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1. Introduction

Consider the following semi-linear boundary Cauchy problem

%u(t) = Apax(t)u(t) + F(t,u(t)), t>seJ=R; orR,
L(t)u(t) = f(t,ut), t>seJ, (1)

where Anax(t) € L(D,X), L(t) € £L(D,Y), X, Y and D are Banach spaces with D densely and
continuously embedded in X, a function F' maps from J x X to X and a function f maps from J x X
to Y. The solution u: [s,00) — X takes the initial value € X at time s. The homogeneous boundary
Cauchy problem associated with (1) is given by

%u(t) = Apax(t)u(t), t>=seJ,
L(t)u(t) =0, t>=selJ, (2)

This type of equation has recently been suggested and investigated as a model class with various
applications like population equations, retarded differential (difference) equations, heat equations and
boundary control problems (see e.g. [1-4] and the references therein).

The well-posedness of the linear boundary Cauchy problem (2) has been studied in [5] and [6]. In
these works, the authors have shown the existence of an evolution family solution to this problem.

The existence of solutions for the boundary Cauchy problem (1) in the case where F' and f are
replaced by F(t,u(t)) = F(t) and f(t,u(t)) = f(t), respectively, was investigated in [1]. In this
paper, the authors have established a variation of constants formula which can be easily extended to
a variation of constants formula for (1) using the contraction fixed point theorem, see [7].

Recently in [2|, using this variation of constants formula and the Lyaponov—Perron approach, the
authors have developed an invariant manifold theory for the nonlinear boundary Cauchy problems (1).
In [3], the authors have extended this theory to the invariant centre (stable and unstable) manifolds.
We note that in the above cited papers, the nonlinear terms f and F' are generally assumed to satisfy a
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Local manifolds for non-autonomous boundary Cauchy problems: existence and attractivity 679

global Lipshitz continuity condition. However, in some cases, the modeling of real life equations leads
to equations of the type (1) with locally Lipshitzian functions F' and f as for the following population
equation with diffusion called Fisher—Kolmogorov model:

2

—u(t, ) =y(t) (%u(t,x) + ru(t,:n)> - L7LL2(15,:13), teRy, ze€l0,7,

C(t) 3)
W(t,0) =/(t,m) = h(t,ult, ), t€Ry,
where u(t, x) represents the density of individuals of the population of size z € [0, 7] at time ¢, r > 0
represents the reproduction rate, and C'(t) is the carrying capacity at time ¢. This population equation
can be formulated as the abstract boundary Cauchy problem (1) with F(t,u(t)) := — ~—u?(t) which
is not globally Lipshitzian. Motivated by this model of population equation, the aim of) the present
work is to study the existence of local stable and unstable manifolds for the abstract problem (1).

The structure of the present paper is as follows: in Section 2 we cite assumptions for well-posedness
of the problem (1), the concepts of mild solution and exponential dichotomy. Section 3 is devoted to
the study of the existence of local stable and unstable manifolds. In Section 4 we discuss an attractivity
property of mild solutions related to local manifolds. In the last section, we illustrate our abstract
results and general assumptions by a non-autonomous Fisher—Kolmogorov equation.

To end this section, we give notations used in this paper. For Banach spaces X and Y, L(X,Y)
denotes the space of all linear bounded operators from X to Y, and £(X) := £(X, X). We denote
by idx the identity map defined on X. For an interval I C R, Cy(I, X) is the space of all bounded
continuous functions from I into X.

Let A: D(A) C X — X be a closed linear operator, we denote by

p(A):={A e Ry | Nidx — A: D(A) — X is bijective} and o(A4) :=C\ p(A)

respectively the resolvent set and the spectrum of the operator A. For A € p(A), the operator R(A, A) :=
(Midx — A)~!is called the resolvent of A.

2. Preliminaries

In this section, we give some definitions and results which will be used in the sequel.

Definition 1. A family of bounded linear operators U := (U(t, s))t>ses, J = Ry or R, on a Banach
space X Is an evolution family if

(1) U(t,r)U(r,s) =U(t,s) and U(t,t) =idx forallt >r > s € J,

(2) the mapping {(t,s) € J x J:t > s} > (t,s) — Ul(t,s) € L(X) is strongly continuous.

An evolution family is called exponentially bounded if, in addition,

(3) there exist constants M > 1 and w € R such that:

(U, s)]| < Me*) | forall t>selJ

When w < 0 we say that U is exponentially stable.

