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The Eddington method based on simultaneous consideration of gas and light pressures
with a homogeneous chemical composition of stellar matter was generalized for the case of
model with a spatially inhomogeneous chemical composition. As a result, it was obtained
the equation of state, which is expressed by a generalized polytrope with index n = 3. As
an example, it was solved the equilibrium equation for the Sun both using the standard
polytropic equation of state and generalized polytrope. The coordinate dependence of
the Sun characteristics was calculated within two models. Obtained results are compared
with the results of numerical calculations for the Sun based on the system of Schwarzschild
equations for the standard model. It was shown that the standard polytropic model is
applicable only for the Sun of zero-age. The Sun characteristics calculated with help of
generalized equation of state are close to the results of numerical calculations based on
Schwarzschild equations. It was concluded that the standard polytropic model is applicable
for the stars of zero-age main sequence, and the generalized model — for the stars of
finite age, in which thermonuclear reactions have already created a significant spatially
inhomogeneity of chemical composition inside of the core.

Keywords: polytropic stars, spatially inhomogeneous chemical composition, mechanical
equilibrium equation.
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1. Introduction

The construction of the equation of stellar matter state is the main moment in the theory of stars’
internal structure. There were proposed many models of the state equation for the Sun [1], where
along with the pressure of an ideal classic gas are also taken into account light pressure, influence
of interparticle Coulomb interactions and other variants of homogeneous chemical composition. The
standard polytropic model with the equation of state P(r) = K(p(r))'*'/" (where K and n are
constant parameters) is a convenient approximation for estimates of influence of axial rotation on stars
characteristics. Such approach was initiated by Milne [2| for the polytrope with index n = 3 for an
approximate analytical description at small angular velocities. In the work of Chandrasekhar [3| this
method was applied for rotational polytropes with indices 1 < n < 4. James [4] used the numerical
integration of the mechanical equilibrium equation and calculated mass, volume, polar and equatorial
radii, equatorial gravity and moment of inertia relative to two axes without restriction on the angular
velocity of the polytrope. Unfortunately, solutions of the equilibrium equation remained “behind the
scenes”. The Milne-Chandrasekhar method was generalized in [5] in order to more accurate description
of peripheral region of the rotational polytrope. The stitching of solutions of inner region with solutions
for periphery was performed using the results of James [4].

Kopal [6] remarked that in particular case n = 1 variables in the equilibrium equation are separated.
That’s why the exact analytical solution can be rewritten in the form of infinite series for the Legendre
polynomials on the cosine of polar angle and spherical Bessel functions on the radial variable. To find an
explicit solution it was necessary to determined integration constants. They were not found by Kopal.
The solution for the case n = 1, which author of [7] considered as an exact is actually an approximation
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for small velocities and differs from the Chandrasekhar results only more accurate calculation of the
integration constant. Expansion in series proposed by Kopal including to the polynomial Ps(cosf)
(with four integration constants) was implemented by Williams [8] with help of numerical method to
find the integration constants.

In [9-11] were obtained an approximate analytical solutions of equilibrium equation and calculated
characteristics of rotational polytropes with indices 1 < n < 3 by the Milne-Chandrasekhar method,
but without restriction on the magnitude of angular velocity. It was used integral form of mechanical
equilibrium to find integration constants. Integration constants as functions of polytropic index and
angular velocity are determined by the self-consistent method of successive approximations.

Modern papers published in the XXI-th century, accent not only on the methodological details of
finding of equilibrium equation solutions, but on applied aspects as well. One of the research directions
is finding the parameters of the equation of state for specific stars with high angular velocity, namely
the construction of the polytropic model of normal stars based on known from observations macroscopic
characteristics. However, the polytrope models with a predetermined index value n =1 (as in [12,13])
are a certain restriction that reduces the value of such approach. Moreover, the theory of normal stars,
based only on one of mechanical equilibrium equation, a priori is the approximate approach, that only
yields results of qualitative character.

