.

Mode Reference N=0 N=0.5 N=1 N=2  Ng¢[300,c] E-FGM
a0 18] 8270 7.130 6.657  6.236 - =
TSDT [16]  8.968 7.530 6.980 6.513 - -
CPT [16] 9. 723 8.073  7.2429 6.930 - -
present 9.276 7.8 7.2022  6.6362 5.4253 4.1805
(1.2) [18] 19.261 16.643 15.514  14.625 - -
TSDT [16] 21.276 17.871 16.551 15.413 - -
CPT [16] 24.235 20.093 18.465  17.212 - -
Present 19.5621 17.27 15.8446 14.5588 11.3521 8.8075
1.3) 18] 34870 30.174 28.120  26.454 - -
TSDT [16] 36.343 30.813 28.276  25.850 - -
CPT [16] 36.34  30.827 28.296  25.867 - -
present 32.8 30.23  27.7465 25.4818 18.8694 15.1051

Table 3. Eigenfrequencies of free vibration of a square S-FGM plate.

Mode N =05 N=1 N=2 N=3 Npuww=70 EFGM
(1.1)  8.1466 7.3047 6.6754  6.4125 4.9332 4.1805
(1.2) 172766 15.51192 14.1992 13.6463 10.3765 8.8075
(1.3)  29.7124  26.7584  24.5242  23.5847 27.8321 15.1051
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Fig. 6. Comparison of the natural frequencies between Fig. 7. Eigenfrequencies of free vibration of a square
the P-FGM plate and the S-FGM plate. of a E-FGM plate with various boundary conditions.

example in the section 5.1. We present in Table4 the first three eigen-frequencies of three plates 1,
2 and 3. This table shows that increasing the length-to-thickness ratio decreases the fundamental
frequencies. This means that the stiffness of the E-FGM plate decreases with increasing aspect ratio

(length /thickness).

Fig. 7 shows the proportionality of =~ Table4. Eigen-frequencies of free vibration of a square E-FGM
the fundamental frequencies with the plate with different aspect ratios (length/thickness).
vibrational modes of E-FGM plates. Mode | a/h=b/h=4 | a/h=b/h =8 | a/h = b/h = 12
These fundamental frequencies be- (1.1) 7.2654 4.1805 2.8985
come significant for higher fundamen- (1.2) 14.4294 8.8075 6.2119
tal vibrational modes. From this fig- (1.3) 23.1815 15.1051 10.8800

ure, we also conclude that the fundamental frequencies depend on the boundary conditions type. The
fundamental frequencies of the plate CCCC' are a little bigger than those of the plate S5S55. On the
other hand, the fundamental frequencies of the plate SSEF'F are much larger than those of the plate
5555 and the plate CCCC.
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Other results are presented in the appendices in Figs.8 and 9 to compare the results of simple
FGM plates with those of laminated FGM plates. For laminated FGM plates, materials are joined as
in laminated composite materials. For simple P-FGM plates, the Poisson’s ratio is the average of those
of two materials (ceramic/metal) using the power law.

6. Conclusion

Free vibrations of the FGM plates using the third-order theory (TSDT) are studied in this paper.
We considered that the material properties change continuously through the thickness of the plate
following the different laws which represent the variation of FGM properties, namely: the exponential
law (E-FGM), the power-law (P-FGM), and the sigmoid law (S-FGM). Using the Hamilton’s principle
and the finite element method with four nodes per element, we obtained the equations of motion and
then the eigenvalue equations. Solving these equations allows us to calculate the eigen-frequencies and
the eigenmodes. We conclude that the change of the fundamental frequencies depends on the type of
law of the volume fraction of materials. This is remarkable when comparing results obtained on for two
plates S-FGM and P-FGM. The results also show that the power law and the sigmoid law give roughly
the same eigen-frequencies. The study of the influence of the exponent N for the S-FGM plate and the
P-FGM plate shows that when N increases we observe the increase of the natural frequencies. This
means that the FGM plates have the advantage of improving material stiffness. In addition, the study
of the influence of the aspect ratio (length/thickness) of the E-FGM plates explains that increasing of
the aspect ratio decreases the fundamental frequencies. Other results are presented in the appendices,
these results show that laminated FGM plates give the natural frequencies lower than those of simple
FGM plates, the difference between them increases according to the number of modes. The objective
in the future is to apply this approach on other type of shells, such as FGM cylindrical Shells [15,19].
In addition, we will try to develop meshless models [20-27] based on TSDT theory for the analysis of
FGM plates.

