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ON THE ACCURACY OF GRAVIMETRIC PROVISION OF ASTRONOMO-
GEOMETRIC LEVELING ON GEODYNAMIC AND TECHNOGENIC POLYGONS

The purpose of this work is to prove the necessity and possibility of returning to the orthometric system of heights
in Ukraine and to substantiate the ways of solving this problem. The method of achieving the goal is provided by
theoretical studies of existing methods of astronomical and geodetic leveling, modern methods of forecasting
neotectonic processes, GNSS accuracy and geometric leveling. The main results are: the requirements for the accuracy
of gravimetric support of high-precision geometric leveling, both DGM of Ukraine and high-altitude network of
geodynamic and man-made landfills. The theoretical possibility of determining orthometric heights for almost 90 % of
the territory of Ukraine with an accuracy of even 0.2 mm per 1 km of double stroke has been established. Scientific
novelty and practical significance: it has been proved that even at the maximum values of GPP anomalies it is possible
to consider orthometric and normal heights as segments of normal to the reference ellipsoid, as well as geometrical
heights; if at astronomical and geodetic leveling to define a deviation of a temple with accuracy m6_sr = 0.2 “(accuracy
of modern zenith systems even 0.08)”, it will bring an error in definition of a difference of orthometric heights of
0.2 mm on 1 km of the course if to determine this value from the available gravimetric maps of the deviation of the
temple, this error will be 0.5-1 mm per 1 km of travel, which also corresponds to the leveling of even the first class; ;
non-parallelism of equipotential surfaces should be taken into account when the difference between the force of gravity
on the equipotential surface of the initial point of travel and at the point of intersection of this surface with the normal
at the end point of travel exceeds 2 mGal; the force of gravity at the leveling station and on the force line of the field at
the end of the course, at a height corresponding to the height of the corresponding leveling station, must be known at
the sum of excesses during 10 m per 1 km with an accuracy of only 20 mGal. m per 1 km — 2 mGala, therefore, the
modern model EIGEN-CGO03C (accuracy is estimated within 8 Mgal) in most of the plains of Ukraine can provide
gravimetric data for the creation of state leveling networks and high-precision leveling during engineering and geodetic
works and works on geodynamic and man-made landfills.

Key words: deviation of steep lines; zenith systems; GNSS; geodetic and orthometric heights; astronomical
leveling.

Introduction the equipotential surface W, (for example, point C,
which is located on the field line passing through the
point M (Fig. 1)) and the point M.

g;, h; —measured at the leveling station values
of gravity and excess.
The error of substituting the mean value of g
measured at the station is neglected in all cases (see,
for example, [Barlik, 2007]).

The influence of GPP on the results of leveling,
which is manifested in the non-parallelism of level
surfaces, explains the impossibility of direct use of the
measured excesses (only the hypsometric part) to
calculate the heights. This problem is solved by using
different height systems that meet certain requirements.

The first requirement is unconditional for the

system — heights must be determined unambiguously,
regardless of the leveling path. Only the value of the
integral C,, corresponds to this property

M n
Cu=Wo—Wy = [ gdh =Y gihi,
0 i=1

where in the right part the curvilinear integral
calculated on any leveling line between any point on

In 1954, Rome decided to call the integral f:’ gdh

geopotential value — C;, (geopotential number).
Geopotential values are widely used in the
world to equalize high-precision leveling
networks, for example, the Western European
network — Réseau Européen Unifie de Nivellment
(REUN) are connected to this network.
[https://link.springer.com/article/10.1007] was
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equated by French and Danish surveyors J. Vignal
and O. Simonsen. High-precision leveling networks
of Central Europe (EUVN)]. The property that
the sum of geopotential quantities in a closed
loop should theoretically be equal to zero is also

field

power line m a normal

used. Obviously, the geopotential values should
be equated in the first approximation and the
network of high-precision leveling in Ukraine to
reject errors of purely geodetic and gravimetric
measurements.
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Fig. 1. Heights: geometric GNSS (geodetic), normal, orthometric

The value of Cy, is used in all height systems
without exception in order to obtain an unambiguous
result. For example, the dynamic altitude system
proposed F. Helmert [Helmert, 1884] in which the
dynamic heights Hy,, are obtained by dividing
geopotential quantities by some constant value of
gravity, which for engineering and geodetic
problems should be taken close enough to the real
value — g in kg.

v Wy-Ww, 1 M

Ham = 5 (egal) ~ g (kgal)fo g ()
the obtained values have a dimension of length
(meter) and are close in value to the sum of the
measured exceedances. In 1955 the International
Geodesy Association proposed one value of gravity for

the whole Earth for GRS 80 y350=9.806199203 m/s?,
Accordingly, for dynamic height, only expression is
often given instead of expression (2).

Wy —-W, 1 (M
Hi ==t == [ gan. @)
Yo Yoo Yo

But when using (3) it should be borne in mind
that in Ukraine, with the difference in the latitudes
of the leveling points from 44 ° to 52 °, the differences

g —y5‘50 can exceed 250 mGal. The calculation

shows that the value of the dynamic correction will
be 0.0002 Ah. Therefore, the difference between
the values calculated by formulas (2) and (3) will
practically manifest itself in excess of more than 5
m.

It is obvious that dynamic, dynamic regional (2)
and geopotential systems are ideal for engineering
and geodetic works, when it is necessary to bring
into nature an equipotential surface, such as a
reservoir support level, or a high-speed railway line
to ensure minimum energy costs for travel.

Dynamic heights do not, unfortunately, have a
clear geometric interpretation, so they cannot
be used to determine the shape of the Earth,
and, moreover, have no connection as orthometric
with geometric heights, which are determined
from GNSS measurements, although ideal for
engineering solutions geodetic problems.

