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The study focuses on the generation of multiple numerical solutions and stability anal-
ysis for the case of an unsteady copper-alumina/water hybrid nanofluid subjected to a
shrinking sheet. Heat generation as the potential contributing factor in the heat transfer
progress is considered as well as the suction effect. The governing model (partial differ-
ential equations) is developed based on the boundary layer assumptions, which then are
transformed into a set of ordinary (similarity) differential equations. The bvp4c solver is
used to search all possible solutions and conduct the stability analysis for the generating
solutions. Suction induces the movement of heated fluid particles towards the wall, re-
sulting in increased velocity and heat transfer and a decrease in temperature. The first
solution is proved to be the stable real solution as compared to the other solution.
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1. Introduction

The advancement in nanotechnology has led to the creation of a subcategory class called hybrid
nanofluid prepared by the dispersion of two nanoparticles into a base/working fluid with addition
of additives to aid the dispersion process. The greater stability is achieved in conjunction with the
surface modification and strong cluster bonds between the nanoparticles. Various studies have been
conducted to show the properties of hybrid nanofluids in other instances and experiments. Duangth-
ongsuk and Wongwises [1] used TiO2/water hybrid nanofluid to obtain thermal conductivity with
temperature constraints. On the other hand, Sheikholeslami and Sadoughi [2] studied the impact of
heat transfer when CuO/water nanofluid is experiencing magnetic field disruptions where the con-
vective performance is seen to have reduced. The application of nanofluids can be observed in food
industries as Jacobsen et al. [3] wrote about spray dying using electrohydrodynamic (EHD). Further
references that highlighted the applications of nanofluids are in [4–9].

In an unsteady flow, it is seen that the amount of liquid flowing per second is not at a constant
rate. There have been several studies that have touched on this factor and one of the research projects
was done by Sreedevi et al. [10], where the unsteady magnetohydrodynamic heat and mass transfer
was analysed for the combination of carbon nanotubes and silver nanoparticles interacting with suction
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and having slip effects due to chemical reactions. Khan et al. [11] proposed research on the heat trans-
fer of hybrid nanofluid Cu-Al2O3/water passing through a radially shrinking and stretching surface.
Meanwhile, Waini et al. [12] studied the unsteady flow of the same hybrid nanofluid on a stagnation
point over a permeable rigid surface. Moreover, Zainal et al. [13] focused on the unsteady electro-
magnetohydrodynamic (EMHD) flow with the application of boundary layer theory over a stretching
and shrinking plate for hybrid nanofluid Cu-Al2O3/water. Zainal et al. [14] progressed the study with
another paper on the three-dimensional stagnation point unsteady MHD convection flow for the same
hybrid nanofluid. Another notable mention piece of research was done by Khan et al. [15] using the
hybrid nanofluid CNTs-Fe3O4/water to study the flow pattern between two parallel plates undergoing
a variable magnetic field.

Heat generation is a crucial part in the heat transfer performance of hybrid nanofluids. A lot
of studies have emerged in the investigation of the relationship between heat generation and hybrid
nanoparticles. Jusoh et al. [16] addressed the impacts of heat transfer of nanofluids including MHD
properties and heat generation. Joshi et al. [17] investigated the impact of magnetohydrodynamic
(MHD) flow on a bidirectional porous stretchable sheet experiencing volumetric heat generation using
the hybrid nanofluid SWCNT+Ag+water. Wahid et al. [18] analyzed the hybrid nanofluid flow with
heat generation and slip effects subjected to an exponentially stretching/shrinking sheet. With all the
research that has been studied, huge inspiration has been struck on solving the unsteady flow with heat
generation focusing on hybrid nanofluid and subsequently, filling up the knowledge gaps on this subject
matter. In this paper, the hybrid nanofluid from copper-alumina/water will be studied focusing on
the unsteady flow with the suction and heat generation effects. The flow is analyzed by considering
a permeable stretching/shrinking sheet. The bvp4c solver in MATLAB is used to find the solutions
for the ordinary differential equations. In the event of the dual visible solutions, stability analysis will
be used to determine the stable outcome. With rigorous research done, the author can say for certain
this publication has yet to be viewed by other scholars.