Definition 2 (Exponential dichotomy). An evolution family (U(t, s))i>ses, on a Banach space X
is said to have an exponential dichotomy on J if there exist bounded linear projections P(t), t € J,
and positive constants N > 1 and « such that:

(i) U(t,s)P(s) = P(t)U(t,s), fort > s € J;

(ii) for all t > s € J, U(t,8)|mq(s) s an isomorphism from Im Q(s) onto Im Q(t), where Q(t) =
idx — P(t). We denote the inverse of U(t, s)|m q(s) by U(s,t);
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680 Jerroudi A., Moussi M.

(iii) for all t > s € J and x € X, we have the following estimates

|U(t, )P (s)x]
U (s,)Q(t)=|

Ne U= P(s)z],

| <
| < Nem®=|Q(t)z]|.
Remark 1. It was shown in [8, Lemma 4.2| that if (U(t, s))i>ses has an exponential dichotomy, then
P :=sup||P(t)|| < co. Moreover, for all x € X, the mapping ¢t — P(t)x is continuous.

teJ

For necessary and sufficient conditions on the existence of exponential dichotomy, one can see for
example [8-10]. The following lemma gives a characterization of the space P(t)X when the evolution
family (U(t, s))i>ses has an exponential dichotomy, see [9, 11].

Lemma 1. Suppose that (U(t,s))i>ses has an exponential dichotomy with projections P(t), t € J
and constants «, N > 0. Then, for 7 € J

P(n)X = {a: € X: sup||U(t,7)x| < —1—00} .
t>T

Definition 3. Let I CR. A family of linear (unbounded) operators (A(t))ic; on a Banach space X
is called a stable family if there are constants M > 1, w € R such that (w,+00) C p(A(t)) forallt € I
and

m
[TrO AG))| < MO —w)™™,
i=1
for A > w and any finite sequence t1,...,ty in I such that t; <ta < ... <tp, m=1,2,....

Let X, D and Y be Banach spaces such that D is densely and continuously embedded in X. For
all t € J, the operators Apmax(t) € L£(D,X), L(t) € L(D,Y) are supposed to satisfy the following
hypotheses:

(H1) there are positive constants C, Cy such that

Cillzllp < llz] + [[Amax ()] < Collp,

for all x € D;

(H2) for each x € D, the mapping t — Anax(t)x is continuously differentiable;

(H3) the family of operators (A(t))ie.s, where A(t) := Apaz(t)|ker L(1), is stable with stability constants
M and wy;

(H4) the operators L(t): D — Y, t € J, are surjective and ¢ — L(t)z is continuously differentiable for
all x € D;

(H5) there exist constants v > 0 and w € J such that

A—w

L)y > ]|,

for all z € ker(A — Apax(t)), A >w and t € J.
In the following lemma, we cite consequences of the above assumptions from [12, Lemma 1.2].

Lemma 2. Foreacht e J and A € p(A(t))
(1) L(t)|ker(A\— Amax (¢)) 15 an isomorphism from ker(\ — Apax) to Y,
(ii) the function t — L .y is continuously differentiable for all y € Y and

i
Lol < —1—, 4
1l < 32— (4)

where Ly ; := (L(t)|ker()\—Amax))_17 for all A > w.
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It was shown in [6, Theorem 2.3| that under the assumptions (H2)-(H5) there exists an evolution
family (U(t, s))t=ses generated by (A(t))ies satisfying

U, s)|| < Met=) t>sel (5)

That is t — U(t, s)z is the unique solution of the problem (2), for all z € D(A(s)).

Remark 2. Let u € C([s,+oo[,X) such that F'(-,u(-)) and f(-,u(-)) are locally integrable. It was
shown in [13, Proposition 3.2.2|, that under the assumptions (H1)-(H5), the function

t— / U(t,o)F(o,u(0))do + )\lim U(t,0) ALy f(0,u(0))do

—+o0 Jg
is continuous on [s, +00).

Definition 4. A mild solution of the problem (1) is a function u € C([s, +o0o[, X) such that F(-,u(-))
and f(-,u(-)) are locally integrable, and satisfying the following integral equation

u(t) =U(t,s)r + / U(t,o)F(o,u(c))do + lim U(t,o)A\Lx o f(0,u(0))do, (6)

A—+o0 Jg
forallt > s e J.

The following perturbation result is needed in the sequel.