In the above works, relating to the description of stars structure with axial rotation, the polytrope
theory using in the role of zero approximation. Due to imperfection of this model (which assumes the
homogeneity of chemical composition) the results of mentioned works have only qualitative character.
The internal structure of the Sun within the model without axial rotation researched by many authors
based on the system of differential equations of Schwarzschild [14]. The calculation of internal structure
of stars with significant axial rotation requires the solution of the system of differential equations in
partial derivatives, in this regard the problem becomes much more complicated. Therefore, it is
advisable to have such correct model of zero approximation, which would be simple but more accurate
than the standard polytropic model. The purpose of our work is to yield an estimate of the errors
magnitude, arising at usage of the standard polytropic model to the real stars, as well as to propose more
perfect polytropic model for real Sun-like stars with a spatially inhomogeneous chemical composition.

2. The Eddington method for the star with a spatially inhomogeneous chemical com-
position

The above mentioned, the polytropic equation of state is a generalization of equations of polytropic
processes and has the empirical character. The polytropic dependence between the pressure and density
for the particular case n = 3 was proved by Eddington [15] for the model with almost homogeneous
chemical composition by simultaneous taking into account the gas and light pressure. Following by
Eddington, we consider a model with spatially inhomogeneous distribution of chemical composition
and spherical symmetry. On the sphere of radius r, the gas and light pressures are determined by
expressions

kB a A4
r)I(r), Puy(r)==T(r), 1
ST, Pou(r) = §T0) 1)
where p(r) is the local density, T'(r) is the temperature, u(r) is the local value of dimensionless (in
atomic mass units m,,) molecular weight, a = kp(hc)~37%/15, kp is the Boltzmann constant, c is the
speed of light.
Let according to the main Eddington assumption

Pyas(r) = BP(r),  Byn(r) = (1= B)P(r), (2)

Pyas(1) =

where P(r) is the total pressure, and (3 is the constant, independent on coordinates. Excluding tem-
perature from the system of equations (1) and (2), we obtain the relation between pressure and density
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in the form

SRR r
R R Q

where [ is the dimensionless parameter, which is the value of average molecular weight, and

AN 1/3

K = {ﬂ%( ho.) } @)

Bt a \mup

coincides with the value of constant in the Eddington model, namely in the approximation pu(r) = f or
f(r) = 1. Such approximation is applicable for the description of normal star of zero-age main sequence
or massive white dwarf, in which the chemical composition is almost independent on coordinates. Using
the example for the Sun, we will show that usage of the equation of state (3) significantly improves
the description of internal structure of star compared with the standard polytropic model. Model with

coordinate dependence of effective dimensionless molecular weight p.(r) (which is the analog of p(r))
was used in [16] for the description of helium-hydrogen white dwarfs of small mass.

3. The Sun characteristics within the standard polytropic model

The system of equations [17]

dzy) = —p(r)d%@grav(r), dﬂﬁm = dmrp(r) (5)

describes the mechanical equilibrium of star without axial rotation. The following notations are used:
P(r) = K(p(r))*Y/™ M (r) is the mass of matter in a sphere of radius r,

N — (6)

r|

is the gravitational potential on the sphere surface. Substituting the equation of state (3) at f(r) =1
and taking into account that d®gyay(r)/dr = GM(r)/r?, the system (5) is reduced to the second-order
differential equation

AK N p' 3 (r) = —4nGp(r), (7)

1d [ ,d
Tl ®)

is the radial component of the Laplace operator. For the convenience of numerical calculations, the
dimensionless variables are introduced by relations

E=r/A y(E) = (’iﬁ?)lm. 9)

where

Choosing the scale A from the condition

K = 7Gp?3)2, (10)

C

where p,. is the density in stellar center, let us represent the equation (7) in the dimensionless form
Agy(€) = —°(6). (11)
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According to the definition (9) y(0) = 1, and the regular solution corresponds to the boundary condition
dy(§)/d¢ = 0 at &€ = 0. The properties of Emden functions for different polytrope indices are well
known [18]: in the case n = 3 the function y(§) is monotonically decreasing in the region 0 < £ < &,
where & is the root of equation y(§) = 0 and determines the dimensionless polytrope radius (§; =
6.896...). The solution y(§) calculated by numerical integration is shown by curve 1 in Fig. 1.