The second condition — altitudes should be
determined only by measurements on the physical
surface of the Earth, without the use of hypothetical
data on its internal structure. Given that on
geodynamic landfills, when executing engineering
works on industrial sites, in mining areas, there is
mostly detailed, real, rather than hypothetical
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information about the geological structure at depths
to the geoid, and the distribution of gravity in height
we emphasize that we need to know only in nodal
points of the leveling network, and we emphasize
once again, only to the geoid, this requirement does
not seem so certain.

We will talk about this in more detail later, when
presenting the material on orthometric heights. Here
is just a quote from the work of the teacher's author
Prof. M. K. Migal “...However, a deeper study of
the issue shows... ..With the involvement of even
scanty information about the densities of the upper
layers of the Earth, the orthometric height in the
same worst conditions is determined with an error of
less than 1 m” [Migal, 1969].

The third condition — the accepted system of
heights must meet a fairly strict method of
determining the geoidal component of the geometric
or geodetic height.

Regarding the last condition, the fulfillment,
although not quite strict of the second condition,
which is the basis of the normal system of heights
by M. S. Molodensky, led to the fact that currently
the geoidal component relative to even the
theoretical surface - quasi-geoid, is determined with
decimeter accuracy. [Dvulit, Golubinka 2009;
Czarnecki, 2010], which in most cases does not meet the
requirements of even hydrographic [Ostroumov,
2011] especially high-precision engineering and
geodetic works. However, the differences in geoidal
components of orthometric heights — the profile
of the real physical surface of the geoid during
astronomical-geometric leveling, (combination of
astronomical and high-precision geometric leveling)
can be determined on land theoretically with an
accuracy of 1-2 mm [Hirt, & Biirki, 2005]. This
even makes it possible to determine changes in the
position and shape of the geoid based on the results
of repeated astronomical and geometric leveling.
Modern scientific hypotheses connect catastrophic
deformations of the earth's surface — earthquakes — with
these changes. It also, provided that the orthometric
correction is determined with an accuracy that
corresponds to the accuracy of the determination of
the hypsometric part, allows us to control the results
of GNSS leveling and vice versa, to control the results
of determining orthometric heights, which, in our
opinion, gives a significant advantage to the use of
these heights instead of normal on geodynamic and

man-made landfills. Although calculations show
that in 90 % of the territory of Ukraine the differences
in the sums of orthometric and normal heights are
less than mm. Therefore, in the current situation, the
use of normal heights for cartographic work is
probably justified.

Presenting main material

Until the 1960s, orthometric heights were used
in Ukraine, which, and only in all countries of the
socialist camp, were replaced by normal heights,
particularly in Ukraine in 1958. This change at that
time could be explained by something other than
ideological arguments, which, of course, were also
present. However, with the development of GNSS
leveling and achieving modern accuracy, this
replacement, which is not essential for cartographic
work, for high-precision, especially in geodynamic
landfills, is unjustified. At least because the geodetic
heights, which are determined by GNSS measurements,
consist of two parts: the hypsometric part— orthometric
height — Hy,er, — PPg) (Fig. 1 — PPg) and the geoidal
part, the height of the geoid above the accepted
reference ellipsoid — Pg P, which can, we emphasize,
independently determine with an accuracy of the
order of mm [Hirt, et al., 2006], thus reliably and
independently controlling the whole set of
measurements.

Two reasons were put forward to justify the need
for such a measure (replacement of orthometric
heights with normal ones).

The first reason is that in the most general
formula of orthometric height
Cu _ i=1 gihi

Hoet. = —
av gav

(3
includes the value of g,, — the average value of
gravity on the segment PPqr. , which depends on the
vertical gradient of gravity on the segment PPgr.
and which, indeed, by measurements only on the
physical surface of the Earth, it is impossible to find
exactly. It was noted that it depends in a difficult
way on the distribution of density within the Earth,
but for some reason did not take into account the
requirements for the accuracy of determining -g,,
and the fact that g,,, we need to know only at the
nodal points of leveling passages and only on the
section from the reference to the geoid (99 % of the
DGM of Ukraine is up to 300 m high). In the future
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we will show that in modern conditions, especially
on geodynamic and man-made landfills there are
several ways to find gay and gi— gravity at leveling
stations with an accuracy that satisfies not only
leveling of the | st class, but also high-precision
short beam leveling with maximum currently
achievable accuracy of 0.2 mm per 1 km of double
stroke. That is, orthometric heights, which in contrast to
normal have a clear geometric and physical meaning
and therefore are given to determine the shape of the
Earth — geoid, theoretically can be found throughout
Ukraine with an accuracy determined mainly by the
maximum current accuracy of the geometric leveling,
even 0.2-0.3 mm per 1 km of double stroke. The
accuracy of modern GNSS leveling corresponds to
the accuracy of geometric leveling at least class Il.
This accuracy has been achieved in the last century
not only in the United States but also in Poland
[Cacon, 1999], at present it is definitely higher,
although there are no other tools (besides GNSS)
to confirm it on large distances. Therefore, even
from formula (4) the difference in height of the
geoid (N, — N,), we can find, at least with
centimeter accuracy, if known from GNSS leveling

AHZ’™ — the difference in geometric heights —
heights relative to the geocentric ellipsoid and
orthometric correction -p,,. with an accuracy
corresponding to the accuracy of determining
the amount of excesses — [h] 4, from geometric
leveling:
AHZ"™ = AHG + (Ny — Ny) =

= [h)am + Pore — (Ny — Np), 4)
AHZYE — the difference of orthometric heights
(hypsometric part, which is obtained according to
the geometric leveling from p. A to p. M, as the sum
of measured excesses [h] 4, corrected by orthometric
correction pyy¢-

In addition, at least on geodynamic and man-
made landfills it is possible to measure on specially
created profiles & and n — components of deviations
of the temple in the meridian and the first vertical
and the results of astronomical leveling calculate

1 M .
(Ny — Ny) ZFfA 6dl - geoidal part, by
integrating the components of the deviation of the

temple — 6 along the line of the profile, which in turn
find the formula:

1
0; =3 [(Sim1i = &i)cosaiy; + (Mimai = ni)cosai—q]. ®)

Achieved accuracy of determination of £ and 0,
using zenith systems and GNSS measurements,
0,1" is achieved in 20 minutes of observations. This
ensures the accuracy of the geoid profile with an
accuracy of 1-2 mm, which, in turn, allows using
formula (4) to assess the accuracy of both the
determination of orthometric corrections and GNSS
altitudes at relatively short distances.

