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Abstract: Frequency-controlled electric drives are
used in various industrial sectors due to the simplicity
and reliability of the electric machine design, as well as
the ability to provide the required control characteristics.
This paper presents a mathematical model of a
frequency-controlled electric drive with voltage source
inverter developed by the Average Voltage in the
Integration Step (AVIS) method and confirms its ade-
quacy. A comparative analysis for the speed responce
and accuracy of the model calculation by the AVIS me-
thod, compared to known methods in Matlab/Simulink
and to the known results of physical experiments,
demonstrated the efficiency of using the AVIS method
for modeling frequency-controlled induction electric
drives in phase coordinates with taking into account the
actual curves of currents, flux, and torque of electro-
nically commutated induction machines.

Key words: variable frequency drive, induction mo-
tor, six-step inverter, AVIS method.

1. Introduction

Frequency-controlled electric drives are used in
various industrial sectors, including increasing utilization
in electric transportation, due to the simplicity and
reliability of the electrical machine design and the ability
to provide the necessary control characteristics of an
electric drive as a whole [1-4]. In such an electric drive,
an induction motor is powered by a voltage source
inverter connected to a DC power source. Typically, a
pulse-width modulation (PWM) inverter is used as the
voltage source inverter. However, the disadvantage of
such inverters is that the variable voltage is generated as
a high-frequency sequence of pulses with different
polarities. This leads to the occurrence of wave
processes and, consequently, to overvoltages on the
stator windings of the induction motor. In addition, the
ripple nature of the voltage of a motor power supply
couses a number of additional problems that reduce the
motor service life, including voltage induction on the
motor casing, current flow through the shaft and
bearings leading to bearing damage, current leakage

through the power cable shields, accelerated aging of
insulation, and electromagnetic emission [5]. An
alternative solution to this problem is the use of three-
phase voltage inverters with a different switching
scheme, such as six-step voltage source inverters.

The objective of this research is to develop a
mathematical model of a frequency-controlled induction
electric drive using the AVIS method and to analyze the
adequacy, accuracy, and computational speed of the
response of the developed model compared to known
numerical integration methods, taking into account the
nonsinusoidal nature of the motor power supply.

For the synthesis of control systems, fast-response
models are necessary, particularly, models in phase
coordinates that can replicate the real curves of currents,
flux, and torque in electronically commutated induction
machines. The mathematical model of the frequency-
controlled induction electric drive was developed using
the AVIS method [6,7]. This method has demonstrated
its effectiveness in modeling electrical power systems
with synchronous machines and induction motors [7-10].
The advantages of the method include high compu-
tational speed of response and numerical stability,
making it suitable for creating real-time models capable
of operating for extended periods in interaction with
physical objects (hardware-in-the-loop technology). This
approach can serve as an alternative to well-known
Matlab-based models, which, although being often used,
tend to operate relatively slowly.

2. Mathematical model description

The universal equation for an electrical branch

containing an active resistance R, inductance L, capa-

citance C and an additional electromotive force (emf)

using the AVIS method is given by:
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where iy is the branch current at the beginning of the

integration step; m is the order of the polynomial

describing the current waveform at the integration step
t0+At t0+At

(the order of the method); U =— j udt, E=— j edt
ty

are average values of the applled voltage and
electromotive force in the branch at the numerical
integration step; ucy is the voltage across the capacitor at
the beginning of the numerical integration step; ug, is the
voltage across the active resistance at the beginning of
the numerical integration step; vy, y; are flux linkages at
the beginning and at the end of the numerical integration
step; At is the integration step.

From equation (1), for a branch without capacitance
and an additional emf source, a formula for the AVIS
method of 1¥ order is obtained:

1
+E(W0_W1):Oa 2

For the AVIS method of the 2™ order it will look
like:
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Equations (2) and (3) are the basis for developing
the mathematical model of an induction motor (IM).

Mathematical model of electric circuits
for IM using the AVIS method of I order

Basing on equation (2) and taking into account that
the change in flux linkages at the integration step is
determined as Ay, =L, i -Lanoly» the vector equation

aml
for the stator and rotor windings is determined by the
following formula:
G—R?O+(E+MJ§O—(E+L"”“J1 =0, “4)
2 At 2 At
to+At
1 .

where U= " Iuam (t)}dt is the vector of average

t .
voltages at the integration step;

T T
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are instantaneous values of voltages of the stator and
squirrel cage rotor;
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are the vectors of currents at the beginning and at the end
of the integration step;

R,, =diag(R . ,R5,Rc,R,,R;,R,)
is the matrix of active resistances; Lo =L (Vo).
L, =L,,(yg,) are matrices of inductances at the

beginning and at the end of the integration step, which
are functions of the rotor angle, yro, Yr1 1S the rotor angle
at the beginning and the end of the integration step.

