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Abstract. The power transformation of Newton's binomial forms two equal 3n + 1algorithms
for transformations of numbersn € N, each of which have one infinite cycle with a unit lower limit
of oscillations. It is shown that in the reverse direction, the Kollatz sequence is formed by the lower
limits of the corresponding cycles, and the last element goes to a multiple of three odd numbers. It
was found that for infinite transformation cycles 3n—1 isolated from the main graph with minimum
amplitudes of 5, 7, 17 lower limits of oscillations, additional conditions are fulfilled.
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Introduction and problem statement

It is known [1] that various mathematical methods are used in cryptography. One of the promising
ones is the discrete transformation of integers by algorithm a-g+1, a=1,3,5,... [2], for which the 3q+1 type
transformation is known as the Kollatz problem [3].

The classic Kollatz problem is formulated from two arithmetic operations on an arbitrary integer g >
1: if the number is even, it is divisible by two q/2 and if odd, it is converted as 3q +1:

Ci= if q=0 mod2 then % else 3q+1, Q)
and ends with an infinite periodic cycle
cycle =l 4261 )

However, it is not entirely clear whether a number can come out of the cycle (2), since the number of
natural numbers is infinite and it is not possible to test Kollatz's hypothesis for all of them. Therefore, the
validity of the hypothesis is established for the finite set of numbers n €N, the Kollatz problem is not finally
solved and continues to be of scientific interest, as in number theory, dynamical systems, algorithm theory, etc.
By themselves, these mathematical methods are widely used in the modeling of CAD problems. In this work,
the problem 3q +1is investigated from the point of view of the power transformation of Newton's binomial
@+1°,5=01234,...

The patterns of transformation 3q+1 are studied even more, but after U. Gosper and R. Schoppel,
who, while still in the HAKMEM group, showed that the problem 3q —1is equivalent to task 3q+1 with
negative values q [4] interest in the task 3q—1 increased again [3]. Moreover, recently [5] showed the
possibility of using this approach for modeling quantum systems.

Results and discussion

Let's formulate the basic definitions for this work:
Definition 1. A Kollatz sequence (CS) is one whose numbers are calculated according to the rule: let an
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arbitrary positive integer be a member of the sequence. If it is even, then the next member of the sequence will
be the result of dividing it by 2. If the number is odd, then the next member of the sequence will be the number

Ci=3n+1.
Definition 2. Count Collatz {KQZl} with an index @ will be called the sequence

0-{2°}s=01234,.
Definition 3. A graph of type Graph I will be called such, whose index is not a multiple of three. The
index @ of graph Graph II is a multiple of three.

It is known [6] that binomial coefficients CSi of power of Newton's binomial

1+1)5=35,¢, s=01,234,... @)
form Pascal's triangle (TrP ), which is shown in Fig. 1. In a triangle TrP , the sums of the numbers in
the rows form a binary sequence
(Kpmain} = {2°, 21, 22,.23, 24 25, 26, 27,28,..,25, ...} 4)
The value of each subsequent element is twice the previous one. Therefore, the sequence (4) forms the
main graph (stem) of Kollatz, and the numerical sequence (4) represents the possibility of realizing the
trajectory of number calculations n e N (1a).
Rows of a triangle TrP consist of an odd £ =s+1=135,7,...and even 7 =s+1=2,4.6.8,... the
number of elements, which correlates with the type of degree parity s in (4). As shown in Fig. 1, the sums
of numbers in rows with odd numbers of elements form a subsequence in (4)

Kme1: 1416642561024 «...«...28 1 «...,§=1,3,5 7, ... (5
and sums of numbers in rows with even numbers of elements form a subsequence in (4)
Kp=1: 1¢2¢8¢32<128512¢...«..2" 1 «..,1=0,24,68, ... (6)

For numbers of subsequences (5) and (6), arithmetic transformations end with odd integers that are
multiples of three:

4-1 _16-1 _64-1 _, 256-1 __1024-1 2611
=1, =5, =2 =85, =341, => S —""=m, £=357,..(a
3 3 3 . 3 3 ! N es (®) , (7
2+1 , 8+1 32+1 128+1 512+1 27 +1
=1-—"-=3 =1 =43, =171, = Z_T°=p,,£=2,4,6,8,..(b
3 3 3 L 3 3 ! 3 P s (®)

