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Abstract. In electrotechnical research there is a 

problem of analysis of the interaction of moving charged 
bodies on their trajectories. Its practical solution is pos-
sible only on the basis of an adequate mathematical 
model. To this end, we have adapted the law of force 
interaction of stationary charges by Charles Coulomb in 
the case of motion at all possible speeds. This takes into 
account the finite rate of propagation of the electrical 
interaction. Differential equations of motion of a closed 
system of charged moving bodies in their electric field 
are obtained. On this basis, the transients in a three-
charge proton-electron system are simulated, such as the 
electromechanical equilibrium of an atom of a periodic 
table of elements. The simulation results are attached. 

Keywords: Coulomb's law of moving charges, finite 
speed of propagation of the electrical interaction, differ-
ential equations of motion, multicharged moving system, 
Euclidean space, physical time.  

1. Introduction.  
Much attention has long been paid to the problem of 

taking into account the interaction of the forces of inter-
action of individual moving physical bodies on their 
trajectories. This is especially observed in the study of 
gravitational fields. One of the most famous problems on 
this topic is the justification for the precession of the 
perihelion of Mercury's orbit [1,2]. But, frankly, the real 
cause of the phenomenon has not been established yet. 
As for the study of electric fields, it is worth mentioning 
the problem of constructing electromechanical models of 
atomic structures of elements of the periodic table in 
Euclidean space and physical time. Unfortunately, the 
methods of classical electricity proved to be powerless to 
solve it, and were practically pushed out of the mi-
croworld [3,4]. However, the analysis showed [5,6] that 
this was done in a hurry. Which has only damaged the 
unity of nature at the micro, macro and mega levels. The 
methods of electricity adapted to the case of the motion 
of charged bodies in an electric field in the case of the 
microworld do not claim to replace the postulates of 
quantum physics, but can be used to understand many 
physical processes in this world and quantify them. This 
study proposes differential equations of electromechani-
cal motion in a closed system of charged bodies under 

the force of their resulting electric field. To provide strict 
mathematical support for the real physical process, we 
had to, despite the meager geometric dimensions of the 
microworld (when it comes to it) unconditionally take 
into account the finite rate of propagation of electrical 
force interaction! From a cognitive point of view, this 
study is a continuation of a number of works published 
on the pages of this journal, such as the last [7,8]. 

The aim of the work is to develop on a strict mathe-
matical basis nonlinear differential equations of motion 
of a system of multicharged bodies in an electric field 
taking into account the finite rate of propagation of elec-
trical interaction. According to the results of numerical 
integration to identify the interaction of individual char-
ges on their trajectories. 

2. Equation of motion of charged physical bodies. 
Successful mathematical modeling of transients of 

moving charged bodies in an electric field in Euclidean 
space and physical time is possible only on the basis of 
differential equations of motion, which involve the adap-
ted law of Charles Coulomb in the case of moving char-
ges [6]. The inertial equations of moving interconnected 
electrical force interaction n masses m are obvious 
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where ,i ir v  are the radius-vector of the trajectory and 

the vector of the velocity of the i -th mass ;i ikm F  - the 
vector of the force of electrical interaction of the i -th 
and k -th bodies; t is the time. 

The gravitational interaction in (1) is neglected as 
insignificant compared to the electrical one. 

The force vector is written in general form [6] 
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where ikr  represents the radius of the distance between 

charges; ikv  is the mutual instantaneous speed of move-

ment; g  is the fundamental electric constante; 0 0,ik ikr v are 
the unit vectors of distance and speed of movement.
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The modulus of force vector (2) is described in 
component elements: 
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where NikF  is Coulomb’s force, ,Lik TikF F  are the veloc-
ity tangential and radial components of the force of elec-
trical interaction. It is clear that when 0ikv →  the 
modulus of force interaction (2) degenerates into (3). 

The marginal share in the force interaction of com-
ponents (4) and (5), based on the speed and orientation 
characteristics, is obvious 

 (0 1) ; (( 2) ( 2)) .L N T N= ÷ = − ÷ +F F F F  (6) 

In [6,7] it is proved that the component of force (4), 
due to the tangential component of velocity, coincides 
completely with the Lorentz force, which in classical 
electrodynamics presents the force of the magnetic field, 
or the so-called velocity (relativistic) effect in the elec-
tric field. Prolonged to mechanical interaction, it pre-
sents the corresponding gravitomagnetic force [9,10]. 

The functional dependence of the force y (5) on the 
velocity is higher than in (4), since when the condition 
v c≤  is met, the multiplier /v c  in (4) is raised to the 
second power, and in (5) - to the first. It is component 
(5) that closes the hitherto unknown triune essence of the 
forces of electrical interaction and makes it possible to 
solve the problem on a rigorous mathematical basis. 

