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The study focuses on the generation of multiple numerical solutions and stability anal-
ysis for the case of an unsteady copper-alumina/water hybrid nanofluid subjected to a
shrinking sheet. Heat generation as the potential contributing factor in the heat transfer
progress is considered as well as the suction effect. The governing model (partial differ-
ential equations) is developed based on the boundary layer assumptions, which then are
transformed into a set of ordinary (similarity) differential equations. The bvp4c solver is
used to search all possible solutions and conduct the stability analysis for the generating
solutions. Suction induces the movement of heated fluid particles towards the wall, re-
sulting in increased velocity and heat transfer and a decrease in temperature. The first
solution is proved to be the stable real solution as compared to the other solution.

Keywords: hybrid nanofluid; heat generation; heat transfer; multiple solutions; unsteady

flow.
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1. Introduction

The advancement in nanotechnology has led to the creation of a subcategory class called hybrid
nanofluid prepared by the dispersion of two nanoparticles into a base/working fluid with addition
of additives to aid the dispersion process. The greater stability is achieved in conjunction with the
surface modification and strong cluster bonds between the nanoparticles. Various studies have been
conducted to show the properties of hybrid nanofluids in other instances and experiments. Duangth-
ongsuk and Wongwises [1| used TiOs/water hybrid nanofluid to obtain thermal conductivity with
temperature constraints. On the other hand, Sheikholeslami and Sadoughi [2]| studied the impact of
heat transfer when CuO/water nanofluid is experiencing magnetic field disruptions where the con-
vective performance is seen to have reduced. The application of nanofluids can be observed in food
industries as Jacobsen et al. [3] wrote about spray dying using electrohydrodynamic (EHD). Further
references that highlighted the applications of nanofluids are in [4-9].

In an unsteady flow, it is seen that the amount of liquid flowing per second is not at a constant
rate. There have been several studies that have touched on this factor and one of the research projects
was done by Sreedevi et al. [10], where the unsteady magnetohydrodynamic heat and mass transfer
was analysed for the combination of carbon nanotubes and silver nanoparticles interacting with suction

The grant FRGS/1/2021/STG06/UTEM/03/1 from Universiti Teknikal Malaysia Melaka and Ministry of Higher Edu-
cation (Malaysia) is acknowledged.
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and having slip effects due to chemical reactions. Khan et al. [11] proposed research on the heat trans-
fer of hybrid nanofluid Cu-Al;O3/water passing through a radially shrinking and stretching surface.
Meanwhile, Waini et al. [12] studied the unsteady flow of the same hybrid nanofluid on a stagnation
point over a permeable rigid surface. Moreover, Zainal et al. [13]| focused on the unsteady electro-
magnetohydrodynamic (EMHD) flow with the application of boundary layer theory over a stretching
and shrinking plate for hybrid nanofluid Cu-AlyO3/water. Zainal et al. [14] progressed the study with
another paper on the three-dimensional stagnation point unsteady MHD convection flow for the same
hybrid nanofluid. Another notable mention piece of research was done by Khan et al. [15] using the
hybrid nanofluid CNTs-Fe3O4/water to study the flow pattern between two parallel plates undergoing
a variable magnetic field.

Heat generation is a crucial part in the heat transfer performance of hybrid nanofluids. A lot
of studies have emerged in the investigation of the relationship between heat generation and hybrid
nanoparticles. Jusoh et al. [16] addressed the impacts of heat transfer of nanofluids including MHD
properties and heat generation. Joshi et al. [17] investigated the impact of magnetohydrodynamic
(MHD) flow on a bidirectional porous stretchable sheet experiencing volumetric heat generation using
the hybrid nanofluid SWCNT+Ag-+water. Wahid et al. [18] analyzed the hybrid nanofluid flow with
heat generation and slip effects subjected to an exponentially stretching/shrinking sheet. With all the
research that has been studied, huge inspiration has been struck on solving the unsteady flow with heat
generation focusing on hybrid nanofluid and subsequently, filling up the knowledge gaps on this subject
matter. In this paper, the hybrid nanofluid from copper-alumina/water will be studied focusing on
the unsteady flow with the suction and heat generation effects. The flow is analyzed by considering
a permeable stretching/shrinking sheet. The bvp4c solver in MATLAB is used to find the solutions
for the ordinary differential equations. In the event of the dual visible solutions, stability analysis will
be used to determine the stable outcome. With rigorous research done, the author can say for certain
this publication has yet to be viewed by other scholars.