2. Mathematical formulation

Consider a hybrid nanofluid with unsteady flow (copper-alumina/water) past a shrinking/stretching
sheet. The boundary layer and energy equations are modeled based on the physical assumptions:

— The velocity of the deformable sheet is represented by uw = cx
1−αt such that t refers to time, α is

the representative for the unsteady flow such that α < 0 decelerates the outer flow, α = 0 for the
steady flow and α > 0 expedites the flow (see Waini et al. [19]).

— Tw and T∞ represent the surface and far-field temperatures, respectively.
— The imposed heat generation effect is mathematically expressed as Q1 = Q0x

1−αt , where Q1 and Q0

is the heat generation factor and constant, respectively (see Kumbhakar and Nandi [20]).

Hence, the mathematical model in a two-dimensional system which renders this physical problem are
given as [19, 20]

∂u

∂x
+

∂v

∂y
= 0, (1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

µhnf

ρhnf

∂2u

∂y2
, (2)

∂T

∂t
+ u

∂T

∂x
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∂T
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=

khnf
(ρCp)hnf

∂2T

∂y2
+

Q1

(ρCp)hnf
(T − T∞) , (3)

{

u = λuw, v = vw, T = Tw when y = 0,
u → 0, v → 0, T → T∞ as y → ∞,

(4)

Mathematical Modeling and Computing, Vol. 10, No. 4, pp. 1222–1229 (2023)



1224 Rahman N. A., Khashi’ie N. S., Hamzah K. B., Waini I., Rosli M. A. M., Pop I.

By considering u, v as the velocities of hybrid nanofluid and T as the temperature, the similarity
transformation is given by

η =

√

c

νf

y

1− αt
, u =

cx

1− αt
f ′(η), v = −

√

cνf
1− αt

f(η), θ(η) =
T − T∞

Tw − T∞
. (5)

Equation (5) is substituted into Eqs. (2)–(4) to form a set of similarity ordinary differential equations
(ODEs) [19, 20]

(

µhnf/µf

ρhnf/ρf

)

f ′′′
− (f ′)2 + ff ′′

− S
(

f ′ + 0.5ηf ′′
)

= 0, (6)

1

Pr

khnf/kf
(ρCp)hnf / (ρCp)f

θ′′ − (0.5Sη − f) θ′ +
Q

(ρCp)hnf / (ρCp)f
θ = 0, (7)

f(0) = B, f ′(0) = λ, θ(0) = 1, f ′(η) → 0, θ(η) → 0, (8)

where the parameters in Eqs. (6)–(8) are defined as:

— unsteadiness parameter (S = α/c); S > 0 for unsteadiness accelerating flow, S < 0 for unsteadiness
decelerating flow and S = 0 for the steady flow case;

— stretching/shrinking parameter λ; λ < 0 for the shrinking case, λ = 0 for the static sheet and λ > 0
for the stretching case;

— mass flux parameter B, B < 0 for the injection process, B = 0 for the impermeable surface and
B > 0 for the suction process;

— heat generation parameter (Q = Q0

c(ρCp)f
), Q < 0 for the heat absorption process and Q > 0 for the

heat generation process, and
— Prandtl number (Pr = (µCp)f/kf ).

Table 1. General correlations of hybrid nanofluid.

Properties Correlations

Thermal Conductivity khnf =





(

φ1k1+φ2k2
φhnf

)

−2φhnfkf+2(φ1k1+φ2k2)+2kf
(

φ1k1+φ2k2
φhnf

)

+φhnfkf−(φ1k1+φ2k2)+2kf



 kf

Heat Capacity (ρCp)hnf = (ρCp)s1φ1 + (ρCp)s2φ2 + (1− φhnf )(ρCp)f
Density ρhnf = ρs1φ1 + ρs2φ2 + (1− φhnf )ρf
Dynamic Viscosity µhnf = µf/(1− φhnf )

2.5; φhnf = φ1 + φ2

Table 2. Properties of the water and nanoparticles.

