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Abstract. Purpose. The leakage process of the fine grained bulk material (BM) from the 
unloading hopper is considered. As known the BM behaviour during the unloading process is 
directly related to the material stress state (active or passive) inside the hopper, which depends 
on the physical and mechanical bulk material properties, as well as hopper geometric 
parameters. At the boundary of the transition from the cylindrical part to the conical part of the 
unloading hopper hole, the horizontal stresses that precede the leakage of the material increase 
sharply. The use of vibration reduces horizontal stresses in the hopper and thus improves the 
bulk product fluidity. Also, the use of vibration reduces the probability of the free-fall arch 
formation over the outlet. Therefore, the present paper is aimed at developing the mathematical 
model of the fine grained bulk material flow under the vibration action from the conical hopper 
hole. Methodology. It is used one of the methods of studying the BM behavior, namely the 
analysis of the stress state of the conditionally stationary (pseudo-stationary) layer of the 
product and the force balance equation in the free-fall arch is made for further study of the 
geometric parameters of the unloading hole. Findings. In this paper, the mathematical model of 
the BM behavior in the conical hopper hole is developed. Since the most determining factor 
influencing the hopper productivity is the outlet diameter, so based on the developed model, it is 
established relationships that allow determining all parameters that affect the diameter. 
Graphical dependences are obtained, which allow to estimate the influence of the angle 
inclination of the hopper hole walls on the value of the hopper outlet size at active and passive 
stress states. The dependence of the diameter of the unloading hopper hole on the BM properties 
is also established. The BM properties directly affect the initial shear resistance of the material. 
The influence of vibration on the unloading hole geometry is presented. Originality. The 
pseudo-immobile layer of bulk product is considered in the developed mathematical model, and 
it is investigated how vibration affects the BM behavior in this layer. Practical value. The 
practical value of this paper lies in the possibility of further mathematical modeling of the 
influence of the BM properties, hopper geometric dimensions and vibration on the product 
behavior in the material leakage process from the hopper. The results of the studies, presented in 
the form of graphs, can be used during the vibrating hopper design and the selection of rational 
modes of hopper operation. 

Keywords: unloading hole, fine grained bulk material, vibration, flow stress, hole parameters, 
free-fall arch. 
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Introduction and Literature Review 

It is widely used hoppers and accumulative capacities which have a lot of tasks from the storage of 
considerable stocks of fine grained BMs to the continuous loading of equipment working positions in 
technological systems of the bulk product packaging. Regardless of the purpose of hoppers, their contents 
must be unloaded periodically or continuously through an outlet, which is located at the unloading hole 
bottom, whose shape often depends on the main hopper cross section. For the study of the BM behaviour 
during leakage from the hopper, the free-fall arch formation and the continuous flow conditions of material 
are important. In the paper [1], dense granular flow in hoppers was studied by numerical simulations, in 
attempts to explore the free-fall arch region and its boundary. A lot of problems appear during the 
unloading process of bulk products, especially when it means fine grained BMs. In the research [2] the 
motion conditions of cohesive and cohesionless BMs, the speed of material movement on the conveyor are 
investigated. These studies [2] consider the product movement only on the belt conveyor, which doesn’t 
allow using them to predict the BM outflow from the vibrating hopper hole, where a possibility of an 
accumulation of more material, and an ability to influence its movement by changing vibration parameters 
is there. 

Many studies have shown that the BM behaviour during the unloading process is directly related to 
its stress state (active and passive) inside the bunker, which depends on the physical and mechanical BM 
properties, as well as geometric parameters of the hopper. The change in the bulk material stress state 
causes various forms of the product movement [3] during the unloading process. It is established [4] that 
conditions of the BM movement in the unloading conical hopper hole are more unfavourable, than they are 
in its cylindrical part. Study and analysis of BM stress state allows predicting the product behaviour in the 
BM unloading process from hoppers and ensuring their reliable operation. The most common method of 
the BM behaviour study is its formalization in a form of a bulk discrete medium. This assumption can be 
used if element dimensions, where changes in the kinematic and dynamic parameters are determined in, is 
an order of magnitude bigger than a maximum particle size of the bulk medium. Under such conditions, it 
can be also used methods of bulk discrete media mechanic, which allow considering a deformation of the 
discrete material as a mutual slippage of individual particles. 