2. Mathematical formulation

Consider a hybrid nanofluid with unsteady flow (copper-alumina/water) past a shrinking/stretching
sheet. The boundary layer and energy equations are modeled based on the physical assumptions:

— The velocity of the deformable sheet is represented by u,, = %= such that t refers to time, « is

the representative for the unsteady flow such that o < 0 decelerates the outer flow, a = 0 for the
steady flow and a > 0 expedites the flow (see Waini et al. [19]).

— Ty, and T, represent the surface and far-field temperatures, respectively.

— The imposed heat generation effect is mathematically expressed as Q1 = P_Oogft, where ()1 and Qg
is the heat generation factor and constant, respectively (see Kumbhakar and Nandi [20]).

Hence, the mathematical model in a two-dimensional system which renders this physical problem are
given as [19,20]

ou  Ov
ou  Ou  Ou gy 0u
s - = - 2
ot +u8x +U8y Phnyt OY* @)
or — ar  oT knng O0°T
Fut— o =t + 9 (T'-T), (3)

ot Ox dy (pcp)hnf y? (pcp);mf

U= Ay, U=y, 1 =T, when y=020,
u—0, v—0, T—-T, as y— o0,
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By considering u, v as the velocities of hybrid nanofluid and 7T as the temperature, the similarity
transformation is given by

R e R e U -

vil—at’ T 1ot 1—at w —

Equation (5) is substituted into Egs. (2)—(4) to form a set of similarity ordinary differential equations
(ODEs) [19,20]

Hhnf /g o (2 " ’ " _
(Lentthr) (74 4775 (1 + 035m1") = ()
i knng /Ky n_ _ ' Q _
P Oy Gy O I e e, v
fO)=B, f(0)=A 00)=1, f(n)—0 00, (8)

where the parameters in Egs. (6)—(8) are defined as:

— unsteadiness parameter (S = «/c); S > 0 for unsteadiness accelerating flow, S < 0 for unsteadiness
decelerating flow and S = 0 for the steady flow case;

— stretching/shrinking parameter A\; A < 0 for the shrinking case, A = 0 for the static sheet and A > 0
for the stretching case;

— mass flux parameter B, B < 0 for the injection process, B = (0 for the impermeable surface and
B > 0 for the suction process;

— heat generation parameter (Q = C(p%‘;)f ), @ < 0 for the heat absorption process and @ > 0 for the

heat generation process, and
— Prandtl number (Pr = (uC))¢/ky).

Table 1. General correlations of hybrid nanofluid.

Properties Correlations
(%)—2¢hnfkf+2(¢1k1+¢2kz)+2kf
Thermal Conductivity — kpy,r = 2]
%)+¢hnfkf—(¢1k1+¢zk2>+2kf
Heat Capacity (PCp)hng = (PCp)s1d1 + (pCp)s202 + (1 — dnns) (pCp) ¢
Density Phnf = Ps1P1 + ps2¢2 + (1 — bnng)pys
Dynamic Viscosity fang = g/ (L= Gpnf)®®; Ghng = ¢1 + b2

Table 2. Properties of the water and nanoparticles.

Properties Water base fluid Copper Alumina
p (kg/m?) 997.1 8933 3970

Cp (J/kgK) 4179 385 765
kE(W/mK) 0.613 400 40

Prandtl number 6.2

Tables 1 and 2 display the experimentally validated correlations of properties for hybrid nanofluids
and properties for the copper, graphene and water (see Takabi and Salehi [21] and Oztop and Abu-

Nada [22]).
The definition of skin friction and local Nusselt number are
Mhnf <8u> xk‘hnf <8T>
Cr = - , Nuypy=———r— [ — ) 9
d Pfuw2 dy y=0 ki (Tw —Too) \ 9y y=0 ©)
Substituting Eq. (5) into Eq. (9),
n _k n
Rel/2Cy = 2L p7(0), Re; ' Nu, = —L9/(0), (10)
fif kg
where the local Reynolds number is Re, = %
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3. Stability analysis

The significance of this process lies in its role in identifying the actual solution from a pool of possible
solutions. Building upon the initial research into stability analysis, the subsequent transformation is
examined:

[y _cx Of(n,T) B cvy T Ty o
Vvl —at’ R on v 1—oatf(n’7—)7 0(n,7) = Ty —Too’ [ —— (11)
The obtained differential equations upon the substitution of Eq. (11) into Eqs. (2)—(4) are
2 2 2 2
me/ﬂf) o*f <3f> o°f <3f 9 f) o°f
) 2 (Zh) e — 5 (=L 055 ) — =0, 12
(phn flpg) on n f3n2 n Ton? onor (12
1 k‘hnf/kf %0 00 Q 00
— A o9— < 0, 13
AT AT L T oA Tl T AT "
f(0,7) =B, 2%2(077)22 A 0(0,7) =1, %%2(00777 —0, 6(c0,7) =0, (14)