Recognizing that orthometric heights have a
clear, unambiguous geometric meaning, are ideal
for determining the shape of the Earth — geoid,
most scientific sources in the former Soviet
Union, even such an authoritative as [Pellinen,
1978] noted “...geometrically clearthe notion of
orthometric height actually turns out to be
strictly unrealizable ...”. This is justified by the
same impossibility of determining with sufficient
accuracy the value of gav. Although the question
of what should be this accuracy, as we noted
above, is not discussed. Moreover, there are even
modern works in which it is proposed to abandon
the concept of geoid for the same reason,

replacing it with a quasi-geoid, which is not an
equipotential surface.

The heights associated with the quasi-geoid are
called normal — PP, (Fig. 1). They are officially
used in the territories, and only, of the former
socialist camp. Quasi-geoid, a surface that is almost
identical to the surface of the geoid in the seas and
oceans, slightly different from it (according to the
literature) up to 2 cm in the plains and up to 2 m in
the mountains, although this is mainly determined
by the accepted height of the initial footstock. on the
sum plain orthometric and normal exceedances in
the course, as we will show below, they differ by
millimeters and even smaller, which cannot be said
about the oceans and seas. A quasi-geoid is as
complex surface as a geoid, and it cannot be
described by precisely known mathematical functions
as a geoid, but unlike a geoid, a quasi-geoid is not
an equipotential surface, so normal altitudes are
unsuitable for engineering when the highest accuracy
is required. Moreover, a number of authoritative
researchers (see, for example, [Czarnecki, 2010])
do not consider normal heights suitable for studying
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the shape of the Earth. As we have already noted, the
accuracy of determining the heights of the quasi-
geoid above the reference ellipsoid, again according
to available scientific publications, is now about a
decimeter. It should be noted that the GNSS
measurements on the plain (up to altitudes less than 1
km) can calculate geometric heights and, using modern
existing digital maps of geoid heights, as we will show
below, calculate orthometric rather than normal
heights.

Although, it should be noted once again that
very authoritative researchers not only in the USSR
but, for example, in Poland [W. Szpunar, 1962],
from modern [Dvulit, 2014] agreed with the
possibility of using normal heights, which is quite
true when it comes to work not with millimeter
accuracy. The author understands, although disagrees
with Prof. W. Szpunar, he wrote on the contrary that
the normal heights according to the accepted method
of calculating them are actually closer to orthometric,
his work, in the totalitarian conditions of Poland at
the time, most likely not published, this is even more
true of L.P. Pellinen [Pellinen, 1978] and and prof.
M. K Migal [Migal, 1969]. Given the controversial
issue of choosing a height system, we will dwell on
it in more detail. Let's start with the fact that according
to accepted definitions, geometric heights are,
unambiguously, the distance normal to the reference
ellipsoid -PP, (see Fig. 1), at the same time in the
scientific literature there are ambiguous definitions
of normal and orthometric heights: orthometric
heights — distances along the vertical line — PP, or
along the power line of the real GPP — PP,,;,
normal — along the power line of the normal field —
PP,orm Or normal PPy, etc. This issue is discussed
in more detail in the article [Kurenyov, 2010],
although there is no final solution in this work. Of
course, this complicates the presentation of the
material, so we show that with the existing accuracy
of determining heights, even with high-precision
geometric leveling, replacement of the force line or
vertical, normal to the reference ellipsoid does not
lead to error to be taken into account, which greatly
simplifies further material.

First, it is easy to determine by elementary
calculation that even with the deviation of the
vertical line — 6 equal to 40" and the height of the
point 8 km, the difference between the distance
normal PPg and the vertical line P F; to the geoid

(see Fig. 1) will be only 1 micron, there is no
difference. Indeed, the difference can be expressed
by the formula:

0
AH = 2Hsin? 5=

=2x8km xsin20" < 0.001 mm. (6)

Note that the key in the definition is “on the
physical surface of the Earth”, although if the object
is in, even near space, and in this case, the calculation
of (6) shows that the difference is only 10°H.

To be convinced of the possibility of replacing
the lines of force of the gravimetric field PPo by the
direction of the normal P P; to the reference ellipsoid
when calculating heights, consider one idea [Migal,
1969], which is relatively simple and very clear in
geometric terms allows to solve the problem,
leading to formulas that are obtained purely
mathematically [Moritz., 1979]. Note that the
obtained solution allows to take into account the
influence of possible anomalies of the GPP and the
fact that Fig. 2, in contrast to that given in
[Czarnecki, 2010], corresponds to our eastern
hemisphere and takes into account the fact of
decreasing distances between equipotential surfaces
with latitude.

o Ba

WidWeconst  Wecoast > X

Fig. 2. The curvature of the level surfaces of the GPP

It is easy to understand if you remember that the
equipotential surface (geoid) is a three-dimensional
figure. In Fig. 2 shows a section of two close
equipotential surfaces (with different potential
values), the plane of the meridian. In Fig. 2 A and
B are points on one equipotential surface W and
A’ and B’ on another surface W + dW. For the
curvature of the power line — K (detailed explanations
are given in [Migal, 1969; Czarnecki, 2010]
known formula:
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fWZ + W2
K = K)?_FK;: Xz yzzagl (7)
\ g g0s
where W,,, W,, — the corresponding horizontal
gravity gradients.

