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Abstract: The shift of the electron energy level due
to its interaction with the polarizing phonons is
investigated here for the particles whose energy does not
depend on the wave vector. We also analyze the influ-
ence of the value of the constant of electron - phonon
interaction and other parameters of the problem on the
electron energy change. The methods of Green's
functions, presented by the the Feynman diagrams and
using the double permutations, are present here. The
paper contains the analysis of the columns of the corres-
ponding double permutations, the analytical expressions
of which form the mass operator presented by the chain
fractions. We received the expressions for admissibles
and inadmissibles columns for phonon components of
double permutations. The numerical calculations allow
to conclude about the energy shift and how it depends on
the parameters.

Keywords: Energy shift in multiparticle interaction,
double permutation method for determining Green's
function for multiparticle interaction

1. Motivation

During last years the applications of quantum dots
are widely used in different electronic devices. The most
important physical parameter in this problems is energy
level, which can be changed by interaction of electron
with the phonons, denoting the temperature vibrations of
the atoms or ions of the environment. This is an
significant question, because you cannot remove the
temperature influence on the spectrum of electron in
quatum dots [1,2]. Here the energy level is constant: it
does not depend on the wave vector of the particle. The
similar problem appears if you consider the layered
crystals, including the intercalated atoms in the Van der
Waals slit or if people investigate the energies of
electron on the local impurity level. The constant energy
level allows to simplify the energy shift calculation using
the Green function method, because here we do not need
to integrate over all possible wave vectors of virtual
electron and we do not consider the Feynman diagrams
with the crossing lines, as it is shown in [1]. In this work
we also used the double permutations, introduced in [3]
for electron phonon interaction. The results of this work

are in good agreement with the results obtained in [4] for
the similar problem with the essentially different
parameters (constant of electron — phonon interaction).

2. Analytical equation to determine the energy
The electron — phonon interaction is described by
the Froehlich Hamiltonian [5],
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In (1) o i B are quantum numbers corresponding to the
states of the particles (electrons and phonons),
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k, g denote the wave vectors of particles, Wyr - energy

of S — level of phonon spectrum, V, (Cll) - electron -

phonon interaction function.
The energy shift is determined from the Fourier
image of the Green's function
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which can be presented by the infinitesimal equations
after normalizing over the phonon frequency [1]. We
define the mass operator (M,(w) from (2)), which
contains the average possible interactions between
electrons and phonons. We adde it to the energy of a
particle in denominator of the Fourier image of the
Green's function (2). Then we determine the energy of
the particles is from the poles of this Green's function
(2). In our case, the energies from (2) and the interaction
function are independed on the wave vectors of the
particles.

The expressions, forming the mass operator are
represented by Feynman diagrams [6], or by means of
the double permutations introduced in [7] for the
electron - phonon interaction and in [8] for the electron -
electron interaction.

2. Mass operator in formalism of Feynman
diagrams and double permutations

The virtual interactions of electrons with phonons,
are presented by Feynman diagrams and corresponding
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double permutations, where the pairwise averaging of
phonon and electron operators are reflecting. These
expressions contain selection rules derived from the
conservation of energy and momentum. In particular, the
element of the Feynman diagram shown in Fig.1
corresponds to the column of the double permutation (3)
and denotes the conservation laws (4).

Fig.1. Element of Feynman diagram and corresponding
column of double permutation in (3)
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On the left side of (3) we can see the pairwise
averaging procedure of phonon and electron operators.
The first expression in (4) denotes the corresponding
conservation of momentum, which can be derived from
the column (3), as well as from diagram in Fig.1.

To determine the mass operator, we consider
diagrams described by the phonon permutations
corresponding to Young scheme with one line: these are
permutations denoted by one cycle. In order to avoid the
repeating expressions that differ on the renumbering of
dots, we number the dots denoting the beginnings of
phonon lines sequentially with ordinary numbers, and
the endings of these lines sequentially with dashed
numbers. Let us assume that within this cycle there are t
groups containing ordinary and dashed numbers
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Therefore, we can put down the expressions for
admissible and inadmissible columns as follows:

Admissible columns Inadmissible columns
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In particular, for cycles showing the pairwise
averaging procedure for electronic operators in Table 1
in the phonon permutation missing expressions
containing columns will appear:
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Diagrams with nonintersecting phonon lines are
considered in this work. They are shown in Table 1
together with the corresponding double permutation and
factor denoting the number of such expressions for the
first (1), the second (2), the third (3.1, 3.2), the fourth
(41 - 4.4) and the fifth (5.1 - 5.8) orders of the
perturbation theory.