Based on equation (4), the equivalent circuit of the
IM is represented as shown in Fig. 1.

Fig. 1. The equivalent circuit of the IM.

Fig. 1 depicts the following:
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0) (L..mo R)

i, =| —2%+— i,

2 At At 2

is the step e.m.f. (which is determined by the values of
currents and electromagnetic parameters at the beginning

of the integration step), R = (R Lamlj is the step resis-
2 At

tance.

According to the equivalent circuit, the vector of
currents in the electrical machine (AM) at the end of the
step is determined by the following equation:

;z%, (5)
S

Mathematical model of electric circuits
for the IM using the AVIS method of 2" order

Basing on equation (3) and taking into account that
the change in flux linkages at the integration step is
determined as Ay, =L, i -Lamoly» the Vector equation

aml

for the stator and rotor windings is obtained as follows:

U-Rj, +(%+ LZ;“) jio _Ratdiy —(E+ Lami j . (6)

6 dt 3 At
The parameters of the equivalent circuit (Fig. 1) in
this case will be determined as follows:
- (L, 2R) RAtdi,
Eq=|—amo 22 f 2220
At 3 6 dt
(which is determined by the values of currents and
electromagnetic parameters at the beginning of the inte-

is the step em.f

gration step), R = (B +ﬂj is the step resistance.
3 At

The vector of IM currents at the end of the step is
determined according to formula (5).
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To determine the currents of the IM windings using
the 2™ order AVIS method, the derivatives of the
currents are used (as they are involved in the expression
of the step electromotive force). These derivatives are
found according to the following equation:

g+ anliorn) (7)
dt
Taking into account that the flux linkage in equation

(7) is a function of currents and the rotor angle, their
derivatives will be determined as follows:
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where z, is the number of pole pairs, wg is rotor angular

velocity, Err.Egor are transformer EMF and rotational
EMF (components of stator EMF).

From equations (7) and (8), the expression for
determining the derivatives of the currents is derived:
di_ [fj ~Ri- L, iz mRJL_}n .
dt o "

The rotor angle and rotational speed are determined
from equations describing the mechanical part of the IM:

d
%:ZP(DR s (9)

dog _M,, —M; , (10)
dt J

where M, is the electromagnetic torque of the IM; M,

is the load torque; J is the moment of inertia.

The voltage source inverter in the model is described
by the conductivity functions of the respective phases ga,
gb, gc, which take values of 1 and -1. In this case, the
output voltage of the inverter is determined by the
formula:

U U
Uy =gA(t)%_VO’ Up =g3(t)%_V0a (11)

U
Uc =gc(t)%_Voa

where Upc is the input voltage of the inverter, V is the
potential of a zero point.

The input current of the voltage source inverter is
determined as follows:

Ipc :%(gA(t)iA +gp(Dipg +gc(ic), (12)

In the case of using a six-step voltage source inverter
to supply an IM drive, the conduction functions ga, gb,
gc for each phase are determined as follows. If
0<ot<m, the conduction function for phase A is 1;

otherwise, it is -1. If 2%< oat<5?n, the conduction

function for phase B is 1; otherwise, it is -1. If
4%< ot<2r and 0< wt<§, the conduction function

for phase C is 1; otherwise, it is -1.

In the case of using a PWM voltage source inverter
to supply the IM drive, the triangle carrier wave with a
frequency of 10 kHz is compared with the modulation
wave for each phase, which can be expressed by the
following formulas:

U,, =U, sin(ot),
U, = U, sin(o1 - p),
U, =U, sin(ot+ p),

(13)

where U, is a peak value of the modulation wave,

p= 2—;, o = 2nf is the angular frequency of the voltage
at the output of the inverter.

In the case when the modulation voltage for phase A
is greater than the triangle carrier voltage, the conduction
function for phase A is 1; otherwise, it is -1. Similarly,
the conductivity functions for phases B and C are
determined on the basis of a similar comparison between
the modulation voltages and the triangle carrier voltage.

To simulate the frequency startup of the IM drive,
the frequency of the stator voltage f; is varied according
to a linear law. In this case, the input voltage of the
inverter Us is determined according to the following
expression:

_ (Un B Umin )
s —fS
(fn - fmin )
where U, f, are the nominal stator voltage and nominal

frequency of the IM, respectively; Upin, fmin are the mini-
mum stator voltage and minimum frequency of the IM.