Determine the maximum possible curvature of
the force line by formula (7). The value of g, taking
into account the fact that it can be in the
denominator, without losing the accuracy of
calculations, which can be ignored, can be taken
equal to 9.8x105 mGal. With maximum changes in
the horizontal gradient from 1 mGal per 1 km on the
plain to 10 mGal per 1 km in the mountains, the
radius of curvature of the power line according to
(7) will vary within a minimum of 9000 km on the
plain to 900 km in the mountains. To solve the
problem, in this case, we approximate the force
line by a circular curve, and the normal by a chord
that converges a circular curve of length S and has
length I:

[ = 2n,sin (ﬁ) . (8)

The calculation according to formula (8) at the
radii of the power line GPZ -, from 900 to 9000 km
(maximum possible values, which we substantiated
above), shows that replacing the length of the circular
curve (power line) with the chord length (normal) can
lead to a change height cranges from 0.2 mm on the
plain to 2 mm in the mountains at the maximum
possible values of the horizontal gradient per 1 km
from 1 mGal in the plain to 10 mGal in the mountains
at altitudes of 2 km). That is, when leveling even the
first class curvature of the force line can be neglected
and consider the height (normal and orthometric)
distance normal to the reference ellipsoid, as well as
the geometric height.

We also pay attention to the fact that in other
literature sources we can find the results of
determining the curvature of the power line, which
differ from the above by orders of magnitude. For
example, in the already mentioned work [Czarnecki,
2010] to determine the curvature of the power line

also provides a theoretical formula
2

e .
k= —Z—Vsm2¢, 9
e'? =6,7394967755x 1073;

v=1x2+y2+(1—e?)z2;

where

s X A

= arctg———;

g [xz +y2
T=1+¢e'%

Assuming for the middle point of Ukraine
coordinates: x = 3500000 m, y = 2100 000 m,
z = 4700000 m, calculations by formula (9), we
establish that r, =1/k =3.8E+15 m. For such a
significant value of the radius of curvature the
difference between the length of the power line even
8 km and the chord corresponding to it is only
0.002 mm.

In the work [Brovar, et al., 1961] for the
difference between the heights of the normal and the
power line -AH gives the formula:

2H3 -

AH = R sin“2B, (10)
where B = 0.005302. This value — AH in medium
latitudes, even at a height of 10 km does not exceed
0.01 mm.

The difference between the results obtained by
formula (10) and (9) and (8) is explained, in our
opinion, by the fact that (8) corresponds to the
maximum (anomalous) values of the horizontal
gravity gradient, and formulas (9) and (8) to normal
GPZ.

That is, we can conclude that the replacement of
the power line segment by the normal segment does
not lead to unacceptable errors in determining
the height, at the same time greatly simplifies the
presentation of the material because the GNSS
results we obtain planned coordinates and GRS-80
(WGS-84). Let's establish requirements to gravimetric
maintenance of works on definition of orthometric
heights.

Let’s write down the general formula of
astronomical-geometric leveling, which is obtained
by integrating along the line AM (Fig. 4) [Pellinen,
1978]:

n n n
AH —Zdh edl—Zdh dlfne (11)
aM < J p T pJq ]

where n is the number of stations in progress; dl —
flight length at the leveling station; 6 is the
projection of the deviation of the temple on the
direction of the leveling line, which is determined
from (5). Note that by formula (11) we find
AH ), —excess between points A and M. To move
to the geodetic heights of heights, we must also take
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into account the non-parallelism of level surfaces on
the lines of force at points A and M.

From formula (11) we find why the accuracy of
the definition of & —m#@., should be equal. To
achieve the maximum possible accuracy provided
by the level, for practical reasons, the value must, of
course, be less than the accuracy of the level
compensator, with which we bring the sight axis to
the operating position, currently 0.5".

For the priori calculation of the accuracy of the
UPC, with which we can determine Y. dh per 1 km
of double stroke, we take the UPC equal to 0.2 mm.
Again, for the priori assessment of accuracy, we
assume that along the line AM the deviation of the

temple does not change and is equal to 6., in this
case:
A& dl fne l ) (12)
= — =—n :
Py p P

Turning to the UPC, we find:

mASp
ml., = ——. 13

Equating the UPC of the hypsometric part
-0.2 mm and geoidal and, taking for calculation
dl =50 mand n = 20, we obtain mé, = 0.2". Such
and even greater accuracy can be achieved (and
achieved) only with the use of modern anti-aircraft
cameras [[Hirt, et al., 2006; Hirt, & Biirki, 2005].

If you use the available maps of deviations of the
temple, which provide accuracy, for example, in
Russia [Serapinas, 2012] definition of m@., - 0.5-1",
then from the same formula (13) we find that mAg
and, accordingly, the accuracy of the geoidal part of
astronomical-geometric leveling, we provide
0.5-1 mm per 1 km the same definition of the
hypsometric part (taking into account the orthometric
correction), this already corresponds to the leveling
of class I. If you do not take into account the
deviation of the temple, then, even on the plain,
when the deviation of the temple is only 6 = 5-10",
the geoidal part will be 5-10 mm per 1 km, which
may not satisfy even leveling of 111 class

Thus, if the astronomical-geometric leveling
determines the deviation of the temple with an
accuracy of mf, = 0.2", it will make an error in
determining the difference of geoidal heights of
0.2 mm per 1 km. , this error will be 0.5-1 mm per
1 km of travel, which corresponds to the leveling of
the first class.

Astronomical-geometric leveling was widely
used in Western Europe and the United States even
before the advent of GNSS and inertial gravimetric
method to determine the difference in deviation of
the temple at neighboring points and zenith
instruments. Astronomical leveling should, in our
opinion, be used to develop a height base on
geodynamic and technological landfills, as an
independent method together with GNSS leveling.

