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Abstract. The evidence to support feasibility of using minimax approximation to calculate the parameters of thermistors’
thermometric characteristic models has been provided. Minimax approximation ensures the achievement of the minimum possible
calibration error, while the least squares method minimizes the sum of squared errors. A rational expression has been proposed to
describe the dependence of temperature on thermistor’s resistance. The effectiveness of the model in the form of a rational
expression is illustrated with actual calibration results. This model provides higher accuracy in reproducing temperature compared

to generalized Steinhart-Hart models.
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1. Introduction

Improvements in thermistors manufacturing tech-
nology widen their practical use for temperature mea-
surement and monitoring. In addition to the conventional
use of thermistors in biomedical devices, automotive
electronic systems, and other technical devices [1-5],
thermistors have started to be used for high-precision [6—
9] and cryogenic temperature measurements [8, 10, 11].
They are now utilized in aircraft manufacturing, space,
and other high-tech industries [1]. The expanding
applications of thermistors drive the search for more
accurate and optimal models of their thermometric
characteristics [1, 6, 12].

2. Drawbacks

The practical application of thermistors is limited
by noticeable nonlinearity of their thermometric
characteristic [13]. To describe the dependence of the
temperature on the resistance, the generalized Steinhart-
Hart model with parameters calculated by the least
squares method is mostly used [6, 12]. In [14], minimax
approximation is proposed to calculate the parameters of
the thermistor’s thermometric characteristic model. The
use of minimax approximation to calculate the model
parameter values of the thermometric characteristic
ensures the minimum possible calibration error within
the investigated range [15]. Models calculated using the
least squares method may contain particular points

where the error value significantly exceeds the average
error [16]. The model obtained by the least squares
method does not provide an answer regarding the
accuracy of calibration results reproduction. Therefore,
to substantiate the accuracy of models obtained by the
least squares method, their uncertainty has to be
calculated [12, 17].

3. Goal

The aim of this study is to provide evidence to
support the feasibility of using minimax approximation
to calculate the parameter values of the thermistor's ther-
mometric characteristic, and to illustrate the effecti-
veness of using a rational expression to describe the
dependence of temperature on the thermistor's resistance.

4. Application of minimax approximation
for calculating the parameters of the
thermistor's thermometric characteristic

To confirm the effectiveness of using minimax
approximation for calculating the parameters of thermistor
thermometric characteristic models, we have used
calibration results provided in [6]. This study presents
calibration results obtained in May 2014 and February 2015
at the PTB, Germany. We have illustrated the comparison
between the results of applying minimax approximation and
the least squares method based on a four-parameter
generalization of the Steinhart-Hart model [6]
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T,(r)=1/>c,(in(r))’, (1)

i=0
where T — the absolute temperature, =R, /R, — the
relative resistance at temperature 7', RT — the

resistance at temperature 7', R, =1001.65Q2, and ¢;,

i= m — unknown parameters. In [6], the feasibility of

using model (1) for the thermometric characteristic of

thermistors is indicated. Compared to the Steinhart-Hart
model, where ¢, =0, the authors of [12, 17] claim

model (1) is more accurate. The parameter values ¢,

i= m of the model (1) in [12, 17] are calculated using

the least squares method.

Based on the calibration results provided in [6], the
thermistor's thermometric characteristic model in the
form (1) obtained using the least squares method

) 61510417037, x*+2.26274538698,, ° x*+ o
S r)=
ik 1256520635435, x+3.35437275588,,"

ensures the reproduction of their values with an absolute error of 0.94 mK based on the calibration data obtained in

May 2014.

+2.565168779395,,* x+3.3543781818,,

6.5985545833347,," x*+2.267036730985,, " x*+
Tyissg(r) = 3)

Then, for the calibration data obtained in February 2015 with an error of 1.14 mK , the models (2) and (3)

r=R,/R,,a x=In(r) .

A similar model, calculated using minimax approximation based on the data from May 2014 is in the form:

T,

()=1 5.78216036867,, " x°*+2.2566107516,,° x*+ W
minm r)=
e 12.5652396097358,, " x+3.3543783803395,,

reproduces with an absolute error of 0.64 mK, while the model based on the calibration data from February 2015

T,

()=1 595286858, x*+2.268338145697,,° x*+ -
minm r)=
e 125652822930196,, ¢ x+3354376775298,,

ensures temperature reproduction with an absolute error of 0.879 mK.
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Fig. 1. The graphs of absolute error: a) models (2) i (4), b) models (3) and (5)

Table 1. The errors in reproducing the calibration results obtained for the models (2) — (5)

Calg;“"“ Model (2) Model (4)
May 2014 r=0.653541 ‘ AT =0.942 mK AT =0.64 mK
Model (3) Model (5)
February 2015 r = 0.249662 | AT =1.136 mK AT =0.879 mK
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Error plots of models (2)—(5) are shown in Fig. 1.
The error plots for models (4) and (5), with parameters’
values calculated using minimax approximation, are
distinguished with thicker lines.