(14)

3. Simulation results

The evaluation of the efficiency of the AVIS method
was carried out via comparative analysis of the simu-
lation results using the AVIS method and other well-
known numerical integration methods implemented with
standard Matlab/Simulink functions. The comparison
was conducted for the frequency startup of the induction
motor, which is characterized by a significant range of
coordinate variations. The parameters of the IM used
during the simulation were as follows: type 2SIE315S2,
Pr=110 kW, Ux=380 V, [x\=192 A, Ls;= L’»=0.00026 H,
L, = 0.012 H, R; = 0.03 Ohm, R’, = 0.03 Ohm,
J=1.5kgm®

The simulation results of the frequency startup of the
IM drive using the 2™-order AVIS method and other
methods implemented in Matlab/Simulink for the used
numerical integration step of 0.000002 s (corresponding
to 10,000 points per period) are identical. These results
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are considered to be the standard. Figures 3 to 7 present
800
the standard waveforms of the frequency startup of the .
IM drive under nominal load. During the frequency wl
startup, the stator voltage and its frequency linearly g 0l
increase to the nominal value within 2 seconds (Fig. 2). £ o/
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Fig. 3. Phase stator current of the IM supplied from (a) the six-
‘ ‘ H “ HH‘ ‘H H H‘ step voltage source inverter and from (b) the PWM voltage
| source inverter
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Fig. 2. Phase stator voltage of the IM supplied from (a)
the six-step voltage source inverter and (b) from the PWM
voltage source inverter.
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At the same time, the peak value of the IM drive
stator current during startup is three times higher than o 0s 1 15 2 25
the nominal value (Fig. 3).

The peak value of the electromagnetic torque during a
startup does not exceed 2.5 times the nominal torque 800
value (Fig. 4). 700

The increase in the rotation speed of the IM drive up
to the nominal value occurs within 2 seconds (Fig. 5).

The adequacy of the developed model of the 00
frequency-controlled electric drive, in the case of 500 \j
supplying the IM from a six-pulse voltage source inverter, -
has been confirmed by comparing the results of the o /
physical experiment with the simulation results (Fig. 6).

The harmonic analysis of the IM stator current, in
the case of its supply from a six-pulse voltage source 0 0s T 18 2 25
inverter, indicates the presence of the 5%, 7, 11", 13®, e
and other higher harmonics in the stator current. The 5" b

and 7™ harmonics have a significant influence on the Fig. 4. Electromagnetic torque of the IM supplied from (a) the

current, with amplitudes of 37 % and 18 % of the  six-step voltage source inverter and (b) from the PWM voltage
fundamental harmonic, respectively. source inverter.
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Fig. 5. Rotation speed of the IM.
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Fig. 6. Stator current of the IM supplied from (a)
the six-step VSI and from (b) the PWM VSI in steady-state
mode: simulation result (waveform 1) and experimental result
(waveform 2) according to [1]

The electromagnetic torque of the IM in steady-state
operation in the case of being supplied from six-step VSI
produces ripples at a frequency of 300 Hz, with the
amplitude of the pulsations being 40 % of the DC
component of the torque (Fig. 7,a). The harmonic
analysis of the IM electromagnetic torque in the case of
being supplied from PWM VSI indicates the presence of
the 6™, 12", 18" and other higher harmonics in the
torque waveform. The 6™ harmonic has a significant
influence on the IM torque, with an amplitude of 20 % of
the fundamental harmonic.

In the case of supplying the IM from PWM VSI, the
amplitude of the torque pulsation is 3,3 % of the DC
component (Fig. 7, b).
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Fig. 7. Electromagnetic torque
of the IM in the case of supplying
it from the six-step VSI (a) and from the PWM VSI (b)
in steady-state mode.

The input current of six-step VSI in steady-state
operation exhibits pulsations at a frequency of 300 Hz,
with the amplitude of the pulsations being 160 % of the
DC component of the current (Fig. 8).

The harmonic analysis of the input current of six-
step VSI (Fig. 8, a) indicates the presence of the 6™, 12,
18" 24™ and other higher harmonics in the input current
waveform. The 6™ and 12" harmonics have a significant
influence on the input current of the inverter, with ampli-
tudes of 43 % and 25 % of the fundamental harmonic,
respectively.

When the numerical integration step is increased to
0.00002 (1,000 points per period) for the AVIS method
and other known methods, an error compared to the
reference solution occurs. Specifically, Figure 9
illustrates the electromagnetic torque of the IM obtained
with the use of the 2"-order AVIS method and the 4™-
order Runge-Kutta method.
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Fig. 8 Input current of the six-step VSI (a) and PWM VSI (b).
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Fig. 9. Electromagnetic torque of the IM in the case of being

supplied from six-step VSI for 1,000 points per period: a) 2"-

order AVIS method (blue waveform), b) the 4"_order Runge-
Kutta method (blue waveform), standard (red waveform).