Orthometric heights were already known in
1878, the name was proposed in 1887 (Goullier).
Recall that our increased interest in them is dictated
by the fact that knowing the geoidal component of
geometric heights (and nowadays it is possible
to determine it with an accuracy of at least
hypsometric) can move from heights measured by
GNSS to orthometric and vice versa. This allows us
to control a fairly long leveling moves, even the first
class according to the results of GNSS leveling, as
we have already pointed out.

With this in mind, we consider the theory of
orthometric heights in great detail, trying to obtain the
most theoretically rigorous formula that will assess the
impact on the accuracy of the results of simplifications
allowed in the known methods of calculating
orthometric heights. This is necessary because the
accuracy of geometric leveling since the time these
formulas were proposed has increased significantly,
even to 0.2 mm per 1 km of double stroke.

Directly from Fig. 1 given the independence of
the potential growth from the path of integration, we
can write

M C
Gy = f gidh; = Wy — Wy, = f Gidho +
(0] M ” [0}
+J gndni = f gndni (14)
C C

(t. C lies on the geoid and on the same power line
with t. M).

gn is the average value of gravity between
adjacent i-th equipotential surfaces on the CM
power line

The last integral in formula (14) is represented
as follows: fCM gndn; = gepHopr - Note that the last
equality is theoretically strictly true only when the
values of dn fromt. Cto t. M (Fig. 1) are equal.
Hence, taking into account (14) the known expression
for determining the orthometric height:
_Cu _ Yi=19ihi

Hyyr = (15)
P e Jep
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Fig. 3. Geometric leveling from the middle

Taking into account the debatable issue of
choosing a system of heights, consider in great detail
the process of high-precision geometric leveling
from the middle at the station (see Fig. 3), where the
following notations are adopted:

M1, N1 - readings on the rails installed at points
M and N;

Wy Wy, W; = Wy, = Wy, — the value of the
gravitational potential, respectively, at points M,
N, M,, N,.

Due to the dependences dW = gdh,;
Wy — Wy, = guMM, ; Wy — Wy, = gyNN;,

g =05(gy +gy)and &; = (gu — gn )
gu =9 —036,, gn=g+054,.

Assuming W; = Wy, = Wy,, we obtain

Wy — Wy =g(MM, — NN,) +
+6,05(MM, + NN,) =

= g((MM2 — NN,) + (SQO.S(MMZ + NNZ)) /g).

In the formula MM, — NN, = Ah =MM,; — NN, -
measured at the station excess. Neglecting
8,0.5(MM, + NN,)/g, we obtain the known
fundamental formula:

Wy — Wy =g Ah, (16)
where g is the average value of gravity from the
values at the points where the rails are installed.

Since, when calculating the difference in
orthometric heights in the course, we use formula
(16), we estimate what is the maximum error from
neglecting the last member of formula (16) we can
make. Take into account that the maximum length
of rails -3 m. Accordingly &, change in gravity
when changing height by 3m. 0.5(MM, + NN,) is
also less than 3 m. From the expression for Fay
reductio

8y ~ 8gr(mGal )=0.3086Ah (km) =

= 0.001 mGal. )

Therefore, the value of the neglected term of
formula (16) is equal to 0.001 mGal x 3000 mm /
1000 0 mGal = 3x10** mm, which has little effect on
the accuracy of leveling during.

Let's evaluate in more detail the question of
finding the average value of gravity on a vertical line
in the final reference of the course, on the segment
from the geoid to the reference. First, let's ask the
question, what should be the accuracy of determining
g_sr, so that the error does not exceed the accuracy
of determining the hypsometric component in the
course. To do this, differentiate (15) and moving to
the UPC we obtain in the most general case:

_ Cu

9%
where, taking into account (17) we obtain, after
minor transformations:

my m

gl

_gcp. (18)

Assuming a neglected value of my = 0,2 mm
and g4, = 10° mGal, we find that at heights of 10m,
100 m and 1000 m we need to ensure the accuracy
of determining g4, — m, equal to only 20, 2 and
0.2 mGal, respectively.

Now consider in great detail at what points we
must determine the magnitude of gravity. This will
help us to obtain the general formula of orthometric
correction — the difference between the measured
excess at the station and the difference of
orthometric heights, and to evaluate the known
methods of its determination. We turn to Fig. 4

Fig. 4. Before deriving the formula
of orthometric correction

On the power line at point B, at the end of the
course Wy, — Wy = ggr X Ang, where ggr — value
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of acceleration at the midpoint of the segment Ang.
Accordingly, on the power line of the rear point of
the station Wy, — Wy = gu X Ah. From the equality
gp' X Ang = gy X Ah, it follows:

Ang _ g
Ah  gp’
from here
Ang =M pp = pn+ M98 g
):4 ):U

The orthometric excess between points A and B

will be represented as:
B

ZAhB_ZAm ngg 95" An. (19)

A

Z 9gm —
Dopr. 'y

is orthometric correctlon in the measured amount of
excesses in the course from point A to the end point
of the course in the most accurate form. As we can
see, to determine it accurately, we need to measure
gravity at each point where the rails —g,, are
installed, and at their corresponding points at the
intersection of the equipotential surface of point M
and the force line of the end point — gp’.

Turning to the orthometric heights of Fig. 4 we
write down:

Hg = H,+ YBAhg + (ByB' — Ay4). (21),
that is, the non-parallelism of equipotential surfaces
at point A with a known height at the beginning of
the course and at point B at the end of the course
should be taken into account.

Assuming, with the admissible assumption that
Wo — Wy = ga, AoA=gp! B,B’,
where A;, B; —the middle points A,A and B,B’, we
obtain:

Expressmn

(20)

ByB' _ 94,
AoA  gp!'
from where, after the obvious transformations
(BoB' — AyA)=(24 — 1)H,.
B

1

Then the most general formula of orthometric
heights will look like:

B
Hgp = Hy+ ZAh+
A

B
+ZMAh + (&_ _1>HA- (23)
- 9p’ 9s!

