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1. Introduction

Mathematical models are frequently used to study disease transmission dynamics as well as epidemi-
ological characteristics. Based on these potential models, control and mitigation strategies for the
epidemics can be developed. Actually, epidemic disease has received much attention in recent years
due to its impact for humanity, which offer many deaths, problems of system health and affected
economy [1, 2]. Many epidemiological models are actually expressed in system of mathematical de-
terministic concepts [3–8], and deterministic models have traditionally served as the foundation of
mathematical epidemiology. The SIR and SEIR models have shaped much of current understanding
of recurring epidemics [8–15]. The concept of SDE was successfully implemented in various field such
as population systems, economics and finance, and neural networks. Recently, it was derived that
mathematical models with a white noise type are mostly used to describe the universal laws.

This paper focusses on the SIRC model and in the considered SIRC model, the population is
divided into four distinct classes: the susceptible S(t), the infected I(t), the recovered R(t), and the
cross-immune C(t) individuals. Motivated by the above works, we conclude that combining nonlinear
incidence and random environmental factors in the deterministic delayed SIRC model will be more
efficient to handle physical phenomena. So, the considered stochastic SIRC epidemic model takes the
following form






















































dS(t) =

[

γ(1− S(t))−
βS(t) I(t− κ)

φ(I(t))
+ η C(t)

]

dt− σ1S(t) dW1(t)− σ5
S(t) I(t− κ)

φ(I(t))
dW5(t),

dI(t) =

[

βS(t) I(t− κ)

φ(I(t))
+ µβ C(t) I(t)− (γ + α)I(t)

]

dt− σ2I(t) dW2(t)

+ σ5
S(t)I(t− κ)

φ(I(t))
dW5(t),

dR(t) = [(1− µ)β C(t) I(t) + α I(t)− (γ + δ)R(t)] dt− σ3R(t) dW3(t),

dC(t) = [δR(t)− β C(t) I(t)− (γ + η)C(t)] dt− σ4C(t) dW4(t).

(1)

In the model (1), the biological significance of dynamic properties and parameters can be seen in [3,
16], which we have omitted here. The Brownian motion Wj(t), j = 1, . . . , 5 are mutually independent
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standard defined on a complete probability space (Ω,F ,P) with a filtration {Ft}t>0 satisfying the usual
conditions, σ2

j , j = 1, . . . , 5 denote the intensities of the environmental factor. The initial conditions
of the model (1) are



















S(χ) = Φ1(χ), I(χ) = Φ2(χ),

R(χ) = Φ3(χ), C(χ) = Φ4(χ),

Φj(χ) > 0, χ ∈ [−κ, 0],

Φj ∈ C, j = 1, . . . , 4,

(2)

where C is continuous function space C
(

[−κ, 0];R4
+

)

, and R
4
+ = {(x1, x2, x3, x4)|xj > 0, j = 1, . . . , 4}.

By a biological meaning, we further assume that Φj(0) > 0, for i = 1, . . . , 4.
This model is theoretically analyzed and some theorems about global existence and uniqueness

of positive solution are given in section 2. Extinction of disease in section 3, as well as the proof is
provided for both the existence and uniqueness of an ergodic stationary distribution in section 4. A
numerical code is elaborated for numerical solution and here after some of the obtained numerical
solutions of the considered SIRC epidemic model with specific parameters.

2. Existence of the global and positive solution

In order to study dynamics of the SIRC epidemic model with delay, the first concern is whether
the positive solution of the system exists globally. Within this section, proper Lyapunov function is
constructed to establish the existence and uniqueness of a positive solution of the system [17].

Theorem 1. For the given condition initial (2), there exists unique positive solution X(t) =
(S(t), I(t), R(t), C(t)) on [−κ,−∞) for the system (1) and X(t) ∈ R

4
+ with probability one. In other

words, for any t > −κ, X(t) ∈ R
4
+ almost surly (a.s.).

Proof. The local Lipschitz conditions are met by the coefficients of the system (1) are locally Lipschitz,
then for any initial value (2), system (1) has unique local solution X(t) on t ∈ [−κ,κe), where κe is
the explosion time [17]. To show that solution is global, we only need to demonstrate it for κe = ∞
a.s. Define the stopping time κ

∗ by

κ
∗ = inf {t ∈ [κ,κe) : S(t) 6 0 or I(t) 6 0 or R(t) 6 0 or C(t) 6 0} ,

with the usual setting inf ∅ = ∞, where ∅ is the empty set. Obviously, κ∗ 6 κe. So, if we can prove
that κ

∗ = ∞ a.s., thus κe = ∞ and X(t) ∈ R
4
+ a.s. for all t > 0. Suppose that κ

∗ < ∞, then there
exists T > 0 such that P{κ∗ < T} > 0.