Increasing the numerical integration step (which
corresponds to 100 points per period) leads to the
increase in this error for all investigated methods of
mathematical modeling (Fig. 10). The research has
shown that this error is not caused by the calculation
method itself, but rather by the incorrect reproduction of
higher harmonics at small integration steps (loss of
information due to the discretization of calculated
curves, which is particularly evident in the higher
harmonics of the current).
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Fig. 10. Electromagnetic torque of the IM
in in the case of being supplied from six-step VSI for 100 points
per period: a) 2"-order AVIS method (blue waveform),
b) the 4"-order Runge-Kutta method (blue waveform),
standard (red waveform).

The second criterion by which the model effec-
tiveness was evaluated was its computational speed of
response. The computational speed of models imple-
mented in the Matlab environment using methods such
as AVIS 1, AVIS 2, Ode2, Ode3, Ode4, and Ode5 was
compared. The results are presented in Table 1.

The comparison was conducted for a small step size,
corresponding to 500,000 points per period, at which all
methods showed equally accurate results. Therefore, the
1" and 2order AVIS methods provide the best
computational speed of response.
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Table 1
Speed of response for calculation time
of 2.5 sec corresponding to 500000 points

Method Calculation time, sec.
AVIS 1 15
AVIS 2 25
Ode2 43
Ode3 54
Ode4 62
Ode5 90

4. Conclusion

The mathematical model of a frequency-controlled
induction electric drive created using the AVIS method
is distinguished by increased calculation speed compared
to traditional MATLAB models. The adequacy of the
created model has been confirmed by comparing the
obtained results with outcomes obtained through
traditional MATLAB models, as well as by comparison
with known results from physical experiments.

The created model operates in phase coordinates and
enables conducting harmonic analysis of currents and
electromagnetic torque of the induction motor, which is
important for analyzing energy efficiency.

During mathematical modeling of frequency-
controlled IM drives in phase coordinates, the numerical
integration step should be determined on the basis of the
required number of points per period to adequately
capture the higher harmonics of currents. In this case, the
reduction factor of the numerical integration step for
modeling the IM drive with six-step VSI (compared to
the sinusoidal supply) should correspond to the multiples
of the most influential higher harmonics of the current,
particularly the 5™ and 7" harmonics.
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MATEMATHYHA MO/JEJIb
YACTOTHO-PEI'YJIBOBAHOI'O
ACHUHXPOHHOI'O EJEKTPOIIPUBOAY
METOAOM CEPEJHIX HAIIPYT
HA KPOLI YUCEJIBHOI'O
IHTEI'PYBAHHA

Muxomna Cementok, Aunpiit Kynuk, Bacuns Tyrka

YacToTHO-perynpoBaHi aCHHXPOHHI €IEeKTPOIPUBOIN BHU-
KOPUCTOBYIOTBCSL B PI3HHX Tally3siX IPOMHCIIOBOCTI 3aBISKH
MPOCTOTI Ta HAaJiHHOCTI KOHCTPYKLII €l1eKTpUYHOi MalluHY, a
TaKOXK 3/aTHOCTI 3a0e3neuyBaTH HEOOXi[HI peryioBajbHi
XapaKTepUCTUKH. Y CTaTTi HABEJCHO MaTeMaTU4YHy MOJENb
YaCTOTHO-PETY/IbOBAHOTO  €JICKTPOIPHBOAY 3  1HBEPTOPOM
HaNpyrd, po3poOiieHy METOIOM CepelHiX Hampyr Ha Kpoli
YUCEJIBHOTO IHTErpyBaHHS, Ta MiATBEPIXKEHO il aJleKBaTHICTbH
LUIAXOM IOPIBHAHHSA PE3yNbTaTiB MaTeMaTHYHOI'O MOJEIIO-
BaHHA Ta (i3uyHOro excrepumeHry. [lopiBHANBHMI aHami3
MIBAAKOMII Ta TOYHOCTI pPO3paxyHKy MOJIeNIi YacTOTHO-
PEryJIbOBaHOTO EJIEKTPOIPHBOAY METOIOM CEPE/IHIX HAIPYT Ha
KpOLI YHCEJIHOTO IHTErpYBAaHHSA y IOPIBHSHHI 3 BiIOMHMHU
MaTeMaTHYHUMH MozeiassMu B Matlab/Simulink Ta BigoMumu
pe3ynbTataMu  (i3MYHHX EKCIIEPHUMEHTIB IPOJEMOHCTPYBAB
e(eKTHBHICTh BUKOPUCTAHHSA METONy CEpPEIHIX Hampyr s
MOJICIIFOBAHHS 4aCTOTHO-PETYJIbOBAHUX ACHHXPOHHHUX EJIeKT-
pornpuBoiB y (ha3HUX KOOPAMHATAX 3 YPAXyBaHHIM PeallbHUX
KPUBHX CTPYMiB, IIOTOKY Ta €JEKTPOMArHiTHOIO MOMEHTY
€JICKTPOHHO-KOMYTOBAaHUX aCHHXPOHHHUX MalllMH.
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