Equation (15) is the perturbation function which is used to identify the disturbance in the similarity
solutions. The function F' and G are related to fy and 6, respectively while « is the eigenvalue,

fn,7) = foln) + e F(n), 0(n,7)=0(n)+e "Gn). (15)

The final form of eigenvalue equations by considering the relaxing conditions to prevent homogeneous
eigenvalues solution are:

Phnt/Pf
1 khnf/kf 1" / / Q
— G" — (0.551n — fo)G' + FOy' + G + G =0, 17
B G (07 RE Tyt 17Cy)7 )

F0)=0, F'(0)=0, F’(0)=1 (added) G(0)=0, F'(n) =0 (relaxed), G(n)— 0. (18)
These linearized equations are obtained by substituting Eq. (15) into Eqgs. (12)—(14).

4. Numerical results and discussion

The bvp4c solver in the Matlab software is a potent tool for computing nonlinear ODEs. The numerical
solutions are obtained by computing Eqs. (6)—(8) using the properties given in Tables 1 and 2. The
validation of the present model is presented in Tables 3 and 4, respectively and is in good agreement
with previous study which affirms the calculations validity. From these tables, it also can be highlighted

/

that as the unsteadiness parameter reduces from S = 0 to .S = —5, the values of Reglc ’c + reduces while

Re, 1 2Nux increases. The explanations of the flow and thermal behaviors for copper-alumina/water
are then, discussed and presented for the variation of suction parameter B and stretching/shrinking
parameter A. Others are set as follows: Pr = 6.2 (water), S = —1, Q = 0.02 and ¢ = ¢ = 0.01.

Table 3. Validation of Rel/?C; when ¢, = 0.2 (copper), ¢5 = 0 (alumina),
Q=0,B=2.1, A= -1 and various S.

g Present Waini et al. [19]
First Solution Second Solution First Solution Second Solution

0 2.528970 0.586548 2.528984 0.584729
-0.2  2.462145 -0.048071 2.462145 -0.048071
-0.4 2.395251 -0.473472 2.395252 -0.473472
-0.6  2.328304 -0.840776 2.328304 -0.840776

-1 2.194247 -1.491281 2.194247 -1.491281

-3 1.521192 -4.144746 1.521197 -4.144746

-5 0.844435 -6.431507 0.844435 -6.431507
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Table 4. Validation of Re; */2Nu, when ¢; = 0.2 (copper), ¢2 = 0 (alumina),
Q =0, B=21, A\ =—1 and various S.

S Present Waini et al. [19]
First Solution Second Solution First Solution Second Solution

0 6.822453 6.693244 6.822454 6.693105
-0.2  6.875796 6.716536 6.875796 6.716536
-0.4  6.927417 6.755470 6.927417 6.755470
-0.6  6.977507 6.797695 6.977507 6.797695

-1 7.073680 6.884548 7.073680 6.884548

-3 7.497151 7.296176 7.497151 7.296176

-5 7.858446 7.657801 7.858446 7.657801

The graphical results for the skin friction, Reglc/ 2C'f and local Nusselt number, Rey v 2Num with
various .S and A are presented in Figures 1 and 2, respectively. There exist dual solutions for each value
of A when B = 3,3.1,3.2. The critical values A. are clearly presented in these figures. It is apparent
that the critical values increase (A, = —2.2745, —2.4336, —2.5982) as B increases which implies the
success of suction effect in delaying the boundary layer separation. The suction parameter is seen to
enhance the values of Re;/ 2C'f as well as Re, 1/ 2Nux of the hybrid copper-alumina/water nanofluid.
The physical explanation is the suction induces the movement of heated fluid particles towards the
wall, resulting in the increment of skin friction coefficient, velocity as well and heat transfer with a

decrease in temperature (see Figures 3 and 4).

B=30,31,:

~ o S~ 182
S~ ~--_ S=-1
I S=-1 ~ <
0 - - =0.02
Q=10.02 == - 4 18 |, i% o0 At = —2.2745
1 = ¢ = 0.01 1zemrr s
‘ ‘ ‘ ‘ ‘ 17.8 ‘ ‘ ‘ ‘ ‘
-2.6 -25 -2.4 -2.3 -2.2 -21 -2 -2.6 -25 -24 -2.3 -2.2 -21 -2
I I

Fig. 1. Re!/2C; for various B.

19.4

T Az = —2.5982

B =30, 3.1, 3.2

Fig. 2. Re; /?Nu, for various B.