Thus, on the graphs of subsequences (5) and (6), nodes with numbers (7) are formed, in which the
numbers are odd according to the algorithms
2571 =3mg+1, (a) g
{25—1=3p5—1, ON ®)
are converted to numbers that are exactly equal to powers of two. In (8), the transformation (8a)
expresses the function 3n+ 1, and the transformation (8b) expresses the function 3n — 1. Thus, the
transformation of numbers n € N by the function (8b) is described by the algorithm
Cg= if q=0 mod2 then % else 3q—1 » )
which ends in an endless loop
cycle3®;l ={1 2o 1} (10)
Therefore, the power transformation of Newton's binomial forms two equal Kollatz transformations
of numbers n e N.
In Fig. 1, Kollatz graphs (1) are shown to the right of the triangle TrP, and graphs (9) are shown to
the left of the triangle TrP. Nodes with Jacobstal numbers [7,8] (7) are formed on both main graphs K _,

and K
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mg: 1, 5, 21, 85,341,1365, 5461,... (a)
(11)

pe: 1, 3, 11, 43, 171, 683, 2731,... (b)
The numbers (11a) correspond to even powers in the terms 1 - 2"and determine the nodes of the

sequences 6 - 2" from mgy ,, = 6, 5 which are calculated according to the formulas:

65+1
(.5 _=E’ m95’1=0

mgs'l = 200 + 0, m95’3 = 220 + 1, m95,5 = 240 + 5' m95,7 — 260 + 21’
Mg, o = 280 + 85, my_q; = 21°0 + 341, ..
< , (12)
0,-1
3
mg, 0 =2°E+0, mg,, =2°E+1, mg 4 =2*E +5, mg, ¢ =2°F + 21,
mg, s = 2°E + 85, my o, = 2100 +341,...,

where @ =even (E) +o0dd(O) . Numbers (11b) correspond to even powers in terms

=0, mgl’o =F

v v
115 29 Triangle Pascal (TrP)
y oo X T ,
—» 34— 172 9-86~Pp=43p\120 <€\t 7 2% 3 35 a0 7 1) v
[ — ! Graphll
g 1T /7~ @ —=—===
64 V16 152 156 1,’+@><1m_:_2;,!-42<—84<—
Graphl oo R
> 88>u—»2Pp=111>(32) «<€\1 5 0w 51 2
4 [STSTSIST epRSp o Graph I
1*5 16 R R S T :m:5:<—10<-20<-10<—
\ o ____ i1 -—
Graphll ____ v 7
—»>2u>12>6>p=3p(s) «<«<€ 3 3 1 g i f
L 1
v 1 R
SRR o=
N m=4
THENE) DAY 1'7 rdh 324-174_344-684_
L < < oL 2 opcle 3+l A
/cycle\3n_1 7 L 104 1
NG e LM 1) €] A 4
— 69— 208 22 47414 4—
{K main } {K main } * * +
—»44 2*84—94—
a: an-1 b: 3n+1

Fig. 1. lllustration of Pascal's triangle, main {K mam} and lateral m, p >1 graphs of transformations 3n+1 of
numbers n € N

1-2" determine the sequence nodes®-2° from p, =6, which are calculated according to the

formulas:

(0 Gt
3

Pao = 2°E — 0, pg., = 22E — 1, pg 4 = 2*E—5,

Po.6 = 2°FE — 21, pg g = 28E — 85, py o1 = 21°F — 341,...
. (13)

6,-1
3
Pa,1 = 2°0 =0, pg, 3 =220 — 1, pg s = 2*0 -5,

Po,7 = 260 — 21, Po,o = 280 — 85, Po,10 = 2190 — 341,...,

:E, Po,0 =F

=0, pe1=0
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where the parameters 6, ; meet the conditions 6, = o-1_ integer, 6, = HTH =integer.

