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Abstract. It is shown that infinites of the subsequence of odd humbers is not a counterargument
of the violation of the Collatz hypothesis, but a universal characteristic of transformations of natural
numbers by the 3n + 1 algorithm. A recurrent relationship is established between the parameters of
the sequence of Collatz transformations of an arbitrary pair of natural numbers n and 2n.
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Introduction

In 1937, L. Kollatz [1] formulated the well-known problem of transforming the set of natural numbers

N by functions

1
=0, If a,_1 is even (a)
a,=1{ 2 : (1)

3a,-1 +1if ay,_, is odd (b)

According to the algorithm (1), an arbitrary even number is divided by 2, and an odd number is
multiplied by 3 and 1 is added to the result. The well-known Kollatz hypothesis states that the process (1)
always ends with a periodic sequence with a single value of the lower limit of the oscillation amplitude:

o4 5251,

)

In 1976, R.Terras [3,4] introduced the data compression algorithm (1) and twice proved that the result
of multiple integration of the function is always smaller than the initial value of the number , and in 2018 T.
Tao [5] significantly strengthened this result by proving that . However, the validity of Kollatz's conjecture
is established for a finite number of natural numbers, so it is not proven, and in the future it remains only an
assertion. Kollatz's conjecture is also known as (Kakutani's problem), (the Syracuse algorithm), (Hasse's
algorithm), (Thwaites conjecture), (Ulam's problem). The chronology of solving the Kollatz problem can be
found in [6].

Usually, Kollatz transformations (1) are carried out by the method of counting numbers, and the
limitation of computing resources forms the upper limit of its value [7], which so far did not allow us to
make a confident conclusion about a cycle of stopping calculations other than (2). Currently, this problem is
undergoing multifaceted research [8]. However, from time to time there are publications with
counterarguments about the violation of Kollatz's hypothesis, as recently, for example [9]. Professional
reviews of works like [9] are given in [10].
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Problem Statement

This paper systematizes the regularities of transformations of odd numbers, including those accepted
in [9] as a counterargument for the violation of Kollatz's hypothesis. In addition, the recurrent relationship
between the number of iterations (the length of the Kollatz sequence (KS)) of the transformations of a pair
of numbers and from the start (1) to the complete stop (2) is substantiated.

Let's formulate the lemmas and the theorem:

Lemma 1.0n the set of equal natural numbers, the numbers are evenly distributed.

Lemma 2. Doubles and singles of even and odd numbers are similar to each other.

Lemma 3.. With a non-stop cycle of Collatz transformations

1 . .
a _{ > On—1 if a,_1 is even

pairs and natural numbers in the set , does not exist.
3a,_1+1if a,_1 is odd

Let us substantiate Lemma 3. To do this, consider the sequence on a binary basis
Kot 1-4=2°2=2'4=2%8=2%16=2%,32=2° 64=2°128=2°,.}, @3)

- is the stem (the main graph) at the points of which the equality holds

n

3g+1=2"-1=

= integer, 4)
and nodes are formed, the coordinates of which form a sequence

k
6=11{m}: {0,1,5218534L.} (a) = mk=145_1,(m k=01234,,., (5)

which is known as A002450 [2].
The sequence (3) is formed in accordance with the laws of Newton's binomial unfolding

A+D", n=012,3.., (6)

and on its basis Pascal's triangle (Fig. 1). The binary sequence (3) is recurrent and is a solution of the
equation

1+1)", n=0123... (7)

The inset shows the graph multiplication rule (9), and the inset shows the recurrent rule for adding the
numbers of neighboring nodes, highlighted by a dotted block, from which other graphs with an arbitrary
positive value and initial conditions are subsequently multiplied according to the scenario depicted in Fig. 1

K,=1K,=2.Really, 2" =¢£.2" - 2(¢-2)-2"= 4=¢-2-2(c-2)=2¢-2c+4=4.
Nodes (5) are branching points of new linear one-dimensional graphs (branches of the so-called
Kollatz tree). Thus, the coordinates of nodes on the lowest graph form a sequence A072197 [2]:

me, ) 81353213.} (a) = ms,kz%k‘l, b) k=1358... (@

Therefore, side graphs branch off from the main graph (3). In Fig. 1, graphs with nodes, including (3),
are marked as TYPE 1. Graphs TYPE 1 are generated by points whose coordinates are 5, 85, 341, 5461, etc.,
which are not divisible by three. Graphs and TYPE 2 without nodes, generated by points whose coordinates
are 21, 1365, etc., which are divisible by three.