In fact, the corresponding double permutation is
very easy to obtain from the diagram, in which all the
dots with coming out phonon lines should be numbered
successively in ordinary numbers and the dots with
coming in phonon lines numbered successively with
dashed numbers. In the double permutation, the first and
third lines represent the one-particle phonon Green's
functions, and the digits of the first and second, third,
and fourth lines represent the one-particle electronic
Green's functions. The intersection of phonon lines leads
to the appearance of a non-degenerate row in the double
permutation, particularly, one containing 3 independent
variables. For diagrams without the intersection of
phonon lines, the double permutations (DPs) with
following features are considered:

i) degenerate columns - when they contain two
identical digits. They are: column 1 in DP 1); columns 1
and 2 in DP 2); columns 1 - 3 in DP 3.1); columns 1,3 in
DP 3.2); columns 1 - 4 in DP 4.1); columns 1,3,4 in DP
4.2); columns 1,2,4 in DP 4.3); columns 1,4 in PP 4.4);
columns 1 - 5in DP 5.1); 1,2,4,5 in DP 5.2); columns
1,3,5 in DP 5.3); columns 1,4,5 in DP 5.4); columns
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1,2,5 in DP 5.5; columns 1,3 - 5 in DP 5.6); columns 1,
3,5in DP 5.7); columns 1,5 in DP 5.8)

i) quasi-degenerate columns - containing a pair of
digits, which is included in the degenerate column. They
are: column 2 in DP 3.2); column 2 in DP 4.2); column 3
in DP 4.3); columns 2,3 in DP 4.4); column 3 in DP 5.2);
columns 2,4 in DP 5.3); column 2 in DP 5.4); column 4
in DP5.5; column 2 in DP5.6; columns 2, 4 in DP 5.7);
columns 2,4 in DP 5.4);

iii) strongly degenerate columns - a) contain a pair
of digits, both of which are included in the degenerate
columns together with other common digits in these
columns. It is column 3 in DP 5.4); or b) containing a
pair of digits included in the quasi-degenerate column.
They are: column 3 in DP 5.5); columns 3 in DP5.8).

Only these columns are included in the double
permutations from Table 1.

2.1. Mass operator as chain fraction

In [1,3,4], the analytical expressions corresponding
all diagrams and double permutations introduced in
Table 1 were calculated. The results were compared with
the numerical results of partial summation, which allow
finding a mass operator in a chain fraction. For this
purpose, we consider the interaction of the particle with
a certain number of virtual phonons. So, for the mass
operator in the second approximation, we consider the
infinite number of diagrams which contain no more than
two phonon lines above the base line. They are: 1), 2),
3.1), 4.1), 5.1) diagrams from Table 1. To describe the
three phonon processes, we choose diagrams that do not
contain more than 3 lines above the base line. They are
expressions 3.2), 4.2), 4.3), 5.2), 5.3), 5.6) in Table 1.
Partial summing for two and three phonon processes
allows us to denote the mass operator as the chain
fraction
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With the dimensionless variables [1]:

(10)

where E is an electron energy level, Q is phonon energy,
V is the coupling function which is also supposed to be
independent on quasi momentum, MF is a dimensionless
mass operator (the mass operator is divided by the
phonon energy). In [6], we also performed the direct
calculation for mass operator for some particular cases
and showed that up to the fifth order of perturbation
theory the numerical results for (8) and direct
calculations coinside.

2.2. Calculation
The renormalized energy of the particles was
obtained from the equation:

x—MF(x):O, (11)

Fig.2. illustrates solving for o« = 0.01; 0.05; 0.08;
0.3; 0.5; 0.8. In Fig.2. The crossing points of solid and
dash lines denote the energy shift (6), where the solid
lines depict M(&) and dash lines — §. Our calculations

were made for n = 100.

3. Results and discussions

As we can see from Fig.2, an energy shift (the first
crossing point between solid and dash lines) corresponds
to & = - « for all cases presented in Fig.2. It means that
energy shift depends on an electron-phonon coupling
constant and phonon frequencies. It does not depend on
any parameter of particle as far as we can suggest that
the coupling constant and phonon frequency are
independent of these parameters.