The use of vibration can influence the BM movement. The main parameter determining the BM 

behaviour under the vibration action is a vibration intensity 2ωa  [5]. The greatest compaction is achieved 
at vibration accelerations closed to gravitational accelerations. Therefore, it is very important for each BM 
to set an oscillation amplitude and an oscillation frequency, which correspond to the limit value of the 
vibration intensity. Using vibration with an intensity higher than a limit value leads to destruction of a 
connection between bulk medium particles and their circulation. An influence of vibration on the granular 
BM behaviour is investigated in the research [6]. In this study, it was discovered the degree of fluidization 
of the granular BM within a reservoir vibrated vertically with different frequencies and amplitudes. In the 
research [7] it was found that the average velocity of particles inside the granular flow decreased as the 
vibration frequency increased. It is established vibration modes for an occurrence of the vibration boiling 
in a granular material. However, these studies are limited with a consideration of a granular material layer 
with thickness up to 15 mm. Another research [8] allows generalizing conditions of the discharge of 
granular materials from the cylindrical hopper under vertical vibration. But only the hemispherical bottom 
hopper with five different angles of outlets was proposed there. 

In the research [9] the mathematical model was developed, that allows effectively investigating fine 
grained BMs in the vibration boiling state. But, to stabilize the vibration boiling state of fine grained BMs, 
it is required the significant vibration intensity. However, designing a hopper for fine grained BMs, the 
main task is to ensure the continuous flow of BMs from the outlets during the unloading process but the 
implementation of vibration boiling of the product is not required. 
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Problem Statement 

An application of vibration, which destroys contacts between the product particles, changes the 
material stress state and, thus, improves a flow rate, is one of effective methods to improve the BM 
unloading process. It is established that the BM behaviour can be determined by basic laws of a 
gravitational unloading process, provided there is a vibration-liquefied layer of the product [4]. Vibration is 
considered as a factor that prevents a formation of the free-fall arch and provides the continuous flow of 
the bulk product. This fact allows modelling the vibrational flow of the fine grained BM by using a 
gravitational flow model with certain physical and mechanical product properties. Therefore, the present 
paper is aimed at developing of the model of the unloading process of bulk material during the vibration 
action. 

Main Material Presentation 

Using one of the methods to study the bulk material behaviour, namely an analysis of a stress state of a 
conditionally immobile (pseudo immobile) product layer, a force balance equation in the free-fall arch is made. 
It has the next form for the unloading conical hopper hole (Fig. 1) in the projection on the vertical axis: 

0=−−+ odhc dFdFdFdG υ ,     (1) 

where dG  is the weight gain of the material; υdF  is the inertial force gain, that occurs in the BM 

under the vibration action; odhdF  is the adhesion force gain (the adhesion between the product particles); 

cdF  is the resistance force gain. 

To model the bulk material behaviour in the unloading conical hopper hole, it was investigated all 
force factors acting on the selected elementary volume ν.вV of the free-fall arch with height dh  (Fig. 1). 

The main force, that promotes the free gravitational flow through the outlet, is the material weight. The 
weight gain of the material is determined by:  

νρ .вVgdG ⋅⋅= ,      (2) 

where  ρ  is the bulk density of the BM; g  is the gravitational acceleration; ;. dhSV hв ⋅=ν  hS  -  is the 

area of the horizontal section of the elementary volume in the unloading conical hopper hole. 

 
Fig. 1. The scheme of forces acting on the BM elementary volume in the unloading conical hopper hole 
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To simplify the calculations, the area of the elementary volume  hS  in the unloading conical hopper 

hole (Fig. 1) is approximated as an area of a circle with a diameter D : 

4

2D
Sh ⋅= π ,      (3) 

where D  is the diameter of the hole at the place of the free-fall formation in the unloading hole. 
Then taking into account the dependence (3), the equation (2) will take the form: 

4

2Dhdg
dG

⋅⋅⋅⋅⋅= πρ
.       (4) 

In this mathematical model it is considered that the hopper is elastically connected to the unloading 
hole, which performs harmonic vertical oscillations. Since the low frequency vibration velocity used for 
fine grained BMs is several orders of magnitude lower than the velocity of the forced oscillation in the 
material, it can be assumed that the vibration acceleration is instantaneously transmitted to the bulk product 
and has a quasi-stationary character. The material vertical stress in this case can be represented as a sum of 
an inertial component vibσ  arising from the vibration action and a gravitational component discovered 

above. 
The inertial component of the vibration action is determined by a magnitude of an applied force 

transmitted to the bulk material layer, and equal to the formula [10]: 

2)(

)(4

v
vib

D

tF

π
σ = ,      (5) 

where ),cos()( 0
'

0 ψω +⋅= tFtF '
0F  is the amplitude of the generalized forcing force; v⋅⋅= πω 2  is the 

angular frequency; v  is the ordinary frequency, Hz; 0ψ  is the initial phase of oscillation; vD  is the 

diameter of the vibrating hole at the place of the vibrator attachment. 
The amplitude of the generalized forcing force can be written as: 

2'
0 ω⋅⋅= AmF s ,      (6) 

where sm  is the mass of the bulk material layer; A  is the vibration amplitude. 