7. Appendices
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Fig. 8. Comparison of natural frequencies between a
laminated S-FGM plate and a simple S-FGM plate us-
ing the sigmoid law.

Mode

Fig.9. Comparison of natural frequencies between a
laminated P-FGM plate and a simple P-FGM plate
using the power law.
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Teopia A3TI gna BinbHMX KonnBaHb PYHKLIOHANLHO FPASIEHTHUX
NNACTUH 3 Pi3HUMU BJIACTUBOCTAMU MaTepianis

Ilxxanane Ajmax M., Bemraacuiia U., Taiimeni A., Enp Xaysi A.

Vuisepcumem Kacabaarxu Xacana I,
Hayionaavra suwa wrosa mucmeyme ma pemecea (ENSAM Kacabaanxa),
20670 Kacabaarxa, Mapoxxo

VY ni#t pobOTi BUKOPUCTOBYETHCST HEIBHUN AJTOPUTM JIJIsT aHAJI3Y BIIbHOI AMHAMITHOI 11O~
BeJIHKM IUIACTHH i3 dbyHKIioHANBHO MozmdikoBanum Mmarepiasom (®MM). Teopis me-
dopmarii 3cyBy tperboro nopsaiaky (TI3TII) BukopucroByeTbes ijisi PO3POOKH 3aI1po-
MIOHOBAHOI MOEi. ¥ IMiif cTaTTi mocTaHOBKa 3IiiicHeHa 6e3 3aCTOCYBaHHS TOMOTIEHI3AIll
CyMimi, sKe, K ITPABUJIO, MPOBOJIUTHCSI B TAKOTO poxay 3afadax. [Ipuwmnum laminbrona
BUKOPHUCTOBYETHCS JJIsi OTPUMAHHS PE3yJIbTYIOUNX PiBHAHB pyxy. s mpocroposoi muc-
KpeTu3anil Ha ocHOBI Meroxy ckinuennx enementis (MCE), npuiimaersest KBagpaTnaHmii
eJIEeMEHT i3 JoTUpPMa Ta BiCbMOMA BY3JIaMU i3 BUKOPHCTAHHSIM CEMHU CTYIIEHIB CBOOOIN HA
By30s. [yt po3B’st3aHHS OTPUMAHOI 3a/a4i BUKOPUCTOBYEThCS HesABHUI ajroputwm. Jlis
BUBYEHHSI TOYHOCTI Ta €PEKTUBHOCTI 3aIIPOTIOHOBAHOIO IIiIXOLY IOIaHO MTOPIBHIHHS 3 J1a-
HUMHY, HABEJIEHUMH B JIiTepaTypi Ta Pe3y/IbTaTaMU MOJIEIOBAHHSA KOMIIO3UTHOI'O JIAMIHATY
JI7ISI BJIACHUX JacTOT Bibpartiii. Inakie KaXKydu, Mu JOC/TIIUIN BILIUB TOKA3HUKA 00’ €MHOT
4acTKU, Ha Ky pearyors mwiacTuan “II-OMM” ra “C-OMM”. Bijibiie Toro, BuB4tyj BILIUB
ToBIUHK Ha TtactuHn “E-OMM”.

Kntouosi cnosa: meopis degpopmauii scysy mpemwvozo nopadky (TA3TII), neninitinud
QUHAMIYHUT aHaAi3, 6a2amowaposutll KoMno3um, @GYHKUIOHAALYHO MOOUPiIKosaHUT Ma-
mepias (PMM).

Mathematical Modeling and Computing, Vol.8, No. 4, pp.691-704 (2021)