Lemma 3 (Ref. [14, Proposition 3.5]). Let (A(t))o<t<r be a stable family of linear operators with
stability constants M and wg. Let (B(t))o<i<T, be bounded linear operators. If ||B(t)|| < k, for all
0 <t <T, then (A(t) + B(t))o<i<r Is a stable family with stability constants M and M + kwy.

We end this section by recalling the cone inequality. First, we give the following definition.

Definition 5. A closed subset € of a Banach space 2 is called a cone if it has the following prop-
erties:

1) ifx € €, then A\x € € for all A > 0,

2)ifx,y €€, thenx+yeE,

3) ifx,—x € €, then x = 0.

Let € be a cone and z,y € €. If y —x € €, we write “x <y

Theorem 1 (Ref. [15, Theorem 1.9.3]). Let € be a cone given in a Banach space 2" such that €
is invariant under a bounded linear operator T' € L(X) having spectral radius r(T') < 1. If an element
x € X satisfies the inequality © < Tx + z for some z € 42, then it also satisfies the estimate x < ¥,
where y € 2 is the solution of the equation y =Ty + z.

3. Existence of local manifolds

In this section we prove the existence of local stable and local unstable manifolds. We suppose that
the evolution family (U(t,s))¢>ses solution to the problem (2) has an exponential dichotomy with
projections P(t), t € J and positive constants o and N > 1.

Consider the following problem

L) = AmaxO)ult) + Ftu(t)), 1Ry,
L(t)u(t) = f(t,u(t)), teRy.

(7)

Throughout the following subsection, we assume that the assumptions (H1)-(H5) are fulfilled for
J == R+.
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Moreover, we assume that the nonlinear perturbations F' and f verify the following condition:
(H6) F(-,z) € L}, (R4, X), f(-,x) € LY (Ry,Y) for all x € X, F(-,0) = f(-,0) = 0 and there exist
positive constants R, Ly and Ly such that

1F(t, ) = F(t, y)|| < Lrllz —yll,
1t 2) = &yl < Lylle —yll,
for all ¢ € Ry and z,y € X such that ||z]] < R and ||y|| < R.

We begin by the study of local stable manifolds.

3.1. Local stable manifolds

For a fixed 7 € R4, the set X, := Cy ([1,4+00), X) equipped with the norm ||u|s := sup ||u(t)] is a
t>T
Banach space. The operator

>
I(t,s):= { PU(t, s) fort > s € Ry,

—ﬁ(t, s)(I — P(s)) fort<s, (8)

is called the Green’s function corresponding to (U(t,s))i>ser, and P(t). It is easy to see that the
estimate

I (t, 8)[| < (1+ P)Ne~elt= 9)

holds for all t,s € Ry.
We define the Lyapunov—Perron Operator 7 : X, x X — X, by

T (u,z)(t) :==U(t,7)P(T)x + /OO [(t,0)F(o,u(0))do
+ Ali_)rrgo h I'(t,0)ALy o f(o,u(0o)) do, fort >T. (10)

The next lemma gives a characterisation of mild solutions of the problem (7) and properties of the
Lyapunov—Perron operator. The proof is similar to the one of [2, Proposition 6].
Lemma 4. The following assertions hold:
(i) the Lyapunov—Perron operator is well-defined;
(ii)) For 7 € Ry, let u € X; and £ € P(7)X, then the following statements are equivalent:
(a) u is a mild solution of the problem (7) on [r,+00) with P(T)u(r) = £.
(b) w is a fixed point of the Lyapunov—Perron operator 7 (-,§).

The existence of mild solutions is given in the following lemma.

Lemma 5. Assume that
2(14+ P)N(Lp +~Ly) < 1

a S 2
) 7)X, there exists a unique mild solution u of the problem (7) on
H <RandP< Ju(r) = €.

|:u

Then, for every £ € B (2
[T, 4+00) satisfying sup ||u(t

t>T

Proof. Consider the closed ball
B (R) := {u € Xr: sup lu(®)| < R} .

t>T

2

~—

For £ € B (%) N P(7)X, the operator .7 (-,£) maps from B;(R) into itself. Indeed, let u € B,(R)

o

17 (u, )()]| < Ne=2@D €]l + RLy /

T

IT(t, o) do + RyL; / ID(t, o) do
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<NHS”+(1-FP)RN(LF-MLJC)/ c—olt=al g
2(1+ P)RN(Lp +~L
< Njg) + 20 DIRNEr ty)

Since ||| < £ and 20+ PIN(Lrt7Ly) 1, then sup || 7 (u,z)(t)|| < R and hence 7 (-,€): B-(R) —

@ t>1
B:(R) is well defined.
Let now uy,us € B;(R), we have

|7 0, €)(0) ~ 7 (s, (O] < (1 PIN (Lo +7Lg) [ e do s — s
2(1+ P)N (Lp ++Ly)

< [Jur — uglfoo-

Thus, the application 7 (+,€): B-(R) — B;(R) is contractive and therefore by applying the Banach

contraction principle, we get the existence of a unique u € B;(R) such that u = 7 (u,§) and conse-

quently the result follows using Lemma 4. ]
We now state the definition of a local stable manifold.