Define a C2-function V : R4
+ → R+ by

V (X(t)) = ln
(

S(t) I(t)R(t)C(t)
)

+ β

∫ t+κ

t

I(u− κ) du. (3)

Using Itô’s lemma, we obtain,

dV (X(t)) = LV(X(t)) dt+ σ5 (S − 1)
I(t− κ)

φ(I)
dW5(t)

− σ1 dW1(t)− σ2 dW2(t)− σ3 dW3(t)− σ4 dW4(t),

where

LV(X(t)) = β I(t)− β I(t− κ) +
γ

S
− γ − β

I(t− κ)

φ(I)
+ η

C

S

+ β
S I(t− κ)

I φ(I)
+ µβ C − (γ + α) + (1− µ)β

C I

R
+ α

I

R
− (γ + δ)

+ δ
R

C
− β I − (δ + η)−

σ2
5

2

I2(t− κ)

φ2(I)
−

σ2
1 + σ2

2 + σ2
3 + σ2

4

2
−

σ2
5

2

S2I2(t− κ)

φ2(I) I2
.
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If X(t) is positive and φ(I) > 1, then it implies that

LV(X(t)) > −β I(t− κ)− β
I(t− κ)

φ(I)
− 4γ − (α+ δ + η)

−
σ2
5

2

I2(t− κ)

φ2(I)
−

σ2
1 + σ2

2 + σ2
3 + σ2

4

2
−

σ2
5

2

S2I2(t− κ)

φ2(I) I2

:= K(X(t)).

So, we have

dV(X(t)) > K(X(t)) dt− σ1 I(t− κ) dW1(t) + σ5 (S − 1)
I(t− κ)

φ(I)
dW5(t)

− σ1 dW1(t)− σ2 dW2(t)− σ3 dW3(t)− σ4 dW4(t),

then

V(X(t)) >

∫ t

0
K(X(u)) du+ σ5

∫ t

0
(S(u)− 1) I(u − κ) dW5(u)

+ V(X(0)) − σ1W1(t)− σ2W2(t)− σ3W3(t)− σ4W4(t). (4)

Note that X(κ∗) = 0. Therefore,

lim
t→κ∗

V (X(t)) = −∞.

Letting t → κ
∗ in (4), we have

−∞ > V(X(0)) +

∫

κ
∗

0
K(X(u)) du − σ1W1(κ

∗)− σ2W2(κ
∗)− σ3W3(κ

∗)

− σ4W4(κ
∗) + σ5

∫

κ
∗

0
(S(u)− 1) I(u − κ) dW5(u) > −∞,

which results in a contradiction. Therefore, it can be concluded that κ∗ = ∞ a.s., thereby completing
the proof of Theorem 1. �

3. Disease extinction

Let us note by

RE =
β

(

γ + α+
σ2
1

2 +
σ2
2

2

)

∧
(

γ + δ +
σ2
3

2

)

∧
(

γ + η +
σ2
4

2

) =
β

Q
, a ∧ b = min{a, b}.

Theorem 2. Let (S(t), I(t), R(t), C(t)) be the solution of the system (1) with the initial condi-
tions (2). If RE < 1, then the solution of the system satisfies

lim
t→∞

sup

(

ln(I(t) +R(t) +C(t))

t

)

6 Q (RE − 1) a.s.

Furthermore, lim
t→∞

sup〈S(t)〉 = 1 a.s.

Proof. Let Z(t) = I(t) + C(t) + R(t) and M(t) = S(t) + I(t) + C(t) + R(t). By applying the Itô’s
lemma, we obtain

d lnZ(t)=

{

1

I +R+ C

[

βSI(t− κ)

φ(I)

]

−
1

2(I +R+ C)2

[

σ2
2I

2 + σ2
5

[

SI(t− κ)

φ(I)

]2

+R2σ2
3 + C2σ2

4

]}

dt

−
1

I +R+ C

[

σ2 I dW2(t) +
S I(t− κ)

φ(I)
dW5(t) + σ3R dW3(t) + σ4 C dW4(t)

]

6

{

β S I(t− κ)

φ(I)
−

1

2(I +R+ C)2

[

σ2
2 I

2 + σ2
5

(

S I(t− κ)

φ(I)

)2

+R2σ2
3 + C2σ2

4

]}

dt
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−
1

I +R+ C

[

σ2 I dW2(t) +
S I(t− κ)

φ(I)
dW5(t) + σ3R dW3(t) + σ4 C dW4(t)

]

6

[

β −

(

σ2
2 + σ2

5

)

I2 +R2 σ2
3 + C2σ2

4

2(I +R+ C)2

]

dt

−
1

I +R+ C

[

σ2 I dW2(t) +
S I(t− κ)

φ(I)
dW5(t) + σ3 R dW3(t) + σ4 C dW4(t)

]

6

{

β −
1

(I +R+ C)2

[(

γ + α+
σ2
2

2
+

σ2
5

2

)

I2 +

(

γ + δ +
σ2
3

2

)

R2 +

(

γ + η +
σ2
4

2

)

C2

]}

dt

−
1

I +R+ C

[

σ2 I dW2(t) +
S I(t− κ)

φ(I)
dW5(t) + σ3R dW3(t) + σ4 C dW4(t)

]