Properties Water base fluid Copper Alumina

ρ
(

kg/m3
)

997.1 8933 3970
Cp (J/kgK) 4179 385 765
k (W/mK) 0.613 400 40
Prandtl number 6.2

Tables 1 and 2 display the experimentally validated correlations of properties for hybrid nanofluids
and properties for the copper, graphene and water (see Takabi and Salehi [21] and Oztop and Abu-
Nada [22]).

The definition of skin friction and local Nusselt number are

Cf =
µhnf

ρfuw2

(

∂u

∂y

)

y=0

, Nux = −

xkhnf
kf (Tw − T∞)

(

∂T

∂y

)

y=0

. (9)

Substituting Eq. (5) into Eq. (9),

Re1/2x Cf =
µhnf

µf
f ′′(0), Re−1/2

x Nux =
−khnf
kf

θ′(0), (10)

where the local Reynolds number is Rex = xuw

νf
.
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3. Stability analysis

The significance of this process lies in its role in identifying the actual solution from a pool of possible
solutions. Building upon the initial research into stability analysis, the subsequent transformation is
examined:

η =

√

c

νf

y

1− αt
, u =

cx

1− αt

∂f(η, τ)

∂η
, v = −

√

cνf
1− αt

f(η, τ), θ(η, τ) =
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, τ =

ct

1− αt
. (11)

The obtained differential equations upon the substitution of Eq. (11) into Eqs. (2)–(4) are
(
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)
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+ f
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1
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∂2θ
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− (0.5Sη − f)

∂θ
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+

Q
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θ −

∂θ
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= 0, (13)

f(0, τ) = B,
∂f

∂η
(0, τ) = λ, θ(0, τ) = 1,

∂f

∂η
(∞, τ) → 0, θ(∞, τ) → 0, (14)

Equation (15) is the perturbation function which is used to identify the disturbance in the similarity
solutions. The function F and G are related to f0 and θ0, respectively while γ is the eigenvalue,

f(η, τ) = f0(η) + e−γtF (η), θ(η, τ) = θ0(η) + e−γtG(η). (15)

The final form of eigenvalue equations by considering the relaxing conditions to prevent homogeneous
eigenvalues solution are:

(

µhnf/µf

ρhnf/ρf

)

F ′′′
− 2f ′

0F
′ + f0F

′′ + Ff ′′
0 − S(F ′ + 0.5ηF ′′) + γF = 0, (16)

1

Pr

khnf/kf
(ρCp)hnf/(ρCp)f

G′′
− (0.5Sη − f0)G

′ + Fθ0
′ + γG+

Q

(ρCp)hnf/(ρCp)f
G = 0, (17)

F (0) = 0, F ′(0) = 0, F ′′(0) = 1 (added) G(0) = 0, F ′(η) → 0 (relaxed), G(η) → 0. (18)

These linearized equations are obtained by substituting Eq. (15) into Eqs. (12)–(14).

4. Numerical results and discussion

The bvp4c solver in the Matlab software is a potent tool for computing nonlinear ODEs. The numerical
solutions are obtained by computing Eqs. (6)–(8) using the properties given in Tables 1 and 2. The
validation of the present model is presented in Tables 3 and 4, respectively and is in good agreement
with previous study which affirms the calculations validity. From these tables, it also can be highlighted

that as the unsteadiness parameter reduces from S = 0 to S = −5, the values of Re
1/2
x Cf reduces while

Re
−1/2
x Nux increases. The explanations of the flow and thermal behaviors for copper-alumina/water

are then, discussed and presented for the variation of suction parameter B and stretching/shrinking
parameter λ. Others are set as follows: Pr = 6.2 (water), S = −1, Q = 0.02 and φ1 = φ2 = 0.01.

Table 3. Validation of Re1/2x Cf when φ1 = 0.2 (copper), φ2 = 0 (alumina),
Q = 0, B = 2.1, λ = −1 and various S.

S
Present Waini et al. [19]

First Solution Second Solution First Solution Second Solution
0 2.528970 0.586548 2.528984 0.584729

-0.2 2.462145 -0.048071 2.462145 -0.048071
-0.4 2.395251 -0.473472 2.395252 -0.473472
-0.6 2.328304 -0.840776 2.328304 -0.840776
-1 2.194247 -1.491281 2.194247 -1.491281
-3 1.521192 -4.144746 1.521197 -4.144746
-5 0.844435 -6.431507 0.844435 -6.431507
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Table 4. Validation of Re−1/2
x Nux when φ1 = 0.2 (copper), φ2 = 0 (alumina),

Q = 0, B = 2.1, λ = −1 and various S.