Definition 6. A set Wh* C Ry x X is said to be a local stable manifold of the problem (7) if, for

every t € Ry, there exist positive constants R, Ry and Ry and a Lipschitz continuous mapping

s(t,): B(R1) N P(t)X — B(Rs) Nker P(t),

with Lipschitz constant independent of t such that:
(i) Whe = {(t,€ + 5(t,€)): t € Ry and € € B(R1) N P(t)X}.
We denote by

Wyt = {€+s(t6): (L€ +5(t,) e W

(ii) for each (,2,) € W"*, there is a unique mild solution of the problem (7) on [, +00) satisfying
sup |lu(t)|| < R and u(1) = x,.

t>T
Now we give the theorem of the existence of local stable manifolds.

Theorem 2. Assume that
2(14+ P)N (Lr +~Ly) < 1

a 1+ N’
Then, there exists a local stable manifold of the problem (7).

Proof. Put Wh* := {(t,& +s(t,£)): t > 0 and £ € B (£%) N P(t)X }, where R is given by hypothe-
sis (H6) and

s(1, &) = /OO [(1,0)F(0,u(0))do + )\li_}n;o I'(1,0) ALy f(0,u(0)) do,

T

with u € B (R) is the unique mild solution of (7) such that P(r)u(r) = &.
First, we estimate s(7,&):

sl < [N Fou(@)l do + lim [ IE(7,0)A Lo S (0. o)) do

_ 20+ P)N (Lr +7Ly)

< [l
«

[e.e]

R
< )
2
which means that s(7,-) maps from B (%) N P(7)X into B (%) N ker P(7).
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Second, we prove that s(,-) is Lipschitzian. Indeed, for &1,&; € B (%) NP(7)X, let uy,us € B-(R)
be the corresponding mild solutions. Then, uy (respectively usg) is the unique fixed point of 7 (-, &;)
(respectively of 7 (-,&2)). Therefore, for ¢ > 7,

lur (t) — w2 ()] < U 7)€ — &)l + /oo IT(¢, o) (F(0; ur(0)) — F(o, ug(0)))| do

T

+ Jim / TP )AL (Flovus(0)) — F(o,ua(0)))]| do

< Nl — gl + AP TLD
Thus,
Jur — walloe < T2l — ol (1)
with & — 2(1+P)N£LF+7Lf) < 1J:N_
Furthermore,
Is(r, 1) — s(r &) < 2LV TR L)

(07

Nk
< _
B 1—]{,‘”61 £2||7

NEk

which means that s(7,-) is Lipschitz continuous with a Lipschitz constant & := T

Now, for a fixed 7 € R4, put
Wit = {E 4 s(r.8): (1€ +s(r.8) e WM}

we have
Whs = {5 +s(r,6):£€B <%> N P(T)X} .

Define the function

H:B <%> NP(r)X — Wh*
by
H(E) =&+ s(7,€).
It’s obvious that H is surjective. Moreover, for &1,& € B (%) NP(1)X, suppose that H(&;) = H(&2).
Then,
161 = &l = [Is(7,&1) — s(7, &2) |
<K& — &,

with &' = & < 1, thus (1-£)||& —& || < 0 and consequently ||€; —&|| = 0. Hence, H is invertible and

therefore, for every z, € WE® there exists a unique £ in B (%) N P(7)X such that z, = &+ s(7,&).
According to Lemma 5, there is a unique mild solution u € B(R) for the problem (7) such that
P(7)u(r) = &, this mild solution is the unique fixed point of the Lyapunov—Perron Operator .7 (-, ).
Consequently,

u(r) = 7 (u,§)(7)
:S—’_S(va)

= Z;.
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3.2. Local unstable manifolds
Consider the following problem

2140 = Amax(t)u(t) + F(t,u(t)), tER,
L(t)u(t) = f(t,u(t)), teR.