—— First Solution —— First Solution
——— Second Solution ——— Second Solution
0.8
S=- S=-1
A=-2 A=-2
¢1=10.01 ¢1=0.01
¢ = 0.01 0.6 ¢o = 0.01
—o. — =0.02
Q =0.02 5 Q
>
04r
0.2
B =3,3.1,3.2
-2.5 : . . 0 . . -
0 1 2 3 4 0 0.1 0.2 0.3 0.4 0.5
n n

Fig. 3. Velocity profile for various B.

Fig. 4. Temperature profile for various B.
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Fig. 5. Velocity profile for various \.

All the profiles in Figures 3 to 6 fulfill the
boundary condition in Eq. (8) which implies the
legitimate model. Further, the velocity distribu-
tion (first solution) in Figure 5 expands with the
increment of A but the temperature distribution
(Figure 6) shows an adverse result. The addi-
tion of the stretching/shrinking parameter im-
plies the incremental strength of assisting flow
in the generation of boundary layer solutions.
Meanwhile, Figure 7 displays the result of sta-
bility analysis showing the smallest eigenvalues
~1 approaching 0 as the values of A moves to
the selected critical value. This affirms the reli-
ability of the stability analysis formulation and
in addition, the first solution is stable based on
the positive values of the smallest eigenvalues.

5. Conclusions

1

B=3
S =_
08} ¢1 =0.01
0.24 ¢2 = 0.01
022 Q=0.02
0.6 —~ 02
= = 018
N
0.16
04r
0.14
0.2F
—— PFirst Solution
— —— Second Solution
0 . n .
0 0.1 0.2 0.3 0.4 0.5

n

Fig. 6. Temperature profile for various A.

0.3

021

0.1f

-0.1

-0.21

-0.3

—— First Solution
— —— Second Solution

¢1=¢2 =0.01
S =—
B=3
Q =0.02

22.275 -2.27 -2.265 -2.26

A
Fig. 7. Stability analysis.

The case of hybrid nanofluid with unsteady flow past a deformable sheet with heat generation has

several conclusions as follow:

Dual solutions are achievable at the shrinking and stretching surfaces.
Stability analysis proves that only one solution (first solution) is stable.
The addition of suction and stretching/shrinking (A — +\) parameters gives similar trend on the

velocity and temperature distributions where the velocity profile increases while the temperature

decreases.

The addition of suction delays the separation process by enlarging the critical value. Besides,

suction also helps the fluid motion by increasing the skin friction as well as the thermal progress.
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4 Parysvmem mamemamuru, Yrisepcumem Babew-Botiai,
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JocutiizreHHs 30cepeRKeHO Ha CTBOPEHHI JIEKLIBKOX YMCEIbHIX PO3B’sA3KiB 1 aHai3i cTiii-
KOCTI JIJIsl BULIAJIKY HECTAIiOHAPHOI MOPUIHOT HAHOPIIMHU MijIb-TJIMHO3eM / BOJIa Ha, JIMCTI,
[0 CTUCKAETHCsI. Po3ryistaorhest epeKT BCMOKTYBAHHS TA BUJILJIEHHS TEILIA K TOTEHITi-
Hi (pakTOpH, IO CHPUSIIOTH IIPOrpecy Teronepeaati. Buxinna mMojenb, a came piBHIHHS B
YaCTUHHUX MOXiTHUX PO3POOJIEHI HA OCHOBI MIPUIIYINEHD IIPO IPAHUIHEH 11ap, SKi IOTIM I1e-
PEeTBOPIOIOThCs Ha Habip 3Buvaiinux (nogibuux) mudepeniiaibuux piBHgHb. Po3B sa3yBad
bvp4c BUKOPUCTOBYETHCS [IJIsi MOMIYKY BCIX MOXKJIMBUX PO3B’sI3KiB 1 MPOBEIEHHS aHAJIZY
CTIfIKOCTI PO3B’#A3KIB, siKi N€HEPYIOThC. BCMOKTYBaHHS BUKJIMKAE PYX HATPITUX YACTH-
HOK DPiIUHU IO CTiHKHU, IO MPU3BOAUTDL J0 30iJbITEHHs IIBUIKOCTI Ta TEILIONEpeIadi, a
TAKOXK JI0 3HMKEHHSI TeMirepaTypu. JloBereno, mo mnepiuii po3B’d30K € CTIMKUM JiicHUM
PO3B’SI3KOM TIOPIBHAHO 3 IHINUM PO3B’SI3KOM.

Knw4osi cnoBa: 2ibpudia Hanopiouna; 6UudAEHHA MENAG; MENAONEPEIaUA; MHONCUHHI
P036°A3KU; HECTNAUTOHAPHUTL NOMIK.
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