S
Present Waini et al. [19]

First Solution Second Solution First Solution Second Solution
0 6.822453 6.693244 6.822454 6.693105

-0.2 6.875796 6.716536 6.875796 6.716536
-0.4 6.927417 6.755470 6.927417 6.755470
-0.6 6.977507 6.797695 6.977507 6.797695
-1 7.073680 6.884548 7.073680 6.884548
-3 7.497151 7.296176 7.497151 7.296176
-5 7.858446 7.657801 7.858446 7.657801

The graphical results for the skin friction, Re
1/2
x Cf and local Nusselt number, Re

−1/2
x Nux with

various S and λ are presented in Figures 1 and 2, respectively. There exist dual solutions for each value
of λ when B = 3, 3.1, 3.2. The critical values λc are clearly presented in these figures. It is apparent
that the critical values increase (λc = −2.2745,−2.4336,−2.5982) as B increases which implies the
success of suction effect in delaying the boundary layer separation. The suction parameter is seen to

enhance the values of Re
1/2
x Cf as well as Re

−1/2
x Nux of the hybrid copper-alumina/water nanofluid.

The physical explanation is the suction induces the movement of heated fluid particles towards the
wall, resulting in the increment of skin friction coefficient, velocity as well and heat transfer with a
decrease in temperature (see Figures 3 and 4).
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Fig. 7. Stability analysis.

All the profiles in Figures 3 to 6 fulfill the
boundary condition in Eq. (8) which implies the
legitimate model. Further, the velocity distribu-
tion (first solution) in Figure 5 expands with the
increment of λ but the temperature distribution
(Figure 6) shows an adverse result. The addi-
tion of the stretching/shrinking parameter im-
plies the incremental strength of assisting flow
in the generation of boundary layer solutions.
Meanwhile, Figure 7 displays the result of sta-
bility analysis showing the smallest eigenvalues
γ1 approaching 0 as the values of λ moves to
the selected critical value. This affirms the reli-
ability of the stability analysis formulation and
in addition, the first solution is stable based on
the positive values of the smallest eigenvalues.

5. Conclusions

The case of hybrid nanofluid with unsteady flow past a deformable sheet with heat generation has
several conclusions as follow:

— Dual solutions are achievable at the shrinking and stretching surfaces.
— Stability analysis proves that only one solution (first solution) is stable.
— The addition of suction and stretching/shrinking (λ → +λ) parameters gives similar trend on the

velocity and temperature distributions where the velocity profile increases while the temperature
decreases.

— The addition of suction delays the separation process by enlarging the critical value. Besides,
suction also helps the fluid motion by increasing the skin friction as well as the thermal progress.
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Дослiдження зосереджено на створеннi декiлькох чисельних розв’язкiв i аналiзi стiй-
костi для випадку нестацiонарної гiбридної нанорiдини мiдь-глинозем/вода на листi,
що стискається. Розглядаються ефект всмоктування та видiлення тепла як потенцiй-
нi фактори, що сприяють прогресу теплопередачi. Вихiдна модель, а саме рiвняння в
частинних похiдних розробленi на основi припущень про граничний шар, якi потiм пе-
ретворюються на набiр звичайних (подiбних) диференцiальних рiвнянь. Розв’язувач
bvp4c використовується для пошуку всiх можливих розв’язкiв i проведення аналiзу
стiйкостi розв’язкiв, якi генеруються. Всмоктування викликає рух нагрiтих части-
нок рiдини до стiнки, що призводить до збiльшення швидкостi та теплопередачi, а
також до зниження температури. Доведено, що перший розв’язок є стiйким дiйсним
розв’язком порiвняно з iншим розв’язком.

Ключовi слова: гiбридна нанорiдина; видiлення тепла; теплопередача; множиннi
розв’язки; нестацiонарний потiк.
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