(12)

In this subsection we prove the existence of local unstable manifolds. We assume that the hy-
potheses (H1)-(H6) are fulfilled for ¢t € R. For a fixed 7 € R, the set X7 = Cy ((—00,7],X) is a
Banach space equipped with the norm ||u||o := sup |[u(t)||. We define the Lyapunov—Perron Operator

t<t
T X7 x X = X by
~ T

T (u,x)(t) =U(t,7)Q(T)x + Ali_}n;() 3 ['(t,0)ALy o F(o,u(0)) do

+ /\lim I'(t,0)ALx o f(o,u(0))do, for t <, (13)
—00 ) o
where Q(7) := I — P(7) and I'(t, s) is the Green’s function defined in (8).
We now give the definition of a local unstable manifold.

Definition 7. A set W% C R x X is said to be a local unstable manifold of the problem (12) if for
every t € R, there exist positive constants R, Ry and Ry and a Lipschitz continuous mapping

s(t,-): B(Ry) Nker P(t) — B(R2) N P(t)X,

with Lipschitz constant independent of t such that:
(i) Whit = {(t, & + s(t,€)): t € R and &€ € B(Ry) Nker P(t)}. We denote by

Wit = {6+ s(6.8) : (1.6 +s(.6) e W]

(ii) For each (1,2,) € W"", there is a unique mild solution of the problem (7) on (—oo, 7] satisfying
sup ||u(t)]] < R and u(1) = ;.

t<t
The main result of this subsection is given in the following theorem.

Theorem 3. Assume that
2(14+ P)N (Lr +~Ly) < 1

« 1+ N

Then there exists a local unstable manifold of the problem (7).

Proof. The proof is analogous to the one of Theorem 2 with

s(T, &) :/T [(r,0)F(o,u(c))do lim ’ I(1,0) ALy f(0,u(0)) do,

o —00 ) _ o
for a fixed 7 € R, where £ € Q(7)X, and u € X is the unique mild solution of the problem (7) such
that Q(7)u(r) = &. [
4. Attractivity property for local manifolds

We give a result concerning with the attractivity of the mild solutions of the problem (7). More
precisely, we show that two mild solutions having initial values belonging to the same manifold are
attracting each other. The first result is concerned with local stable manifolds and is given in the
following theorem.
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Theorem 4. Assume that the assumption of Theorem 2 holds, let v and v be two mild solutions
of the problem (7) on [r,+00) corresponding to different initial values u(7),v(T) € WS Then, there
exist constants €,C. > 0 such that

lu(t) = o(®)]| < Cee =D P(r)u(r) = P(r)u(r)|, forall t>r

Proof. Let 7 € Ry and w, v be two mild solutions of the problem (7) on [r,+00) corresponding
to initial values u(7),v(T) € WE®, and set & = P(r)u(r) and & := P(7)v(r). Then, using (ii) of
Lemma 4, we get

lu(t) = v(®)]| < Ne™®“" €1 = &l + (1 + P)N (Lr +7Ly) /OO e lu(0) —v(o)||do,  (14)

T

for all £ > 7. On the space Cy([7,00), R;) endowed with the supremum norm, the operator T is defined
by

(To)(t) := (1 + P)N (Lp +~Ly) / h e M=l g(0) do, for ¢ € Cy([r,0),Ry).

T

It is clear that T is linear. Moreover,

sup (7o) ()] < 2EELNERTALD) o),
t>7 «@ t=1

Thus, T € £ (Cy([r,00),R1)) with |T]| < 1. If ®(t) := [[u(t) = v(t)]| and 2(t) := Ne™*7l&1 — &,
then the inequality (14) becomes

O(t) < z(t) + (TP)(t), forall t>r7. (15)

On the space Cy([r,00),R), consider the cone € as the set of all non-negative functions. Thus, the
inequality (15) can be rewritten as

SLTD + 2.

Clearly, the cone € is invariant under the operator T. Hence, by Theorem 1 one can get that ® < U,
where ¥ is the solution in Cy([1,00),R) of the equation ¥ = T'¥ + z, which can be written as the
following integral equation:

W(t) = Ne U D|jer — & + (1+ P) (Lr +7Ly) /OO eIl (o) do. (16)

T

Now we will estimate W. To do that, take a constant ¢ > 0 such that & < o and W, (t) := <= W(2).
From (16),

Ve (t) = NN — &)+ (1+ P) (Lp + VLf)/ e~ ==Y (o) do

T

=z (t) + (T2¥:)(t), (17)

where z.(t) := Nele=®E=7)||¢; — & and T. is the operator defined on Cy([r,00),R) by

(Te¢)(t) == (1 + P) (Lp +~Ly) / - e~olt=al+e(t=9) () do.