Ko =0 - Kp=1, ©)
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Fig. 1. lllustration of Pascal's triangle on a tree of Collatz graphs and branches with nodes (Type I) and
without nodes (Type II).

This division is conditional, and is related to the structure of the odd numbers themselves, which in
Fig. 2 are highlighted with a darker background. In KS, they play the role of peculiar limits that unilaterally
limit the subsequence of odd numbers. Thus, to the left of these limits, only graphs of subsequences of
doubled numbers are formed. If the given odd numbers are prime.

5,7,11,13,17,19,23,25,29,31,..., (10)

arrows < From below, the sequences are limited to odd numbers for which the trajectory of the
transformations in the direction of a complete stop is known.

If they are not factored, graphs of subsequences of doubled numbers (the upper part above the odd
numbers in Fig. 2) are formed with nodes. If the odd numbers are added

3,9,15,21,27,33,39,45 ,... . (11)

When factored, there are no nodes on them. For example, in PC numbers 26208:
26208—13104—6552—3276—1638—819—2458—1229—3688—1844—922—461—1384—692—
—346—173—520—260—130—65—196—98—49—148—74—37—112—56—28—14—7—22—11—-3
4—17—-—52—26—13—-40—20—10—5—16—8—>4—2—1 subsequence of odd numbers

—819—...—1229—...—461—...—»173—...—65—49—
3= ST —>1T—.. . —>13—.. 55— ... —>1],
bounded on the left by an odd complex number 819=32-91. Therefore, to the left of the number 819a
subsequence of doubled numbers is formed without knots.

(12)
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Fig. 2. llustration of KS of simple (10) and complex (11) odd numbers.

Nodes are shown with arrows <. From below, the sequences are limited to odd numbers for which
the trajectory of the transformations in the direction of a complete stop is known.

The number s the first composite number generated by the Collatz algorithm in the subsequence of
odd numbers of type (12). In [9], a similar regularity for the composite number 27=33 was used as a
counterargument for the violation of Kollatz's hypothesis. In fact, as it follows from Fig. 2, one-sided
restriction of subsequences of odd numbers takes place for all prime and composite odd numbers, so it is a
universal characteristic of KS formation.

In KS, in the direction of direct transformation (1), every odd number is surrounded by two even

numbers a,, Tta ag,,. Therefore, the KS can be represented in the form of interconnected blocks
= a,; = ag, —>ag,, —> ... To the left of the limiting odd number a_, the inequality holds a, ) a,.,,

but rather to the right a ., ( a,,,, ne S - direct conversion number (1) from the start time for the given
the block

w—ag > @, —a,,-1)—>a

number. In

ww—>ag,, —>a, —>ag; —>..odd number can be eliminated as:

_)

sl T

3105168421

63105168421
1263105168421
241263105168421
48241263105168421
9648241263105168421
1929648241263105168421

Fig. 3. PC illustration for the first seven doubled three numbers

Results and discussion
With one-sided restriction of the subsequence of odd composite numbers, the subsequence of even
numbers at n — oo increases. We will show that this growth of the subsequence of even numbers is also not

a counterargument for the violation of Kollatz's hypothesis. To do this, we binary structure a number of
natural numbers according to the doubling algorithm
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0(2-n), 2°2-n), 21(2-n), 22(2-n), 23(2-n), 2*(2-n), 25(2-n),
26(2-n), 27(2-n), .28 -n) ..,
and calculate the Collatz conjucture (or Hailstone or ) [11] KS for the first doubled three numbers by aligning
them along the right edge, as shown in Fig. 3. Taking as a quantitative characteristic of transformation (1)
the number of iterations, which is equivalent to the time of a complete stop of the process or the length of
the trajectory of transformations (1) from Fig. 3, we make sure that and are connected to each other by a
recurrence relation

(13)

NZnZNn+n(a) = N2n_Nn:n(b) (14)

Thus, formula (14) removes the problem of going to infinity of the Kollatz sequence for even numbers
[9], since it is determined by the transition n — o, while N at the same time, remains finished.

Binary structuring of the set n e « according to the algorithm (13) does not change the similarity of
subsets n and 2n (lemma 2). Since lemma 2 does not require proof, then KS with quantitative characteristics
N, i N,, similar numbers n i 2n, are also similar to each other for the entire set of numbers ne .
Therefore, the recurrent formulas (14) are true for the entire set n € « .