According to the definition (9), the total

1 R (©).)(®) mass of the Sun is
&1
08 Mo = dmpox [ €42(6)d6 = ampor’a.
0
06 p (12)
A\ az—{éz%} —2.01824....
04 &=
In the considered star model, parameters K,
0.2 1 A and p., can be determined within the inverse
g problem using the observed data. According to
0

‘ ‘ ‘ ‘ ‘ ‘ ‘ the formulae (9)—(12), we obtain the system of
0 1 2 3 4 5 6 7 8 b
Fig.1. The solution of mechanical equilibrium in dif- cquations
ferent approximations. Curve 1 corresponds to the ap-

proximation (11), curve 2 — to the approximation (21).

Ro =&\, Mo =47\ 3pea, K = nGN?p2/3.
(13)
The values of mass and radius for the Sun are known from the observations, therefore

A= Rp& !t =1.0098 - 1010 cm,
pe = Mo {4naR3 ) = 76.1731 g/cm?, (14)
K = m'/3G{ Mgy (40)"1}?/3 = 3.8416 - 10 cm®/(g'/3s?).

The distribution of matter density along the radius in the considered approximation is determined by
relation

p(r) = pey’ (%) = pey*(x61), (15)

where © = r/Rg. The distribution of matter density in the scale = is shown by curve 1 in Fig.2 .
If we used instead of the observed radius of

180
p(x) the modern Sun R, = 6.9634 - 10! cm, the ra-
160 1 dius of the Sun of zero-age Ry = 6.6 - 10!Y cm
140 1 (calculated in the work [19]), then in this case
120 1 from equations (13) we found that
100 10
A =0.9571-10"" cm,
80 2 3
- pe = 89.4610 g/cm®, (16)
1 1

40 | K = 3.8416 - 10" cm®/(g'/%s?).

20 1 « Obtained value of central density coincides with

0 the value obtained in [19]. It means that the

0O 01 02 03 04 05 06 07 08 09 1
Fig.2. The distribution of matter density in differ-
ent approximations. Curve 1 corresponds to the for-
mula (15), curve 2 — to the formula (27).

standard polytropic model with index n = 3
is completely applicable for the Sun of zero-
age, where the spatial distribution of chemical
elements is homogeneous and therefore corre-
sponds to the Eddington approximation. But this model is not applicable for the modern Sun, with
the value of the central density p, = 158 g/cm® [19].
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4. The description of the Sun structure in the polytropic model with a spatially inho-
mogeneous chemical composition

Using the equation of state in the form (3), from the system (5) we obtain the following analogue of
the equation (7):

)] _ M) df(r)
4K A, [m} = —4nGp(r)f(r) — G g (17)

Let us introduce the dimensionless variables by relations

_1)1/3
€= /A, g@:{%[g } , 1)

and determined the scale X by condition
PRELH
= 7G| £ 22, 19
7 )
where p. = p(0), fo = f(0). According to definitions (18)
o [€ !
M) = 4mp % [ ag )P e) A,
0 1(0)

For the molecular weight u(r) = pu(r/Re) = n(£/€1), we use the results of calculations within the
standard model of the Sun [20]. It yields us to represent the dimensionless form of equation (17) as

(20)