T

We have

sup(T6)(t) < (1 + P) LFﬂLf/ c=lt=013(5) do

< 2(1 + )(LF+7Lf) p|¢(t)|‘

7_
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Thus, if e < o —2(1 4+ P) (Lp +~vLy), then T, € L(Cy([r,00),R)) and ||Tc|| < 1. Therefore, there

exists a unique solution ¥, € Cy([r, 00),R) of the equation (17) given by ¥, = (id — T) "' z. and
sup |We(t)] < (i Ta)‘ngTp\za(t)!
N
< m”fl —&ll.
If we put C. := % then
U(t) < Cee=|g — &|, forall t>7
and the proof is achieved. ]

We now state the result concerning attractivity with respect to local unstable manifolds.

Theorem 5. Assume that
2(1+ P)N (Lr +~Ly) < 1

o 1+N’
If u and v are two mild solutions of the problem (7) on (—oo, 7] corresponding to different initial values
u(7),v(r) € WEY. Then, there exist constants ,C. > 0 such that

() — v(t)|| < Cee = Q(T)u(r) — Q(T)v(r)|, forall t< 7.

Proof. The proof is similar to Theorem 4. [

5. Application: non-autonomous Fisher—Kolmogorov equation

In this section, we apply our abstract hypothesis and the existence result of local manifolds to the
following population equation with diffusion:
9t x) = (1) a—2u(t 2) +rult,z) ) — ——w2(t,z), teRy, z€0,n]
ot ) =7 axQ ) ) C(t) ) 9 +5 s My
’LL/(t,O) = u,(t,ﬂ') = h(t7u(t7 ))7 te R-l—a

(18)

where wu(t,x) represents the density of individuals of the population size x € [0,n] at time ¢, the
constant r > 0 represents the reproduction rate, and C(t) is the carrying capacity at time ¢. We
assume that r # n? for all n € N.

To achieve our goal, we assume the following hypothesis:

(B1) R4 >t 7(t) is continuously differentiable, Ry > ¢ — % is locally integrable and there are

positive constants v, ¥ and C' such that

C(t)>C>0, forall teRy,

(B2) h(-,u) € L}, (R4, R) for all w € L([0, 7)), h(-,0) = 0 and there exist positive constants R and
L > 0 such that

[A(t, u1) — h(t,u2)|| < Lljur — uzl|,

for all t € Ry and ug,us € L1([0,7]) verifying ||u1]| < R and [Juz|| < R.
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Define the Banach spaces X := L([0,7]), Y := R? and D := W2([0,7]). D is equipped with the
norm
lullp = llully + [[w/[ly + [u"]l1,  for u e D,

where || - ||1 is the usual norm in L'([0,n]). The space (D, | - ||p) is Banach space continuously and
densely embedded in X. The problem (18) can be reformulated as the following abstract boundary

Cauchy problem:
d

Eu(t) = Amax(t)u(t) + F(t7u(t))7 te R-ﬁ-v (19)
L(t)u(t) = f(t,u(t)), teRy,
where Apax(t) is defined on X by

Amax(t)u = /7(75) (u// + ru) >
with the domain
D(Anax(t)) = D,
L(t): D — Y is defined by

Ltyu = <Z,/((2;> for ue D,

the functions F': Ry x X — X and f: Ry x X — Y are defined by
_ (h(tu)
f(t,U) - <h(t,u)> ’
F(t,u) = —%uz, forall t€ Ry and u € X.

Lemma 6. Under the assumptions (B1) and (B2), the problem (19) satisfies the conditions (HI)-
(H5) and (H6). Moreover, the family of operators (A(t))icr, generates an evolution family
(U(t,s))t=ser, having an exponential dichotomy.