For small o we can see only one solution of (10),
that is, the level shift without any phonon repetition
(Fig.2 a)). Increasing absolute value of o allows more
solutions of (10). Every solution differs from the
previous by the same value (phonon frequency) and
means phonon repetitions. As we can see, for £ < 5 and
o = 0.01 we have only one solution of (10) — Fig.2 a);
for o = 0.05 we obtain two solutions — Fig.2b); three
solutions for a. = 0.08 - Fig.2c); five solutions for o =
0.3 — Fig.2d); six solutions for o = 0.5 and o = 0.8 -
Fig. 2 ¢) and Fig — 2 d).

So we can conclude that increasing the absolute
value of a means

i) the decrease of energy level, because of electron-
phonon interaction

ii) the increase of the number of phonon repetitions.
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Fig. 2. The crossing points define the energy shift
for the different values of « atn =100
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Table 1
Some expressions representing the virtual interaction of particles with the constant energy levels
The first order The second order
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4. Results and discussions

As we can see from Fig.2, an energy shift (the first
crossing point between solid and dash lines) corresponds
to & = - a for all cases presented in Fig.2. It means that
energy shift depends on an electron-phonon coupling
constant and phonon frequencies. It does not depend on
any parameter of particle as far as we can suggest that
the coupling constant and phonon frequency are
independent of these parameters.

For small o we can see only one solution of (10),
that is, the level shift without any phonon repetition
(Fig.2 a)). Increasing absolute value of a allows more
solutions of (10). Every solution differs from the
previous by the same value (phonon frequency) and
means phonon repetitions. As we can see, for & < 5 and
o = 0.01 we have only one solution of (10) — Fig.2 a);
for a = 0.05 we obtain two solutions — Fig.2b); three
solutions for o = 0.08 - Fig.2c); five solutions for o =
0.3 - Fig.2d); six solutions for o = 0.5 and o = 0.8 —
Fig. 2 ¢) and Fig - 2 d).

So we can conclude that increasing the absolute
value of a means the decrease of energy level, because
of electron-phonon interaction the increase of the
number of phonon repetitions.

5. Conclusions

In this work we investigated the shift of constant
energy level for a particle interacting with the
polarization phonons and show the energy level shift and
its dependence on the coupling constant and phonon
energy.

We represented the virtual electron-phonon
interactions with Feynman diagrams and with double
permutations and found out the selection rules for
phonon permutations corresponding to the Young
schemes with one row, corresponding to mass operator.

We  identified the  double  permutations
corresponding to diagrams without crossing phonon
lines, which contribute to Mass operator expressions.

We show that the increase of absolute value of
electron-phonon coupling constant renormed to phonon
energy leads to lowering the energy level and to
increasing the number of phonon repetitions
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3MICT NOCTIMHOI'O PIBHS EHEPITi
IICJISI B3AEMOIII YACTUHOK
3 NOJSIPU3YIOUMMHU ®OHOHAMHU

Kopneais ToBcTiOK

VY miit poboTi JOCTIKYETBCA 3CYB €HEPTETUYHOIO
piBHA YaCTHHKH, IO B3aEMOJIE 3 TOJISPHU3AIHHUMH
(hoHOHAMH. yactota ()OHOHA
MIOCTIHHI - BOHM HE 3aJIe)KaTh BiJl XBHJILOBOI'O BEKTOpa
(xBasiimMmynbcy) yacTuHOK. [loka3aHO, K 3MEHIIYEThCS
CHEepreTUYHUH PiBEHb 3aJISKHO Bij eJNEKTPOH-(POHOHHOT
KOHCTaHTH 3BSI3Ky Ta cHeprii oHOHa. Y i poOoTi
BUKOpUCTaHO MeTon niarpam DeifHMaHa Ta MeTOx
IO  JO3BOJIMIIO
(ikyBaTH TONBIMHI TNEPECTaHOBKH, IO BiIMOBIIAIOTH

EnHepris wacTuHKH 1

MOJIBIHOT ~MEepPEeCTaHOBKH, 1IeHTH-
nmiarpamam deitHMmana, 6e3 mepeTuHy (OHOHHUX JiHIH.
Mu mepecTaHOBOK, IO BiANOBIAAIOTH BUpaszaM, SKi
YTBOPIOIOTh MAacCOBHH OmNepaTop, Ta BHUSABWIH CHUIBHI
pucu st DPS, 1o yTBOPIOIOTH psAIM UTsl OJHOTO, TBOX 1

TpbOX (HOHOHHHUX HAOIMKEHB.
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