(22)

Let us analyze the influence of the last term of
expression (23) on the result of determining the
orthometric height.

Having accepted, 9p!=9a, +AQ, where Ag=
=94, — Yg!
get after the obvious transformations:

4 ga Ag
poi)gT = <g—t—1>HA =g—H

By By

(24)
”“PT =228 =2 x 107 and gp=
= 1000 Gal, according to (24) we get that the last
expression in formula (23) should already be taken
into account if Ag is more than 2 mGal.

Determine the effect on the value of UPC
orthometric correction — Moo UPC errors determining

Accepting

the gravitational force at the leveling station -m,
and again from the most general formula (23)
determining the gravitational force on the power line
at the end point of the stroke at a height corresponding
to the height of the station m, .

After simple transformations we present the
third term in (23) in the form:

Z(gB, AR — AR).

Assuming to estimate the accuracy of the
constant values of 2% and Ah and Ah, replace the

dp!
sum in the expression by the product:
M Ahxn—dhxn=9"H_H.
gp’ 9p’

Differentiating the last expression and
moving to the UPC, we obtain after the obvious
transformations:

m
v — 9Mm
Dopr g’
gy _ GuHmg,
p:;_ = —g2 . (26)
B

Assuming mf;;gtzo.z mm, we obtain from (25)

that if we ensure the accuracy of determining the
gravitational force at the station mg,, equal to
2 mGala at a difference of elevations of 100 m, then
at with a stroke length of 1 km, the resulting error in
the sum of the measured exceedances will be equal
to the instrumental error of the level measurements.
If the course is laid on a plain and the difference in
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height does not exceed 10 m, the corresponding
value is 20 mGal. Calculations by formula (18) give
similar results. That is, when changing the excess
between the starting point and the end in the interval
10-100 m per 1 km of travel, so that the errors
introduced by gravimetric measurements of gravity
do not exceed the instrumental accuracy of leveling,
force gravity at the leveling station and on the field
line at the end of the course, at a height corresponding
to the height of the corresponding leveling station,
must be known with accuracy, respectively, in the
range of 20-2 mGal.

Given that the errors in determining the anomalies
of gravity of the modern model EIGEN-CGO03C are
estimated within 8 Mgal [Bihter Erol, 2012], in most
of the plain territory of Ukraine it (model) can
provide gravimetric data for the creation of state
leveling networks, and high-precision leveling during
engineering and geodetic works and works on man-
made landfills.

Given the requirements for the method and
accuracy of determining gp, consider the existing
methods for determining orthometric heights.

First of all, it is possible to solve this problem
almost strictly if there are wells near the nodal points
of the leveling network, for which graphs of gravity
change on the segment from the geoid (equipotential
surface of the initial reference) to the nodal point.
Gravity meters for such measurements are available
in the world, in the USSR developed in the 60's. As
of January 1, 2019, there were 2.233 explored
deposits of only combustible minerals in Ukraine. If
you look at the map of their location, the choice of
wells in which you can perform gravimetric
observations in the area to the geoid (mostly the
entire territory of Ukraine is located at altitudes up
to 300 m) is possible in most areas even less than 25 km.

The second possibility of a strict theoretical
solution of the problem, using the value of the
distribution of sedimentary rock densities to calculate
the value of gravity at the points we need (with
heights corresponding to the heights of the connecting
points of the leveling) of the line of force. In gravimetry,
this problem is called a direct gravimetric problem
and is sufficiently theoretically substantiated and
experimentally tested. In geodetic gravimetry, this
problem was first solved by F. Helmert Helmert,

1884] and T. Nethammer [Niethammer, 1939, 1947]
using the well-known Poincare-Praya reduction.
Given the limitations of the size of the article, we
note that achieving the required accuracy should not
be particularly difficult, as the largest difference in
the density of the earth's surface to the geoid is
characterized by up to 0.6 g/cm?, which according to
[Czarnecki, 2010] can bring at altitudes of 10 m,
100 m and 1000 m to the maximum errors in
determining the force of gravity at the respective
points of the power line 0.2 mGal, 2 mGal and 20 mGal,
respectively, which again coincides with the
calculations of formulas (18) and (25).

The third implemented possibility to determine
the orthometric correction, taking g =Y, for example,
based on the Clero hypothesis of the spheroidal
distribution of values of normal gravity -Y with
latitude and altitude, which is described by the
known formula:

0= Y= (1-056c0s2B) (1-2). (27)

That is, in this case we can do without gravimetric
measurements at all. We show that this is possible
on the plain. Indeed, the maximum errors that can
occur can be approximately estimated by differentiating
expression (24) and taking the accuracy of replacing
the value of gravity with a normal value of mg, equal
to the maximum value of anomalies. We will accept
them for the plain of 20 mGal, and for mountainous
areas — 150 mGal.

Calculation by the formula m,q, =mg « H
will give the following results. For mountainous
areas m_max at the sum of excesses in the course
from 1 m to 100 will be in the range of 0.15-15 mm,
and on the plain 0.02-2 mm. That is, on the plain
methods in which instead of the actual values of
gravity use the values of normal gravity, meet the
requirements for leveling even the first class.

Although the methods do not provide for the
need to perform gravimetric work, but, in our opinion,
they are of interest only as a control, because the real
values of gravity we can get even, as we noted, with
an error of 8 mGal, using a publicly available model
EIGEN-CGO03C.

In conclusion, we consider normal heights to
make sure that the excesses calculated from normal
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heights can be used to calculate orthometric heights,
and on the plain without any changes.