Proof. Verification of (H1): for u € D and ¢t € R,

min{1, v}

TS (lully + 1"l ) < fllhy + [y @) @+ ru)ly

< max {7, 1+ 77} (Jlully + [[u”[l1) -

Since the norms ||u||p and (|lul| + ||u”||) are equivalent in D (see [16]), we get (H1).
Verification of (H2): obvious.
Verification of (H3): let A > 7r, by Lemma 8 we have A € p(A(t)) and

1
A A(t < .
IRO AW < 5=
Therefore,
k 1
RAA®))|| € ——»
H (A —=7r)*

for A > 7r and any finite sequence 0 < t; < ... < t.
Verification of (H4): for (a,b) € R?, define the function

1 1
u(z) = 5()3:2 +a (3: - 5:132) ,
u € D and L(t)u = (a,b).
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Verification of (H5): let A > r7. Then, for u € ker (A — Amax(t)), we have

o — A— T’Y(t)u =0,

(%)
therefore, there exist a,b € R such that
u(z) = ae’D* 4 be 00 for z € [0,7]

with 6(t) 1= /2= A=) - Thys,

(@
flullr < /ﬂ |ae"(t)r‘ d$+/7r |b‘9(t)w|d$
0

= 715 (11" = lal) = g2 (e~ )
— g (1”07 = P07 + ) — Jal)

(I (0)] + [/ (m)]) -

We obtain, || L(t)ul| > 2= |lul|;.
Verification of (H6): let u,v € L*([0,7]) such that ||u|| < R and |jv|| < R. Then, for all t > 0

[E(t,u) = F(t,v)|| < —Hu — |

2R7‘
< —lu—vl|.

C

Lemma 7.

(i) There exists an evolution family (U(t,s))i>ser, generated by (A(t))i>o;
(ii) the evolution family (U(t,s)):>ser, has an exponential dichotomy.

Proof. The assertion (i) is a consequence of the previous lemma.
Let (T'(t))ter, be the semigroup generated by the operator A defined in (21). Then, the evolution
family (U(t,s))i=ser, is given by

t
Ult,s) =T </ ~(T) d7'> , forall t>seR;. (20)

From (ii) of Lemma 8 we conclude that U(t,s)|m p, is an isomorphism on Im P». Moreover, the

following estimates hold
¢
T ( / v(7) d7'>
S P X

T <_ / ") d7>

Then (U(t, s))i>ser, has an exponential dichotomy. [
We are now ready to state the main result of this section which is a direct application of Theorem 2.

HU(t, S)\Ple = < Ne~(t=s),

| (Ut 9)px)t | = < Ne—o(t=s)

Py X

Theorem 6. If the assumptions (B1) and (B2) are verified with small enough constants L and 2—2’".
Then, there exists a local stable manifold of the Fisher—Kolmogorov equation (18).
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6. Appendix

The following theorem gives a characterization of generators of strongly continuous semigroups.

Theorem 7 (Ref. [17]). Let (A, D(A)) be a linear operator on Banach space X and let w € R,
M > 1 be constants. Then, the following properties are equivalent.

(a) (A, D(A)) generates a strongly continuous semigroup (1'(t))icr, satisfying
IT ()| < Me*t forall t€R,.
(b) (A, D(A)) is closed, densely defined, and for every A > w one has X € p(A) and

| [A=w)RA, A" || <M forall n€N.

We now state a theorem concerning with bounded perturbations of generators of strongly continuous
semigroups.

Theorem 8 (Ref. [17]). Let (A,D(A)) be the generator of a strongly continuous semigroup
(T'(t))ter, on a Banach space X satisfying

IT ()| < Me*t  forall tcRy
and somew € Ry, M > 1. If B € L(X), then
C:=A+B with D(C):=D(A)
generates a strongly continuous semigroup (S(t)):cr, satisfying
1S@®)]| < Me@TMIBIDE - for all ¢ e R,
Let r > 0 such that r # n? for all n € N. Define the operator A: L'([0,7]) — L'([0,7]) by
Au = Au+ru (21)

with the domain
D(A) = {u e W[0,7]): v/ (0) = u'(x) =0} .
In the following lemma, we give some properties of the operator A.
Lemma 8.
(i) For all A > r, we have A € p(A) and

1
A—1r’

IR A) <

Moreover, A is a generator of an analytic semi-group (T'(t)):cr, -
(ii)) There exist two spectral projections Py and P, satisfying the following:
(a) P+ P, =1idx and PP, = 0;
(b) T(t)P; = PjT(t), forallt € Ry and j =1,2;
(c) for allt € Ry, T(t)|rmp, is an isomorphism on ImPs;
(d) there are positive constants N, o such that for all t € R

|7t )\Plx\
1 (T(t)px) " |

)

<N
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Proof. Consider the operator A;: L'([0,7]) — L([0,7]) defined by
Ajui=Au, D(A) = {ue W([0,7]): «/(0) = u/(7) = 0}. (22)

It is known that A; generates an analytic semi-group of contraction.
Therefore, assertion (7) is a direct consequence of Theorem 7, Theorem 8 and [17, Theorem I11.1.12].
Moreover, the spectrum of the operator A defined in (21) is given by

o(A) = {r—k?: k e N}.
Using the spectral mapping theorem for analytic semigroups, we have for a fixed tg > 0
o (T(t)) \ {0} = €7,

Therefore, o (T(tp)) consists of two disjoint compact sets o7 C {z€ C: ||z|| <1} and o2 C
{z € C:|z| > 1}.