Ai(€) = — PO (/&) — fcdf f//él . / 4/ (€25 (¢ “(/?) 1)

where & is the dimensionless radius of the Sun (root of the equation §(€) = 0). The integro-differential
equation (21) corresponds to the boundary conditions ¢(0) = 1, dy(§)/d¢ = 0 at &€ = 0. For the
analysis of equation (21) we note, that for the

star with age of the Sun, where thermonu- 16

clear reactions occur during 4.5-10? years, the 14 1

molecular weight p(r) in the region of core is

bigger than the average value i (f(r) > 1), 12 1

and outside of the core u(r) ~ o (f(r) = 1). 1 3

The second term on the right side of equa-

tion (21) plays the role of correction. The char- 08 1\ 4 2

acter of equation solution (21) determines the 06 | _
first term of its right side. Therefore, in the

range of core §(£) the condition ¢(¢) < y(&) 04

must be fulfilled at £ > 0, and outside of the 02 -
core §(§) ~ y(§), where y(£) is the solution 0 01 02 03 04 05 06 07 08 09 1
of Emden equation (11). It allows us to use Fig.3. The coordinate dependence of molecular weight
the method of successive approximations at nu- () (curve 1), partial density of hydrogen X (x) (curve 2)
merical integration of equation (21), neglecting from works [19,20] and function f(x) (curve 3).

the integral term in zero approximation.

According to our purpose, we plan to compare the results of calculation of the Sun internal struc-
ture in the polytropic models with the results of numerical integration of stellar structure equations
from [19,20]. In these papers were calculated the coordinate dependence of local dimensionless
mass M(r/Ro)Mg" = M(£/€1), dimensionless luminosity L(r/Ro)L5", density p(r/Rg), temper-
ature T'(r/Rg), dimensionless molecular weight u(r/Rg) and other values. Modern age of the Sun
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(4.5-10° years) corresponds to the central density p. = 158 g/cmg, central temperature 7, = 15.7-10° K,
values of partial densities outside of the core X = 0.708, Y = 0.272, Z = 0.020. The coordinate de-
pendence of u(r/Rg), partial density of hydrogen X (r/Rs) and function f(r/Rg) is shown in Fig. 3.

As can be seen in Figure, almost everywhere (except for the surface layers) u(r/Rg) is in good
agreement with the known expression

3 1 !
/o) = {2X (/) 4 3 (0/Ro) + 520/ Ro) | (22
which corresponds to complete ionization of matter. According to the definition of partial densities

X(r/Rs)+Y(r/Rs)+ Z(r/Rs) = 1. In the surface region, where the degree of ionization is small,

1 —1
nr/Re) = {X 0/R) + 1Y (/o) | = {1 Ty 0/Ra)} (23)

Using the results of calculation of molecular weight p(r) from [20], we do not take into account the
change of p(r/Rg) in the surface region. Extrapolating the results of molecular weight calculated
in [20] for the intermediate region to the surface region, we represent them in the form of Padé
approximant

ag + a1z + asx? + asx?
pz) =

by + bix + box? + b3’

ap = 0.0149173, a; = —0.0868327, agy = 0.730856, az = 1.7342, (24)
bp = 0.0172646, by = —0.0893741, by = 1.0339, b3 = 2.96529.
Determining pi according to the formula
— 3 Ro 2 ! 2
=T drreu(r/Re) = 3/ dx z*p(x) = 0.61328, (25)
© J0 0

we represent in approximate analytical form the function f(z) and its derivative df (z)/dz. Passing
from the variable £ to the variable x = r/Rg = £/&1, the equation (21) takes the form

c2 x /
~ _ =3 2 LS df (x) 1/ IN2~3/ 1 p(x')

Aodu(e) = - P@)E - 5L [ B (26)
where g*(IE) = g(gjgl)) g*(O) = 1, d]]*(ﬂi‘)/diﬂ =0atx = 0? f(ﬂi‘) = /,L(ﬂj‘)ﬂ_l, fc = f(0)7 0 < T < 1. In
linear approximation for the integral term, the solution of equation (21) is shown by curve 2 in Fig. 1.