By lemma 1, all normal numbers nequal to each other. Therefore, according to (14b), KS are equal
to each other N, i N,,, and their growth N,, — N proportional to the number itself n. On the whole set
n e numbers n are uniform and equal to each other, therefore, according to (14), KS are similar to each
other on the entire set n e «, and have a single cycle (2) stopping the Kollatz calculations. The lemma is

justified.
From the successive application of formula (14a) for many pairs of doubled numbers
Nep,=Mn+2n+4n+--+sn)+N,,s =2,4,8,12, .., (15)
the recurrent formula follows in its general form
Ny, —N,=(25-1)n, (16)

when (2° —1) - these are known Mersenne numbers [14]. A formula similar to (15) was obtained in [12] by

dividing the set n € oo on subsets of even and odd numbers. However, their similarity in terms of the degree
of PC fusion was not proven in [12] [13]. According to the degree of fusion, a conclusion was made about
the equivalence of PC for the numbers 3 and 13. [9]. But, as you can see from Fig. 2, KS numbers 3 and 13
are fundamentally different.

In conclusion, we note the following. For the direct transformation (1), after the node there is a
merging of calculation trajectories, as, for example, for the numbers 224 and 74 after the node with
coordinate 112 in the third column in Fig. 2 in the direction of the complete stop of the calculation process.
However, in the reverse direction after starting from point 1, for the algorithm (Definition 4.1) [9] this node
and others are undefined. This means that the task of modeling the trajectories of Kollatz calculations when
passing a node in the reverse direction requires additional information regarding the choice of the direction
of the movement trajectory

Conclusions

The limitation of the subsequence of odd numbers is not a counterargument for the violation of
Kollatz's hypothesis, but a universal characteristic of transformations of natural numbers according to the
3n+1 algorithm. The lengths of the Kollatz sequences of transformations of an arbitrary pair of natural
numbers n and 2n are recursively connected to each other by the values of the single number n. Thus, the
established regularities of PC formation confirm the fulfiliment of Collatz's hypothesis. The work has a
practical application in the field of automated design of complex objects and systems to optimize the design
strategy, taking into account the specifics of the design situation.
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3AKOHOMIPHOCTI ®OPMYBAHHSI TOCJIIIOBHOCTE 3N + 1
MEPETBOPEHD SIK APTYMEHT IMIATBEP/UKEHHS T'IIOTE3HN
KOJLJIATIIA

Otpumano: sunens 10, 2023 / TlepernsuyTto: cepriens 28, 2023 / Ipuiiasito: Bepecens 28, 2023
© Kocobyywvkuii I1., Kapryrvoscwiuii B., 2023

Anoranis. [lokazaHo, MmO HEOOMEXEHICTh MIAMOCIITOBHOCTI HEMapHUX 4YHCEeNl He
KOHTpapryMeHT mopyuieHHs rinoresu Kosnarma, a yHiBepcanbHa XapaKTepHCTHKA IEPETBOPEHb
HaTypallbHUX YHCeN 3a anroputMoM 3n+1. BecraHoBieHuit peKypeHTHHUH 3B’ S130K MiX IapaMeTpaMu
rocninoBHOCTI KommaTia mepeTBopeHp JOBUTFHOI apy HATYPaTBFHUX YHCeN n i 2n .

KuarouoBi ciioBa: rinoresa Komnariia, mocnizoBHICTh, lepeTBOpeHHs 3N+1, HaTypanbHi Yncia.

33


https://oeis.org/A002450
https://sciprofiles.com/profile/author/Sm00MzlDcyszNFBxV0hTbG1NZTdscFhRWGhzcXZhVExHamwvcEVwc3d2ST0=
https://sciprofiles.com/profile/394357
https://sciprofiles.com/profile/author/QTJpM0VBc3cxcmZLbU80VEw5bGE3MUZGdEUzd0pjNDFHbjQyTXFzdG5WZz0=
https://sciprofiles.com/profile/1452898
https://sciprofiles.com/profile/1411139
https://doi.org/10.3390/math9161898
https://arxiv.org/pdf/2008.13643
https://arxiv.org/abs/2001.04976v1
file:///E:/Users/KV/Nauka/Вісник_2023/2022_14_08/Робочі%20статті%202021/УкрМатемЖурнал_2021/L.%20Green
http://lesliegreen.byethost3.com/publications.html
https://www.dcode.fr/collatz-conjecture
https://www.imath.kiev.ua/~congress2009/Abstracts/Rystcov.pdf