Applied part. For the sake of certainty, consider the 
transition process of the interaction of three charged 
bodies: the helium nucleus 1q  and its two orbital elec-

trons 2q  and 3q  placed in the same orbit, which rotate 
in the same direction with an angular shift of 1800. This 
model brings us closer to the real system of the second 
firstborn of the periodic table of elements. But it does 
not claim its adequacy to the physics of the process. 
Because the physics of the helium microworld is far 
from being studied like hydrogen. We will only find 
ourselves in the field of convenient mathematical mo-
deling with a certain approximation to a possible real 
physical process. In order to find interests, several unre-
alistic transitional processes will be considered! Our goal 
is to create a tool for analysis, and the subject area of its 
application can be anything. In general, our examples are 
all surreal, because in reality we are dealing with estab-

lished processes. And the problem of finding space-
velocity initial conditions that exclude the transient reac-
tion has not solved yet. 

The balance of forces (1) in the system of a fixed 
nucleus is written as 

 

2 2
21 23 2

2

3 3
31 32 3

3

1 ( ); ;

1 ( ); .

d d
dt m dt
d d
dt m dt

= + =

= + =

v rF F v

v rF F v
 (7) 

Vectors between electrons and their mutual velocity 
are found by the results of integration (7) 

 23 2 3 23 2 3; .= − = −v v v r r r  (8) 

To simplify the analysis, we will solve the problem 
in 2D space due to the logical orientation of the Car-
tesian coordinate system with the center coinciding with 
the center of the virtual atom, 
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Projections of forces of electrical interaction will be 
written down according to (2) 
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where 

 23 21 31 23 21 31; , , .k k k k k kr r r v v v k x y= − = − = (11) 
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Expressions (9) - (12) form a complete system of al-
gebraic-differential equations for the analysis of tran-
sients in a closed system of three moving charges. To 
obtain the desired unambiguous solution, it is necessary 
to set constant parameters 1 2 3 2 3, , , , ,g q q q m m  and 
space-velocity initial conditions 

 2 3 2 3(0), (0); (0), (0), , .k k k kr r v v k x y=  (13) 

Under the condition 23 32 0F F= = of differential 
equations (9) describe the independent physical pro-
cesses of interaction of individual charges [8]. 

Note that expressions (9), 10) are written taking into 
account the signs of individual charges, so in the practi-
cal analysis (10) should use only their modules. 

The results of the simulation. The results of the 
joint implementation (9) - (12) by the numerical method 
are shown in Fig. 1 - Fig. 6 at constant parameters:  
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corresponding to the nucleus and electron shell of the 
helium atom. All dimensions are in SI. 

Fig. 1 shows the time dependence of the hodograph 
of spatial radius 21( )r t , obtained under the initial con-
ditions: 

6
2 2 2

12
2

3 2 3 3

3 2

(0) 4.0420 10 ; (0) 0; (0) 0;

(0) 31 10 ;

(0) (0); (0) 0; (0) 0;

(0) (0).

x y x

y

x x y x

y y

v v r

r

v v v r

r r

−

= ⋅ = =

= ⋅

= − = =

= −

 

 
Fig. 1. Hodograph of the distance 21 21( )y xr r  

of the orbital electron. Duration Т = 0.15.10-15 s. 
 
The duration of the transitional process is 0.15.10-15 s. 

In the microworld, only steady-state processes are of 
practical interest. Such  an electromechanical process of 
helium atom is shown in Fig. 1. We obtained it in accor-
dance with the above spatial-velocity initial conditions, 
which exclude the transient reaction. They are calculated 
according to the expression [6, 8] 
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Since our task is to calculate the transients, then in the 
future we will unbalance the original system. First of all, 
in order to accelerate the course of transients, we will 
double the charge of the nucleus 1 12 ,Heq q=  where  1Heq  
is the charge of the nucleus of the helium atom! Under the 
same initial conditions, the transient process of the system 
can be traced as the time dependence of the spatial radius 

21( )r t  in Fig. 2. 

 
Fig. 2. The time dependence of the radius 21( )r t  

 in the transition process shown in Fig. 1 (the charge  
of the nucleus is doubled). 

And now to strengthen the transition process in the 
system, we will unbalance the initial conditions yet 
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The course of the corresponding process under such 
initial conditions is shown in Fig.3. 

Previous graphic materials were subject to one goal - 
a qualitative assessment of the simulation results, be-
cause the physical processes behind them were close to 
the real physical system. Now consider an unreal system 
similar to the cosmic planetary system. To do this, sim-
ply place the orbit of the electron 3q  slightly above the 
orbit of the electron 2q , as a result of which the initial 
conditions change 
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Fig. 3. Hodograph of the distance 21 21( )y xr r  corresponding to 
the transient process of Fig. 1, but calculated with an imbal-

ance of initial conditions. 