The matter density is determined by the solutions of equations (21) or (26)

: f(@) - fe/€)
ple) = ole/é) = p. L 50) = p LL g (27)
Unknown parameters A, pe and K are determined from the system of equations
. o (523 .
Ro =&, K =mG\? (%) . My =4nR &%, (28)
where from the condition g(§) = 0 in the accepted approximation &1 = 7.72441, and
& g
a= / de¢ 52313(5)’“‘(57/51) = 1.30993. (29)
0 1(0)

For the known from observation My, Rs, we obtain
A =09015-10"cm, p. =164.9420g/cm® K =4.0776 - 10'* cm®/(g'/%s?). (30)

The matter density calculated by the formula (27) is shown in Fig. 2 (curve 2). In Fig.4 compares the
results of matter density calculation for the expression (27) (curve 2) with work data [20] (curve 3).
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180 1 -
p(x) M(x)/Mg 2
160 -
1
140 1 0.8 1
120
0.6
100
80
T T 04 4
60 - 014 016 0.18
40 1 02 4
20
X X
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.2 04 0.6 0.8 1 0 01 02 03 04 05 06 07 08 09 1

Fig. 4. The distribution of matter density in two dif-  Fig.5. The relative mass in the sphere of radius r.
ferent approximations. Curve 2 corresponds to the  Curve 1 corresponds to the work [20], curve 2 — to
formula (27), curve 3 is given from the work [20]. the expression (20).

Using expressions (1)—(3), it is possible to determine approximately the coordinate dependence of
temperature,

_\ 2
T (r/Ro) = Tj() = Tij(rz) = Toj (617/Ro) , Tczgﬁ%)m <%> RN GIY

At B =~ 1 (which corresponds to stars of small masses), we have T, = 14.7 - 10° K, which is close to
the generally accepted value. In Fig.5 is shown the relative mass in the sphere of radius r: curve 1
corresponds to the work data [20], curve 2 — calculation based on expression (20).

In order to control computations, we calculated the total luminosity of the Sun according to the

relation Ro
Lo=tr [ p(r/Ro)=(r/Ro) rdr (32)
0

where € (r/Rg) is the function of energy released. Taking into account only thermonuclear reactions
of proton—proton type [17], when

-5 2 T (r/Ro) ! -1
epp (1/Ro) =107°p (r/Ro) X* (r/Re) | =55 | er8(g-s)™", (33)
luminosity calculated by formulae (32), (33) is equal 3.18 - 1033 erg/s. The deviation of this value from
the observed luminosity of the Sun is equal 18%.

5. Conclusions

— As follows from the performed calculations, the standard polytropic model with index n = 3 does
not allow to describe correctly the characteristics of modern Sun. The matter density calculated
in this model in the core region differs almost two times from the results of calculations based
on Schwarzschild equations. The dimensionless moment of inertia calculated in this model (in
units 8/37TpCR%) equals 6.9577 - 1074, Based on Schwarzschild equations it equals 3.2164 - 1074,
However, the standard polytropic model describes the characteristics for the Sun of zero-age (with
homogeneous spatial chemical composition), in total accordance with the results of calculation
based on the Schwarzschild equations.

— Usage the generalized equation of state (3) allows us within the equation of mechanical equilibrium
to obtain the Sun characteristics, close to the results [19,20]. In this paper the numerical integration
of the Schwarzschild equations system is performed. For the local molecular weight u(r), we used
results of calculations from [19,20] and approximated them by expression (24). This procedure
introduces certain errors as an iterative method of finding the solution of the integro-differential

Mathematical Modeling and Computing, Vol. 10, No. 1, pp. 1-9 (2023)



Vavrukh M., Dzikovskyi D.