From the graphs presented in Fig. 1, it follows that
the error of the models the parameters of which were
calculated using minimax approximation is uniformly
distributed across the entire investigated range of resis-
tance changes. In contrast, for the least squares method,
there are particular points where the error in reproducing
the calibration results is significantly greater than the
average error. The comparison of the errors in repro-
ducing the calibration results of the thermistor models
(2) — (5) is presented in Table 1.

Thus, the use of minimax approximation for
calculating the parameters of the thermometric cha-
racteristic models of the thermistor, compared to the least
squares method, ensures higher accuracy in reproducing
temperature within the investigated range. The error of
the model the parameters of which were calculated using
the minimax criterion is equivalent to the accuracy of the
reproduction of the calibration results. To substantiate
the accuracy of the models constructed using the least

squares method, uncertainty is additionally calculated.

Therefore, applying minimax approximation for
parameter calculation of models based on high-precision

data is more appropriate.

5. The application of the rational
expression for modeling the thermometric
characteristics of thermistors

Based on the results of the thermistor calibration

[6], we constructed a model of the thermometric
characteristics of the thermistor in the form of a rational

expression
T(r)z a, +a ln(r)+ a, Zn(r)2 ©)
by + Zn(r) '
where T — the absolute temperature in Kkelvins,

r =R, /R, — the relative resistance, and a,, a,, a, and

b, are unknown parameters. The values of the

parameters of model (6) were calculated using minimax
The
parameters of the minimax approximation based on a

approximation. method for calculating the

rational expression is described in [18, 19].

The model of the thermometric characteristics for the calibration data from May 2014 is written as:

T

14, minm r

( )= 4268.786635 —2833192273x — 0.7000487623x>
1431912375+ x

, ()

where ¥ =R, /R, x=ln(r), ensures the reproduction of temperature with an absolute error of 0.622 mK. To

confirm the effectiveness of using minimax approximation for calculating the parameters of model (7), we
constructed a model similar to (6), where the parameters are calculated using the least squares method.

( ) _ 4260.2745447 - 27.68140037x — 0.7542877542x"

T r)= 8
b 14.290550574 + x ®
Model (8) ensures the reproduction of temperature with an absolute error of 0.978 mK.
For the calibration data from February 2015, the model (9) was obtained:
4290.51969658 —30.0016619429x — 0.589193411759x>
T;S,minm( )= (9)

14.2907771854 + x

Model (9) ensures the reproduction of temperature with an absolute error of 0.73 mK. The model, based on the
calibration data from February 2015, the parameters of which were calculated using the least squares method:

T

15,isq

(r) _ 4260.3340722 —27.6845505038x — 0.754059735366x"
14.2907771854 + x

(10)

ensures the reproduction of temperature with an absolute error of 0.96 mK.

The graphs of the absolute error for models (7) —
(10) are shown in Fig. 2.
In the graph shown in Fig. 2, the horizontal axis

represents the values of 7= R, /R, while the vertical

axis represents the values of the absolute error in tem-
perature reproduction by the models. The graphs of the
absolute error for models (7) and (9) are depicted with

thicker lines. From the shape of the absolute error
graphs for models (7) and (9), it follows that the error in
reproducing the temperature values is uniformly
distributed across the entire range of investigation. The
error of model (7) does not exceed 0.622 mK, while the
model (9) exhibits an error of 0.73 mK. The absolute
error of the model (8), parameters of which were
calculated using the least squares method, is 0.978 mK,
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and for the model (10), it is 0.96 mK, which is significantly
higher than the average error in the investigated range.
Therefore, when using the least squares method, the quality
of the model is characterized by uncertainty [12], [17]. In
contrast, the quality of the model, the parameters of which
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were calculated using the minimax method, is determined
by the approximation error [15].

A comparison of the errors in reproducing the
calibration results of the thermistor using models (7) —
(10) is presented in Table 2.

b

Fig. 2. The graphs of absolute error: a) models (7) and (8), b) models (9) and (10)

Table 2. The errors in reproducing the calibration results of the thermistor using models (7) — (10) and the models (4)

Ta (5)
Calibration data Model (8) Model (7) Model (4)
May 2014 r=0.653541 AT =0.978 mK AT =0.622 mK AT =0.64 mK
Model (10) Model (9) Model (5)
February 2015 r=10.2984739 AT =0.96 mK AT =0.73 mK AT =0.879 mK
From the results presented in Table 2, it follows References

that the models of the thermometric characteristics of the
thermistor in the form of the rational expression (6)
reproduce the calibration results with higher accuracy
than the generalized Steinhart-Hart model (1).

5. Conclusions

The application of minimax approximation for

calculating the parameter values of thermistors’
thermometric  characteristic models ensures the
achievement of the smallest possible error in

reproducing the calibration results. The error of the
model, the parameters of which are calculated using the
minimax criterion, is equivalent to the accuracy of
reproducing the calibration results. Therefore, compared
to the models constructed using the least squares
method, there is no need to compute uncertainty.

The use of a rational expression for modeling the
thermometric characteristics of thermistors provides
higher accuracy in reproducing calibration results
compared to the traditionally used generalized Steinhart-
Hart model. The results of the parameter calculations for
this model also confirm the effectiveness of using
minimax approximation.
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