Thus, the increase in the inertia force caused by the vibration action in the BM is determined by: 

4/2DdF vib ⋅⋅= πσυ .      (7) 

Taking into account expressions (5) and (6), the increase in the inertia force can be written as 
follows: 

2

2
0

2 )cos(

v

s

D

DtAm
dF

ψωω
υ

+⋅⋅⋅= .     (8) 

The mass of the bulk material layer is determined by the formula: 

4

2

.
Dhd

Vm овs
⋅⋅⋅⋅=⋅= πρρ .     (9) 

As it is seen in the equation (8), an increase in the inertia force has a harmonic character, but to 
study the conditions of the free-fall arch destruction in the BM and ensure the material flow, it is necessary 
to investigate the maximum amplitude value of the inertia force. Since this mathematical model considers a 
vibrating hole, whose oscillation is realized by an elastic suspension and a vibrating exciter, it is assumed 
that DDv ≈ . Therefore, providing these conditions and using the equation (9), the inertia force gain will 

be equal to: 

4

22 hdDA
dFv

⋅⋅⋅⋅⋅⋅= ρπω
.     (10) 
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The adhesion forces caused by the presence of moisture in the material pores, as well as 
molecular forces have a significant impact on behaviour of fine grained BMs in the hopper. The 
material compaction, which is accompanied by an increase in material stress, is also facilitated by 
hopper hole parameters and the bulk material weight loaded in the hopper. To ensure efficient 
operation of the hopper, which is determined by the continuous bulk product flow from the outlet, 
the degree of a product compaction should not exceed a critical value of the adhesion force gain, 
which is determined by the dependence [10]: 

f

dF
dF o

odh
τ= ,      (11) 

where vo SdF ⋅= 0ττ  is the separation force gain;  0τ  is the initial shear resistance of the BM under action 

of a tangential load; vS is the area of the vertical section of the elementary volume; )tan(φ=f  is the 

internal friction coefficient of the BM; φ  is the internal friction angle of the BM. 

The area of the vertical section of the elementary volume in the unloading conical hopper hole 
(Fig. 1) is determined by: 

glv ldhS ⋅= ,      (12) 

where 
)sin(δ

δ D
lgl

⋅=  is the length of the free-fall arch; 'φθδ += , θ  is the angle inclination of the hole walls 

to the vertical;  'φ  is the friction angle of BM to hole walls. 

Substituting the expression (12) in the equation (11), it is obtained the value of the adhesion force 
gain for the unloading conical hopper hole: 

)sin(
0

δ
δτ

⋅
⋅⋅⋅⋅=

f

Dhd
dFadh .      (13) 

During study the conditionally stationary layer of the BM, it is important to take into account the 
resistance of the bulk product that occurs during the BM movement toward the hopper outlet. Thus, it is 
added the resistance force in this mathematical model. The resistance force gain is determined by the 
formula [11]: 

PdhdFc ⋅⋅⋅⋅= )cos()sin('
1 δδσ ,     (14) 

where '
1σ  is the free flow stress;  P  is the perimeter of the hopper hole outlet. 

Taking into account DP ⋅= π , the resistance force gain for the unloading hopper hole was found by 

the formula: 

DhddFc ⋅⋅⋅⋅⋅⋅= πδδσ )cos()sin('
1 .    (15) 

Using the expressions for all force gains (4), (10), (13), (15) acting on the elementary volume 
in the unloading conical hopper hole, and substituting them in the force balance equation (1), it is 
obtained: 

)()sin(

))sin()2sin(5,0(4
2

'
10

ωπρδ
πδδσδτ

⋅+⋅⋅⋅
⋅⋅⋅⋅⋅+⋅=

Agf

f
D .    (16) 

An important indicator, that determines the geometric parameters of the unloading hopper hole, is 
the magnitude of the BM free flow stress [10]. The relationship between the compaction stress and the BM 
free flow stress is determined by the leakage factor ff . As already mentioned, there are a number of 

reasons that block the flow of fine grained BMs from the hopper hole. In order that there were no 
conditions which interfere with BM free outflow from the hopper hole, it is necessary to prevent product 
compaction to an occurrence of the significant shear resistance. Accordingly, the higher the compaction 
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stress 1σ  and the lower the free flow stress '
1σ , the worse the product's ability to leak through the outlet. 