1
2]
13l
4]
5]
[6]
7]
18]
19]
[10]

[11]

[12]
[13]
[14]
[15]

[16]

[17]
[18]

[19]

[20]

equation (21). Central density of the Sun calculated by us is equal 164.94 g/ cm® and exceeds the
exact value by only 4%. The deviation of radial matter density from the results [19] is the same.
Generalization of the state equation (3) corresponds to the star of certain age (for the Sun — 4.5-10°
years). As a result of thermonuclear reactions, there is a hydrogen deficiency in the core region
(excess of helium), that leads to increase the dimensionless (averaged over chemical elements) local
molecular mass u(r).

Available calculations of the characteristics of stars performed in papers cited in the Introduction do
not take into account the age in general. Therefore, they correspond to the models of young stars,
and not to observed objects. Usage the equation of state (3) is perspective for the construction of
the polytropic theory of real stars with axial rotation.
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V3aranbHeHa nonitponHa mogenb ana 3ip tuny CoHuysa

Baspyx M., 3zikocekuit JI.

JIveiscorutl nauionarvrul yrwisepcumem iment leana Pparxa,
eya. Kupuna © Mepodia, 8, 79005 Jlveis, Ykpaina

Meron Expiarrona, mo rpyHTYEThCS Ha OJHOYACHOMY BPaxyBaHHI Ta30BOTO i1 CBITJIOBO-
o THCKIB IPU OJHOPIAHOMY XIMIYHOMY CKJIaJIi PEYOBUHU 30pi, y3araJbHEHO Ha BUIIAI0K
MOJIEJIi 3 TPOCTOPOBO HEOTHOPIAHUM XiMITHUM CKJIAIOM. Y Pe3y/abTaTi 0/Iep:KaHO PiBHSIH-
Hs CTaHy, IO BUPAXKAETHCS y3araJbHEHOIO TOJITPOIOI0 3 iHAeKcoM N = 3. K mpukaz
PO3B’sI3aHO pIBHSIHHS MeXaHi4HOI piBHOBaru Jijist COHIS SIK 3 BUKOPUCTAHHSAM CTaHIaPTHO-
r'0 TOJTITPOITHOTO PIBHSIHHS CTaHy, TaK i y3arajabHeHol momiTponu. O0UnucaIeHO KOOPIUHATHY
3aJIe2KHICTh XapakTepucTuk COHIE B paMKax J1BOX Mozesneii. Onepkani pe3yabpTaTi TOPiB-
HIOIOTHCS 3 PE3yJIbTaATAMHI YUCIOBUX PO3PaxXyHKIB jiyist COHIlSI, BAKOHAHUX HA OCHOBI cHCTe-
Mu piBasHb [[IBapimuiabsaa ajs crangapTaol momeni Conrg. ITokazaHo, 1o cTaHIapTHA
[TOJIITPOITHA MO/IeJIh 3aCTOCOBHA Jintite 1uisi COHIl HyIb0BOTO Biky. Xapakrepuctuku CoH-
1151, PO3paxOBaHi Ha OCHOBI y3arajbHEHOrO PIBHSHHS CTaHY, € OJM3bKUMU 70 PE3YJIbTATIB
9UCJIOBUX PO3PaxXyHKIB Ha OocHOBI piBH#AHB [IIBaprmuibmna. 3pobaeHO BUCHOBOK, IO CTaH-
JapTHA MOJITPOITHA MO/IEJIb 32CTOCOBHA JIJTSI 3ip TOJIOBHOI OCJIJOBHOCTI HYJIHOBOTO BiKY, a
y3araJbHeHa ITOJIITPOITHA MOJIE/Ib — JIJIS 31p CKIHYEHHOT'O BiKY, B IKUX TE€PMOsIJIEPHI peakIiil
B2K€ CTBOPHUJIU CYTTEBY ITPOCTOPOBY HEOHOPIIHICTH XIMIYHOTO CKJIa/y BCEPEINHI sIpa.

Knw4osi cnosa: s0pi-noaimponu, npocmoposo meodnopionuli Timivnull ckaad, PieHAM-
HA METAHIYHOL DI6HOBA2U.
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