Table. 1.
Numbers K5 ., = 2K , +1 with indices 6, =1+25
rs) [0 [1 |2 |3 |4 5 6 7 8 9 OEIS[11] | K,
Oy [0 |1 |1 |[B] |5 11 | [21] |43 85 [171] | A001045 K,

O_g |2 |[81 [7 |13 |[27] |53 |107 |[213] |427 |853 | A0485573 | K,

0 -7 2 5 91 |19 37 [75] | 149 | 299 [597] | 1195 | A062092 K7,

O_g1 |4 |7 |[81]29 |59 |[117] [235 |469 | [939] |1877 |Unknown | K,

O_13 |4 |91 |17 |35 |[69] |139 |[277 |[555] | 1109 | 2219 |Unknown | K,

O_1; |[6] |11 |28 |[45] |91 | 181 |[363] | 725 | 1451 |[2901] | Unknown | K,

010 |[6] |18 [25 |[51] | 101 |203 |[405] 811 | 2389 | [3243] | Unknown | K,

0,3 |8 |[151[31 |61 |[123] | 245 |491 |[[981] |1963 |3925 | Unknown | K,

O_ps |8 |17 |[33]|67 |133 |[267] |533 | 1067 |[2133] 4267 | Unknown | K;,

O_pg |10 |19 |[39]|77 |155 |[309] |619 |1237 |[2475] | 4949 | Unknown | K;,

O_g |10 |[21]|41 |83 |[165] | 331 |661 |[1323] | 2645 |5201 | Unknown | K;,

O_gs | [121(23 |47 |[93] | 187 |373 |[747] | 1493 | 2987 | [5973] | Unknown | K;,

O_g; |[121|25 |49 |[99] [ 197 |395 |[789] | 1579 |3157 | 6315 |Unknown | K,

O_qy |14 |[271]55 | 109 |[219] |437 |875 |[1749] | 3499 | 6997 | Unknown | K,

043 |14 |29 |[57]|115 |229 |[459] | 917 | 1835 |[3669] | 7339 | Unknown | K,

047 |16 |31 |[63]|125 |251 |[501] | 1003 | 2005 | [4011] | 8021 | Unknown | K;,

049 |16 |[33]|65 |131 |[261] | 523 |1045 | [2091] | 4181 | 8363 | Unknown | K,

In Kollatz's problem, numbers are of interest m(p)g, . r(s) for which equalities hold
91,5 : 2r(5) = 3m915 ) +1, 91,5 : 2r(8) = 3p915vr(5) _1, (14)

and differences between adjacent numbers

(s

k 0 1 2 3 4 5
My, oqy 4m€110(1) +1 4m61'0(1) +1 4m61'0(1) +1 4m01’0(1) +1 4m€110(1) +1 (15)
differ - '4°(3Bm, ,+1)'4'(3m, , +1)'4*(3m, , +1)" 4°3Bm, , +1)' 4°(3m, , +1)" "
difer - 4°(3m,,+1) 4'3m,,+1) 4*(Bm,,+1) 4°@3m,,+1) 4°(Bm,, +1)

= differ = mel,k+1 - mel,k = 4kfl(3m€1’0(l) +1)

Similarly, forpg1 table (15) is calculated as:

57(S)’

The problem of applying the type rule 4x+1in atype problem 3x#+1 is discussed in [7].
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Collatz conjecture  of odd numbers of form {L5...,[odd]}
[165] 109 — 145 —193 —257<[171]

__ 47 —31 —4le[27]

| | [ 221 [145]
[189]—»71  125— 83 — 55 — 73 — 97 <« [129] 275 < [183 701 — 467 — 3114 [207
| L293 —[195] I’_ 183l [207]
— 107 —161 — 121 — 91 — 137 —103 — 155 — 233 —175 —263 — 395 =
143 —215 — 323 — 485 — |<~'[111] 593

|_9 |— 1079 — 719 — 479 — 319 — 425 — 283 — 377 — 251 — 167 — 445

161
25|3 [63] 1619 BI=> — 25 —163 — 217
337 2429 — 9|11 — 1367 — 2051 —3077 — 577 — 433 —325—61 —23 % [i5 ]
|
449 607 [69] 35-¢[93]
| I v
299 — 305 809 -5 — <« [ —e13 — 458 — <213 — =5
| | | ! 5] 205— 1093 — 1457 —971—
199 2c|)3 53|9 (320 — 241—181—1|7 77«5 138 {177 ]
| 4 |
35|3 [159] [57] s 49 31— 7—149— 10|1 — 67— 8 _5|9 <[]
23|5 229 17|3 197 [9] [99] 2|69 15|7
| —
31|3 305 115 1|31 179 2097
| _ 557
1) e 5 11|9 317 139 %
[87] 371
79 211 185
135 4 !
[105 | 281 [123] 247
187 3$9
[219] [219]

Puc.2. I'padu posranyxeHb napaMeTpU30BaHUX KPaTHOIO TPHOM IIPaBOI0 MeKeto nociigoBHocTell Komtarna s
0 =1316 =53.