This ability is determined by the leakage factor [10]: 

'
1

1

σ
σ

=ff  .      (17) 

It is established that the leakage factor is in the range of 1.2-1.6 for the conical hopper [11]. The 
lower value of the leakage factor, the better is the unloading hole design. Therefore, to determine the free 
flow stress, it is important to set the main compaction stress [10]: 
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where 0hσ  is the vertical stress of the BM in the considered section; 0ισ  is the horizontal stress of the BM 

in the considered section; wh f⋅= 00 ιι στ  is the tangential stress in the bulk material layer. 
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where 0h  is the distance between the unloading hole outlet and an imaginary cone vertex; kh  is the 

height of the unloading hopper hole; 2,1C , 2,1a  are the coefficients of active and passive stress states, 

respectively. 
The coefficients of active and passive stress states can be written as [10]: 
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Using the hypothesis of an ultimate balance of the product in the selected elementary volume with 
height dh  the maximum vertical stress of the BM is written as [10]: 






 +⋅⋅−−+±+⋅= )1(41)21(21 22222

00 ffwffh ισσ .     (21) 

Thus, using the above equations, it is possible to determine the stress of BMs for the active and 
passive stress states. This allows investigating the basic geometric parameters of the unloading conical 
hopper hole, as well as to establish the diameter of the unloading hole, which the BM goes from the 
passive to the active state at. 

Results and Discussion 
During setting the optimal parameters of the unloading hopper hole, both its geometry and the 

properties of the fine grained BM are important. To model the behaviour of the fine grained BM during its 

leakage, a flour with the next properties was chosen: o35=φ ; o30' =φ ; 3105,0 ⋅=ρ  kg/m3. Also, for the 

study of the hopper hole geometry it is used the following factors: 25,00 =h m; 45,00 =+ khh m. The 

initial shear resistance of the flour varies within 150...500 =τ  Pa [11]. 

Since the hopper hole oscillation will lead to the destruction of the free-fall arch over the outlet and, 
thus, prevent an occurrence of the passive stress state, so to obtain these graphs (Fig. 2) it is assumed that 
vibration is absent, and therefore the oscillation amplitude and oscillation frequency are equal to 0. 

In the obtained graphical dependences (Fig. 2) it is seen that the unloading outlet diameter, which 
provides a particular stress state, increases with an increase in the angle inclination of the hole walls. These 
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graphical dependences confirm the adequacy of the developed mathematical model. It can be seen that for 
realization of the active stress state (Fig. 2, a) the outlet diameter is bigger than for similar conditions of 
the passive state (Fig. 2, b). The character of the curves of the hopper outlet diameter in fig. 2,a is similar 
to Fig. 2, b, but the numerical values are slightly different. For example, for the angle inclination of the 

hole walls orad 234,0 ≈=Θ , the active stress state is realized at the unloading outlet diameter mD 23,0=  

at the leakage factor 6,1=ff , and for 4,1=ff  there is .25,0 mD =  A passive stress state for the same 

angle inclination is realized at the outlet diameter .17,0 mD =  for the leakage factor 6,1=ff  and for 

4,1=ff  there is .19,0 mD =  

 

 

а                                                                                          b 

Fig. 2. The dependence of the unloading outlet diameter on the angle inclination of the hole walls: 
а – for the active stress state of the BM; b – for the passive stress state of the BM 

 
The analysis of these graphical dependences allows drawing a conclusion that an increase in the 

angle inclination of the hole walls affects the bulk material behaviour more in the active stress state 
(Fig. 2, a). As it is seen, the outlet diameter increases at the angle inclination of the hole walls within 

orad 305,00 ≈=Θ≤ . This fact can be explained by increasing in bulk material density and increase in 

adhesion forces. Further increase in the angle inclination of the hole walls does not lead to increase in the 
outlet diameter, as well as to partial decrease, because it is the maximum compaction. For the passive 

stress state (Fig. 2, b), the maximum compaction of the BM is realized at the angle orad 356,0 ≈=Θ , and 

a dependence of the unloading outlet diameter on the angle inclination of the hole walls is slightly less than 
in the active stress state. 

Thus, it is possible to conclude that it is necessary to increase the outlet diameter to maintain the 
active stress state in case not to use additional devices those stimulate the outflow of BMs. 

The next stage of the study was an establishment of the vibration parameters, which provide 
activation of the active stress state. It was studied an influence of physical and mechanical properties of the 
BM on the oscillation amplitude and the oscillation frequency (Fig. 3). 