Let 1 be a contour in {z € C: ||z|| < 1} enclosing o and 72 a contour in {z € C: ||z|| > 1} enclosing
o9. For the operator T'(tp), consider the following spectral projection corresponding to o;, i = 1,2

defined by
1
P = — AT (tg)) dA. 23
i | ROT(0) (23
Then,

1
P1+P2 - % 5 R()\,T(t())) d)\7
U

where OU is the boundary of some open neighborhood U of o(T(ty)). If we take an open ball U
centered at 0 and of radius R := 2||T(to)||, then the series

[e.e]

RO\ T(t0)) = 3 A" T(to)"

n=0
converges in £(X) uniformly on 9U. Using the Cauchy’s integral formula, one can get

1

— AT (to)) dXN =idx.

On the other hand, using the Fubini’s theorem, we get

1

PP = W Ll /72 R (X, T(to)) R (M, T(to)) drgdy

:(2731)2/ / AliAQ (R (A2, T(to)) — R (M1, T(tn))) dAadAy
Y1 Y2

o [ ROwT@) (5 [ 5

21 Y2 21 o )\1—)\2

1 1 1
— T — [ —— .
2mi [ﬂ R, T(0)) <2m' /72 Al — A2 d&) @A

From the Cauchy’s integral formula

1 1
A\ = / dXy = 0.
/Yl AL — A2 ' v2 AL A2 ’

d)\1> dXa

Thus P1P2 = 0.
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Now, from the fact that T'(tg) and T'(t) commute, for A € p(T'(to)) and u € p(T(t))
RN, T(to))R(p, T(t)) = R(p, T(t)) R(N, T (t0)),

then we obtain
PiR(1,T(t)) = R(u, T(¢))P.

Therefore, P,T(t) = T(t)P; and then (b) is shown.

Denote by T'(t) := T'(t)Py and Th(t) := T'(t)P, for all t € Ry. One can see that (T1(t)),cp, and
(T, (t))te]R+ are strongly continuous semi-groups defined on P; X and P, X, respectively. Moreover, from
the spectral decomposition, one has o (T1(t)) = o1 and o (T(t)) = 03. Since 01 C {z € C: ||z]| < 1},
then the semigroup (73 (t))teR+ is exponentially stable, that is, there are positive constants N7 and
such that

|71 ()] < Nie™%, forall ¢t e Ry.

On the other hand, since 0 ¢ o (T5(t)), then T»(¢) is invertible and then it can be extended to a group
(Tx(t))er in PoX such that Th(—t) = Ty (t) for all t € Ry. Furthermore, for all t € Ry, the spectral
radius of T(—t)P» satisfies  (To(—t)P2) < 1. Thus, there are positive constants Na, vy such that

ITo(=t)Pal| = [(T(#)|px) | < Noe ™, for all ¢ € Ry,

By taking « := min{d,v} and N := max{Nj, Ny}, the lemma is proved. [
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JlokanbHi MHOroBMAW AN HeaBTOHOMHUX KpaioBux 3agad Kouwi:
ICHYBaHHS1 Ta NPUTSATaHHA

Ixeppymi A., Mycci M.

Kagedpa mamemamuru ma ingopmamuru,
Hayxosuti garxyavmem Ynisepcumemy Myzxammeda I,
60000 Yoocda, Mapoxko

VY 1iit pobOTi BCTAHOBJIEHO iCHYBaHHS JOKAJBHUX CTIMKUX i JIOKAJLHO HECTIHKUX MHOTO-
BUJIIB /I HeTHIHUX KpaitoBux 3aa41 Kormri. KpiM Toro, orpumani pe3ysibTaTu IpoiIiocT-
POBaHO 3aCTOCYBaHHAM JI0 HeaBTOHOMHOTO piBHAHHA Dimepa—Kommoropona.

Knrouosi cnosa: reasmonomua kpatiosa 3adaua Kowsi, aokasvhull mMno206ud, Heasmo-
Homme pieuanna Piwepa—Koamozoposa.
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