If in equation (15) we take g,,, equal to y,, —
the normal acceleration calculated for the mean
point on the power line at the end of the stroke, we
obtain the equation proposed by M. Molodensky for
the normal height of point B at the end of the level

stroke:
1 B
Hrll?orm =— gihi ]
cp. J0

(28)

where
Yav. = Yo — HZ_B(Z%) =yo — 0.1543Hjp,
yo — Value of normal gravity on the geoid at point B.
We first find the maximum possible differences
between the orthometric heights and the existing
normal heights in the plains of Ukraine from
comparison (28) and (15) follows:
Hrlform. - ngt. = ng VCp- H(L)?rt.
ycp.
Assumege, — Yay. =30 mGal, Hp., =250 m,

Yav. = 10° mGal, substituting in (29) we obtain:

KB _HEB, = 30 mGalx250000 mm
norm. ort. 1000000 mGal

A similar calculation for the mountainous
regions of Ukraine, at g,, — Ya». =130 mGal,
HBZ., =2000 m, will show that HE .., — HE., =
=250 mm.

Since P.N.,, — the normal correction is
exceeded during AB is by the formula:

(29)

=6 mm.

1
P-N-Ahzy_(yg —¥§)Hp +

av.

1
+— (9o — Yo)aAh. (30)

Vav.
then the analysis of expression (30) shows that in

order to move from normal to orthometric heights in
Ukraine, you can use the expression when calculating
the orthometric correction:

1
Port. = P.N.pp — y_(go — Y0)aslh.

av.
using existing Faye anomaly maps.

For preliminary calculations we use formula
(17) for Fay reduction, assuming y = 1000000 mGal,
we obtain for Ah = 10 m, 100 m, 1 km, 2 km the
difference between orthometric and normal elevations,
respectively 3x 10™5 mm, 3x 103 mm, 0.3 mm,
1.2 mm. That is, with the correct calculation of

(31)

exceedances of normal heights in the passages on
the territory of Ukraine according to formulas (28)
(31), except for areas with altitudes greater than
1 km, these excesses can be used to calculate
orthometric heights.

Conclusions

1. At maximum changes of the horizontal
gradient from 1 mGal per 1 km on the plain to
10 mGal per 1 km in the mountains, the radius of
curvature of the GPP power line will vary from 9000 km
on the plain to 900 km in the mountains. At such
radii of the power line, when replacing the length of
the circular curve (power line) with its chord (normal)
can lead to a maximum change in height in the range
from 0.2 mm on the plain to 2 mm in the mountains.
Therefore, we can consider the height (normal and
orthometric) of the normal distance to the reference
ellipsoid, as well as the geometric height. The
difference between these results and those given in
other sources is explained by the fact that they
correspond to the maximum (anomalous) values of
the horizontal gradient of gravity, and not the normal
GPP.

2. If the astronomical-geometric leveling
determines the deviation of the temple with an
accuracy of mf, = 0.2" (the accuracy of modern
zenith systems is even 0.08"), it will make an error
in determining the difference in geometric heights of
0.2 mm per 1 km. If we determine this value from
the available gravimetric deviation maps of the
temple, this error will be 0.5-1 mm per 1 km of
travel, which also corresponds to the leveling of
even the first class.

When determining heights, the non-parallelism
of equipotential surfaces at the point at the
beginning of the course and at the end point of the
course should be taken into account when the
difference between gravity on the equipotential
surface of the starting point and at the point of
intersection of this surface with normal at the end
point exceeds 2 mGal.

3. Theoretically, to accurately determine the
orthometric heights, it is necessary to know the
value of gravity at each point where the rails are
installed and at their corresponding points at the
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intersection of the equipotential surfaces of these
points with the force line at the end point.

4. In order that the errors made by gravimetric
measurements and calculated values of gravity do
not exceed the instrumental accuracy of leveling, the
force of gravity at the leveling station and the field
line at the end of the course, at a height corresponding
to the height of the leveling station. the sum of
excesses in the course of up to 10 m per 1 km of
travel with an accuracy of only 20 mGal, respectively,
for the amount of excesses of 100 m per 1 km —
2 mGal. If we take into account that the errors in
determining the anomalies of gravity of the modern
model EIGEN-CGO03C are estimated within 8 Mgal,
then in most of the plains of Ukraine it (model) can
provide gravimetric data for high-precision leveling
during engineering and geodetic works landfills.

5. The first way to determine the value of gravity
at any point of the power line at the end point of the
leveling is to use measurements in wells near these
points, a special gravimeter, which was developed
in the 60s. Analysis of the location of canned wells
only in the deposits of combustible minerals in
Ukraine shows that this is a very real way. The
second possibility is by solving a direct geophysical
problem. Since the layers of the earth's crust to the
geoid are characterized by maximum density
differences up to 0.6 g/cm?, even if we take this
value as an error in determining gay, it can lead to
altitudes at 10 m, 100 m and 1000 m errors in
determining gravity at the corresponding points of
the power line are 0.2 mGal, 2 mGal and 20 mGal
respectively, so this is also a very real way.

6. Two centuries ago, spherical-orthometric or
normal methods were known in the plains of Ukraine,
which instead of the actual values of gravity use the
values of normal gravity, meet the requirements for
leveling even class I, for mountainous areas are the
most accurate known formulas Nethammer.

7. At correct calculation of excesses of normal
heights in courses in the territory of Ukraine except
for areas with heights more than 1 km these excesses
can be used and for calculation of orthometric
heights.