In fig. 3,a it is graphically presented the modelling results of an influence of the outlet size on the 

oscillation amplitude value. The following factors were used to obtain these dependencies: o35=φ ; 
o30' =φ ; 3105,0 ⋅=ρ  kg/m3; )tan(/0 θDh =  m; 45,0=kh m; Hzv 20= . 
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а                                                                                          b 

Fig. 3. The dependence of the oscillation amplitude on the outlet diameter: 
a – for different properties of BM; b – at different oscillation frequencies of the hopper 

 
Analysis of graphical dependences (Fig. 3, a) confirms that with an increase in the unloading outlet 

diameter at constant other hopper parameters it is necessary to provide a smaller amplitude oscillation to 
ensure the material leakage. Thus, at very small values of the unloading hole diameter of 03.0≤D  m, the 

required amplitude reaches its critically high value 4φa  mm due to a significant compaction of the BM 

in the unloading zone. Such modes are not recommended due to a significant dynamic loading on 
equipment.  

The magnitude of the unloading hole amplitude is also influenced by adhesion forces in BM. 
Increase in adhesion forces leads to the higher required value of the amplitude with the constant outlet 
diameter. Based on the developed mathematical model, it is confirmed (Fig 3, b) that an increase in the 
outlet diameter D  of the unloading hopper hole causes significantly a decrease in the value of the vibration 

acceleration 2ωa . At the angle inclination of the hole walls 045=θ  in the range 4,0≤D  m, the 

oscillation amplitude is being decreased from 2.5 mm to several tenths of a millimetre at the oscillation 
frequency of Hzv 20= . At small values of the diameter D  the oscillation amplitude can reach 6 mm. 

Therefore, analysing the graphical dependences (Fig. 3, b), it can be concluded that an increase in the 
outlet diameter leads to an increase in the area of a vibration propagation. This fact reduces the parameter 

2ωa  required to ensure the leakage of fine grained BMs. 

As already noted in this study, the initial shear resistance affects the behaviour of the bulk product. 
Using the developed mathematical model, it is investigated an influence of the initial resistance of the BM 
on the unloading outlet diameter (Fig. 4). 

The following parameters were used to obtain these dependencies: o35=φ ; o30' =φ ; 

3105,0 ⋅=ρ  kg/m3;  )tan(/0 θDh =  m; 45,0=kh m. 

In Fig. 3, a it is graphically presented the modelling results of an influence of the outlet size on the 

oscillation amplitude value. The following factors were used to obtain these dependencies: o35=φ ; 

o30' =φ ; 3105,0 ⋅=ρ  kg/m3; )tan(/0 θDh =  m; 45,0=kh m; Hzv 20= . 
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Fig. 4. Dependence of the outlet diameter on the initial shear resistance of the BM 

 
In Fig. 4 it is established a dependence of the unloading outlet diameter on the initial shear resistance 

for two options: without using vibration and with vibration. It is investigated that in the absence of 
vibration the diameter increases from 0.12 m up to 0.23 m with increasing initial shear resistance within  

Pao 500100 ≤≤ τ . And the diameter changes only in the range 05,003,0 ≤≤ D m with using 

vibration with the amplitude 1 mm and the frequency 20 Hz. Thus, it is seen that the use of vibration 
significantly improves the BM flow and allows implementing the active stress state at lower values of the 
outlet diameter. 

Conclusions 

1. An absence of unloading hole vibration and an increase in the angle inclination of the walls from 
o0  to o35  causes the compaction of the BM in the leakage zone and an increase in the outlet diameter for 

both stress states of the BMs. Further an increase in the angle inclination of the walls does not affect the 
value of the hopper outlet size. However, in the passive stress state of the BM, the dependence of the outlet 
diameter on the angle inclination of walls is slightly less than in the active stress state. 

2. It is necessary to increase the unloading outlet diameter in case not to use additional devices to 
improve conditions of BM leakage from the hopper, to ensure the active stress state, and, accordingly, to 
ensure the bulk product leakage. 

3. An increase in the outlet diameter significantly reduces the intensity of vibration to ensure 
continuous leakage of the fine grained BM from the hopper. 

4. The dependence of the unloading outlet diameter on the initial shear resistance of the fine grained 
BM is 4… 5 times higher without using vibration than with the vibrating hole. 

5. The use of vibration significantly improves conditions of the fine grained BM leakage from the 
hopper and allows ensuring the continuous leakage at lower values of the unloading outlet diameter. 
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