Fig. 4 shows a hodograph of the trajectory of the 
closest electron to the nucleus at the planetary location 
of orbits during the transition process - 1.2. 10-15 s. 

 

 
 

Fig. 4. Hodograph of distance 21 21( )y xr r of the electron 
 at the planetary location of the orbits of electrons: 

 
Fig. 5. Hodograph of the distance 31 31( )y xr r  

 of the electron in the transition process,  
which corresponds to the process of Fig. 4. 

In Fig. 5 shows a hodograph of the trajectory of the 
farthest from the nucleus of the electron in the planetary 
arrangement of orbits in the transition process, which 
corresponds to the process of Fig. 4 

It turns out that in the harmony of the universe a 
special place is occupied by the distance between the 
moving interacting bodies in the force field. This is a ho-
dograph of the distance 23( )r t  shown in Fig. 6 in the 
transitional process, which corresponds to the process of 
Fig. 4 and Fig. 5. Who would have thought of such 
mathematical beauty. In the electric field, due to the 
strong interaction, this beauty is somewhat blunted, and 
in the gravitational field, whose force interaction is much 
smaller than the electric, this beauty cannot fail to en-
chant. To do this, just look at the corresponding hodo-
graph of the planets Earth-Venus, shown in Fig. 7. 

Doesn't it show a Ukrainian ripe sunflower? Even in 
Fig. 6, if you look closely, you can see in it the contours 
of a sea jellyfish over the Russian Black Sea flagship. 
From this point of view, it is worth rethinking what the 
great H. Poincare said a hundred years ago: "The objec-
tive reality, after all, is what thinking beings have in 
common. This common side can only be harmony ex-
pressed by mathematical laws. this harmony is the only 
objective reality, the only truth we can achieve, and if I 
add that the universal harmony of the world is the source 
of all beauty, it will be clear how we must appreciate 
those slow and difficult steps forward that are few. little 
by little they open it to us". 

 The curve of Fig. 7 is obtained in the same way as a 
result of solving algebraic-differential equations (9) - 
(11) under the conditions of electrical and mechanical 
analogies [6] , ,q m g G→ →  where G  is the gravita-
tional constant, and of the corresponding initial condi-
tions. 

3. Conclusions.  
1. The presented results of calculations of model 

transients of the force interaction of a system of three 
moving charged bodies clearly illustrate the possibilities 
of a new approach in solving a number of fundamental 
problems of electrodynamics that are impossible by 
methods of classical physics. 

2. The theoretically discovered third component of 
the electric field force (5), which depends not only on 
the velocity of the body but also on the spatial orien-
tation of its trajectory, in particular, plays an important 
and indispensable role in the mathematical description of 
chaotic motion of charged bodies in an electric field. 

3. As for the calculation of precision quantitative 
characteristics of natural phenomena on the basis of the 
proposed differential equations of motion, the difficulties 
are associated only with finding the initial space-velocity 
conditions laid down by Nature, or the difficulty of find-
ing the appropriate initial conditions that exclude the 
transiental response. 

4. The new results obtained in the work are not only 
of purely scientific interest, but also epistemological in 
favor of the unity of the universe at all its levels - mega-, 
macro- and microworld. 
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Fig. 6. Hodograph of the distance between the moving elec-
trons at the planetary location of their orbits at a prolonged 

time of the transitional process Т  =  5.10-15 s. 

 
Fig. 7. Hodograph of the distance between the moving planets 

Earth-Venus. The duration of the transition process      T = 
0.75 108 s, which corresponds to 2.37 terrestrial       tropical 

years. 
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ДИНАМІКА РУХУ ТРИЗАРЯДНОЇ 
СИСТЕМИ В ЕЛЕКТРИЧНОМУ ПОЛІ  

Чабан Василь 

В електротехічних дослідженнях постає проблема ана-
лізу взаємовпливу рухомих заряджених тіл на їхні траєк-
торії. Її практичне розв’язання можливе лише на підставі 
адекватної математичної моделі. З цією метою нами було 
адаптовано закон силової взаємодії нерухомих зарядів Ш. 
Кулона на випадок руху у всеможливому діапазоні швид-
костей. При цьому враховано скінчену швидкість поши-
рення електричної взаємодії. Одержано диференціальні 
рівняння руху замкнутої системи заряджених рухомих тіл 
у їхньому електричному полі. На цій основі про-
симульовано перехідні процеси в тризарядній протонно-
електронній системі – на зразок електромеханічної рів-
новаги атома періодичної системи елементів. Результати 
симуляції додаються. 
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