As can be seen from Table 1, for the sequences {Kgs,} = 6 - 2%,0, k €N, the graph Graphg,, of the
transformation (1) can be considered as a superposition of two types of graphs:

Graphsy,; = Graph 1+ Graph II. @an
The graph is formed by a sequence of odd numbers of intermediate calculations:
-1
Graphl={1, aNS =Od3} , (18)

the left limit of which is the infinite loop (2) on the trunk (4). The right limit of (18) is formed by an
odd number that is a multiple of three X, =Od, . Nodes with numbers (11) are formed on the graphs

Graph I, from which side graphs are subsequently generated, so they can be considered active.

ay -1

The graph Graph 11 is generated by a node with a number

=0d,, and is further formed from

doubled values in the reverse direction X, =0d,:

Graph 11 = {2°-0d3, 2'-0d3, 22-0ds, 2% -0ds,...} = 0d3 - Ky p=1- (19)
So, the starting numbers are localized on this graph
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n=2K.0d; k=0,1,23,... (20)
Unlike a graph Graph/, a graph Graph /I has no nodes, so it is passive. The method of directed
graphs is widely used to study Kollatz transformations [9]. The dynamics of the formation of graphs with a
multiple of three right limits of the sequence is shown in Fig. 2 for two graphs with indices # =13and
6 =53.
Let it show that the numbers m of nodes on the graphs can be represented in the form of a two-
dimensional matrix m; ; :

m, =4m_, +1
)

i

8 21845 14563 58253  233013=0d, 932053 3728213  14912853=0d,

7 5461 7281=0d, 29125 116501 466005=0d, 1864021 7456085 (21)
6 1365=0d, - - - - - _

m=4m . +1
no- 5 341 227 909=0d, 3637 14549 58197=0d, 232789 —>{ J j )ll
: 4 85 113 453=0d, 1813 7253 29013=0d, 116053

3 21=0d, - - - - - -

2 5 3 13 53 213=0d, 853 3413

1 1
il] 1 2 3 4 5 6 7

Here, the first column j =1is formed from numbers (11a), and their values are calculated according
to the recurrent formula

miy, =4mi_1,+1, )1 (22)
The numbers in the second j =2 column are the beginnings of rows with node numbers of lateral
active graphs m >1, generated by nodes with numbers in the first column. The values of the numbers in the

rows are calculated using a recursive formula
m; =4m;;, +1 j)Hl. (23)
Lines not filled with numbers correspond to passive graphs. Representation (23) is true when

multiplying the lateral graph from an arbitrary node for both transformation (1) and transformation (9):
Pi=4pig -1

|

8 43691 58255 233019=0d, 932075 3728299 14913195=0d, 59652779
7 10923=0d, - - - - - -
6

2731 1821=0d, 7283 29131 116523=Od, 466091 1864363 (24)
=dp -1
5 683 911 3643 14571=0d, 58283 233131 932523=0d, — {p” ] >p;-H
bij= .

4 171=0d, - - - - - -

3 43 29 115 459=0d, 1835 7339 29355

2 11 15=0d, 59 235 939=0d, 3755 15019

1 3=0d, - - - - - -
ilj 1 2 3 4 5 6 7

In (24), there is an inversion of the sign in the rules for calculating the numbers of columns and rows
in accordance with the transformation ( 3n—1).

Rules (22)-(23) are universal and are valid for calculating the numbers of an arbitrary pair of adjacent
nodes on the graphs of both transformations 3n+1

142



Collatz Conjecture 3n £+ 1 as a Newton Binomial Problem

k k+2
p2 71271 =4.2-1)+3=2""2-1 = 4=4, k=246,.
2 3+1 2k+23+1 (25)
4 3 ~1= 3 =4.-2"+1)-3=2""+1 = 4=4, k=135,..

and numbers m(p) are

In addition, according to (4)-(6), for an arbitrary graph, its sequence {Km(p)}

related to the main sequence {Kmam} by the relation:

{Km( p) }: m( p) ) {Kmain } ’ (26)
Therefore, power transformations of Newton's binomial (3) give rise to the sequence on the binary
basis (4), as superpositions of two subsequences (5) and (6). On the graphs of subsequences (5) and (6),

nodes with numbers (11) are formed, thanks to which the transformation of odd numbers of the type 3n+1
and 3n—1 ends with the corresponding cycle (2) and (10), the lower bounds of which are equal to:

cycle®™ (2): n=[(3n+1):2]:2 =4n=3n+1 = n,, =1, (27)
cyclel, ,(10): n=[(3n-1):2] =2n=3n-1 = n,, =1

However, if the lowest lateral graph m=5 of the transformation 3n+1is active, then the lowest
lateral graph of the transformation 3n —1is passive, and the lowest active lateral graph of the transformation
3n—1is generated from node p =11

However, according to rule (7b), in addition to cycle (10), transformations 3n—1 are accompanied
by the formation of other infinite cycles

cyclezs ={5¢> 7 <> 5} (a)
cyclezt ={7 <5« 7} (b) (28)

cyclet . = {17 <> 254> 37 <> 55> 41> 61> 91> 17} (c)
with lower bounds ny;,
cyclel s n=([(3n-1):2]-3):2:2 =8n=(3n-1)-3 = n,, =5 (a)
cycled™l: n=[((3n-1):2:2)-3-1}:2-1:2 =8n+4=-3 = n, =7 (29)
cycled - n=([([(III[(Bn-1):213-1):213-1]:2]3-1):2:2]3-1):2]3-1):2]3-1):16 = (b)
=1024n+574=243((3n-1):2)3-1 = 2048n+2363=2187n = n, =2363:139=17 (c) '
Cycles (28) are isolated from the main Kollatz stem {K main } and their existence was also noted by

T. Tao [10]. In conclusion, we note the following.
Both transformations 3 £1 are based on the same regularities, so they are equivalent to each other.

However, the results of the transformations themselves 3q 1 CT,,,, are radically different. Thus, the fact
that CT,, , of the numbers 05 =5,0; =7,0;; =17 does not reach a single value 1- 2%, but has the form
of final periodic oscillations with minimal amplitudes ¢, =5, 7,17, can be due to the property of the
triple of recurrent numbers qs,0,0,;, which

Qs -9, =2q;; +1 (30)

where
RE+ DR -1)=2k24+1 = 2k=4 5 k=2, (31)
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The product grows exponentially in the direction kK — oo, so there are no other triples of numbers
with properties (30). The triplet of numbers g, q,,q,; with properties (30) does not exist in the system

3q+1, and there are no isolated cycles cycleZ® L s 7y.cycled7S1;. of the type for it.

Conclusions

The power transformation of Newton's binomial forms two equal 3n+1 algorithms for
transformations of numbers n € N, which each have one infinite cycle with a unit lower limit of oscillations.
It is shown that in the reverse direction, the Kollatz sequence is formed by the lower limits of the
corresponding cycles, and the last element goes to a multiple of three odd numbers. It was found that for
infinite transformation cycles 3n—1 isolated from the main graph with minimum amplitudes of 5, 7, 17
lower limits of oscillations, additional conditions are fulfilled.
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Collatz Conjecture 3n £+ 1 as a Newton Binomial Problem

Anotanis. CterneHese nepeTBopeHns 6inoMmy HeroToHa popmye aBa piBHOIIPaBHI aIrOPUTMHU
nepeTBopeHb uncen N, SKi MarOTh MO OAHOMY HECKIHYEHHOMY IMKIY i3 OJMHUYHOI0 HIKHBOIO
Mexero ocuwsiniid. [lokazaHo, o B peBepcHOMY HampsIMKY mociigoBHicTs Komnaria ¢popmyerbest
HUKHIMH MEKaMH BiJIIOBITHUX [UKIIIB, & OCTaHHIM SIEMEHT MPSIMYE JI0 KPAaTHOT'O TPHOM HEIIapHOI0
yrcia. BusBieHo, 0 A5 130J60BaHUX BiJi OCHOBHOTO rpady 0e3Me)KHi LUK MEPETBOPEHHS 13
MiHIMAJIbHUMH aMILTITy1aMu 5,7,17 HUKHIX MEKaM OCIWIIAILINA, BAKOHYIOThCS JI0JIaTKOBI YMOBH.

Kurouosi ciioBa: Iinoresa Komnatia, rinoreza 3N *1, narypanshi uncna, rpadix.
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