8. Joint implementation of astronomical-geometric
and GNSS leveling, in compliance with the equirements

for gravimetric support recommended in the article,
will control both the results of GNSS leveling at
short distances and geometric leveling by GNSS
measurements at significant distances, which should
be taken into account observations at geodynamic
and man-made landfills.
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Koctsaatun BYPSIK

IBano-DpaHKIBCHKMIT HALIOHANBLHUI TeXHiUHMI yHiBepcuteT HadTH i rasy, Byn. Kapmarceka 15, M. IBano-®pankiBcbk, 76019,
Vkpaina, en.nmomra: burak4111945@gmail.com

J0 IMIUTAHHA TOYHOCTI TPABIMETPUYHOT'O 3ABE3IIEUEHHA
ACTPOHOMO-TEOMETPUYHOI'O HIBEJIIOBAHHA
HA TEOJMHAMIUYHUX I TEXHOI'EHHUX ITOJIII'OHAX

Mera 1i€i poG0oTH — TEOPETUIHO OOTPYHTYBATH BUMOTH JI0 TOYHOCTI TPaBIMETPUIHOTO 3a0€3MEYSHHS aCTPOHO-
MIYHOTO 1 aCTPOHOMO-T€OMETPUYHOIO HIBEITIOBAHHSA HA I'€OJAMHAMIUHUX 1 TEXHOTEHHMX IOJITOHAX, 3 BPaxXyBaHHIM
TOYHOCTI CYYaCHOI'O BHMCOKOTOYHOIO TE€OMETPHUYHOTO HIiBE/IIOBaHHSI. METOAUKY IOCATHEHHS METH 3a0e3IeUcHO
TEOPETUIHUMH JIOCTI/DKCHHAMHU ICHYIOUHX CHOCOOIB aCTPOHOMO-TEOMETPHUYHOTO HiBENIOBAHHS, CYy4aCHHX METOIIB
MPOTHO3Y HEOTEeKTOHIuHUX mpoueciB, TouHocTi THCC Ta reomerpuuHoro HiBemtoBaHHSI. OCHOBHI pe3yJibTaTH —
BCTAHOBJICHO BHUMOTH JO TOYHOCTI TPaBIMETPHYHOIO 3a0e3leYeHHS BHUCOKOTOYHOTO AaCTPOHOMO-TEOMETPHIHOTO
HIBCJIIOBaHHS BUCOTHOI MEpEXi T€OIMHAMIYHUX Ta TEXHOTCHHUX MOJIrOHiB. BcTaHOBICHA TEOpPETHYHA MOXKITUBICTD
BHU3HAYCHHS OPTOMETPHIHHX i HOPMAJIBHO-OPTOMETPUIHHX BHCOT mpakTiHaHO Ha 90 % Teputopii YkpaiHu 3 TOUHICTIO
nopsiaky HaeiTh 0,2 MM Ha 1kM mozBiifHOTO X0My. HaykoBa HOBHM3HA 1 MpaKTHYHA 3HAYYIIICTH: JTOBEACHO, IO HABITH
IIPY MaKCUMAaIbHIX 3HAYCHHSIX aHOMAJiil TpaBiMETPHYHOTO MOJA 3eMIi MOKHA BBa)KATH OPTOMETPHYHI 1 HOPMaJIbHi
BHUCOTH BiJpi3KaMH HOpMalli 10 pedepeHi-enincoina, K i TeOMETPUYHI BUCOTH; SKIIO TPH aCTPOHOMIYHOMY
HIBEJIIOBAHHI BU3HAYATH BiAXHIECHHS BUCKA 3 TOYHICTIO mHCp =0,2" (TouHiCcTh CyyacHUX 3eHIT- cucTeM HaiTh 0,08"),
TO IIe BHECE MOXHUOKY B BU3HAUCHHS Pi3HMIII T'€OINalbHUX YaCTHH reoae3nyHux BucoT 0,2 MM Ha 1 KM Xoay, SKIIO XK
BU3HAYATH II¢ 3HAYCHHS 3 HAIBHUX TPaBIMETPHYHUX KapT BIAXMICHHSA BUCKA, TO I moxuOka ckiane 0,5-1 mm Ha 1 kM
X0y, III0 TaKOK BIJITOBia€ HIBEIIOBAHHIO HaBITh |-T0 Kiacy; HemapanelbHICTh €KBIMTOTEHINIABHUX MMOBEPXOHD PH
OOYHCIICHHI BUCOT CIiJ BPaXxOBYBaTH B)KE TOMi, KOJH PI3HHIS CHJIM TSDKIHHS Ha EKBIMOTCHIIIANBHIN IOBEpXHI
MOYaTKOBOI TOYKM XOJy 1 B TOYILII MEPETHHY L€l MOBEPXHI 3 HOPMAJLIIO B KiHIEBIH ToUlll X0y mepeBuiye 2 ml ai;
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CWIIy TSDKIHHA Ha CTaHIIi HiBEMIOBAaHHS 1 HAa CUJIOBIM JIiHIl MOJS B KiHII XOMy, HAa BUCOTI, IO BiOBia€ BUCOTI
BIAMOBITHOT CTaHIIiT HiBEIIOBaHHS, TpeOa 3HATH MPH CyMi NepeBUIeHb B Xoi 10 10 M Ha 1 KM X0y 3 TOYHICTIO BCHOTO
20 mIan, BiamosigHo, mpu cymi nepeBuinerb 100 M Ha 1 kM — 2 mIan, Tomy HaBite Mozeiabs EIGEN-CGO3C (tounicts
OIIHIOIOTBCST B Mexkax 8 wml'am) Ha OUIbINiH 4YacTWHI PIBHHHHOT TepuTOpii YKpaiHum MOke 3a0e3neunTH TpaBsi-
METPUYHUME [AaHHUMH BHCOKOTOYHE HIBEIIOBaHHS IPH IPOBEICHHI IH)XKEHEPHO-TEOJC3MYHHX pOOIT Ta podiT Ha
TCOMHAMIYHUX 1 TEXHOTCHHUX MOJIrOHaX.

Knouosi cnosa: BimxuieHHs MPSIMOBUCHHUX JiHiH; 3eHIT-cuctemu; [ HCC; reome3nyHi Ta OPTOMETPUYHI BUCOTH;

ACTPOHOMIYHE HiBEIIOBaHHI.
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