6

{

β −
1

(I +R+ C)2

[(

γ + α+
σ2
2

2
+

σ2
5

2

)

∧

(

γ + δ +
σ2
3

2

)

∧

(

γ + η +
σ2
4

2

)

×
(

I2 +R2 + C2
)

]}

dt

−
1

I +R+ C

[

σ2 I dW2(t) +
S I(t− κ)

φ(I)
dW5(t) + σ3R dW3(t) + σ4 C dW4(t)

]

6

{

β −

[(

γ + α+
σ2
2

2
+

σ2
5

2

)

∧

(

γ + δ +
σ2
3

2

)

∧

(

γ + η +
σ2
4

2

)

(

I2 +R2 + C2
)

]}

dt

−
1

I +R+ C

[

σ2 I dW2(t) +
S I(t− κ)

φ(I)
dW5(t) + σ3R dW3(t) + σ4 C dW4(t)

]

= Q (RE − 1) dt

−
1

I +R+ C

[

σ2 I dW2(t) +
S I(t− κ)

φ(I)
dW5(t) + σ3R dW3(t) + σ4 C dW4(t)

]

.

By integrating the preceding inequality from 0 to t, and dividing both sides by t, we achieve the
following result:

lnZ(t)

t
6 Q (RE − 1)−Ψ1(t), (5)

where

Ψ1(t) =
1

t

∫ t

0

1

I(s) +R(s) + C(s)

×

[

σ2I(s)dW2(s) +
S(s) I(s − κ)

φ(I)
dW5(s) + σ3 R(s) dW3(s) + σ4C(s) dW4(s)

]

.

By applying the strong law of large numbers to the Brownian motion [17] we obtain that, lim
t→∞

Ψ1(t) = 0

a.s., which indicates lim
t→∞

I(t) = R(t) = C(t) = 0 a.s., when RE < 1.

From the model (1), we arrive at

dM(t) = (η − ηX(t)) dt− σ1 S(t) dW1 − σ2 I(t) dW2 − σ3 R(t) dW3 − σ4C(t) dW4. (6)

Taking the integration of (6), from 0 to t, one gets

〈M(t)〉 = 1 + Ψ2(t), (7)

where

Ψ2(t) =
1

η

[

1

t
M(0)−

1

t
M(t)−

σ1
∫ t

0 S(s) dW1(s)

t

−
σ2
∫ t

0 I(s) dW2(s)

t
−

σ3
∫ t

0 R(s) dW3(s)

t
−

σ4
∫ t

0 C(s) dW4(s)

t

]

.

Thus, we have lim
t→∞

Ψ2(t) = 0 a.s., then lim
t→∞

〈S(t)〉 = 1 a.s. This completes the proof of Theorem 2. �
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4. The existence of unique ergodic stationary distribution

Our interest is the study of the epidemic dynamical system when the disease persists and prevails in
the host population. In this section, we show that the system has a stationary distribution using the
Khasminskii’s theory [18].

Lemma 1 (Ref. [18]). If a bounded domain D ⊂ R
d with a regular boundary Γ exists, then the

Markov process X(t) will has a unique ergodic stationary distribution π(·), and

1) A positive number exists K such that
∑d

i,j=1 aij(x) νi νj > K|ν|2, x ∈ D, ν ∈ R
d.

2) A non-negativeC2-function V exists such that LV is negative in R
d\D.

Then

Px

{

lim
T→∞

1

T

∫ T

0
f(X(t)) dt =

∫

Rd

f(x)π(dx)

}

= 1,

for all x ∈ R
d, where f(·) is an integrable function with respect to the measure π.

The stochastic model’s reproduction number is defined by:

Rs =
γβ2δ(1 − µ)

(

γ +
σ2
1

2 +
σ2
5

2

)(

γ + α+
σ2
2

2 +
σ2
5

2

)(

γ + δ +
σ2
3

2

)(

γ + η +
σ2
4

2

) .

Theorem 3. If Rs > 1, then the solution X(t) = (S(t), I(t), R(t), C(t)) of system (1) is ergodic and
has a unique stationary distribution.

Proof. Let Z = S + I +R+ C. The diffusion matrix of the model (1) is given below:

A =













σ2
1S

2 + σ2
5

(

SI
φ(I)

)2
−σ2

5

(

SI
φ(I)

)2
0 0

−σ2
5

(

SI
φ(I)

)2
σ2
2I

2 + σ2
5

(

SI
φ(I)

)2
0 0

0 0 σ2
3R

2 0
0 0 0 σ2

4C
2













.

By choosing

K = min
X∈D̄⊂R

4
+

{

σ2
1S

2 + σ2
5

(

SI

φ(I)

)2

, σ2
2I

2 + σ2
5

(

SI

φ(I)

)2

, σ2
3R

2, σ2
4C

2

}

,

one gets for all X ∈ D̄, and ν = (ν1, ν2, ν3, ν4) ∈ R
4
+ that

4
∑

i,j=1

aij(X) νi νj =

(

σ2
1S

2 + σ2
5

(

SI

φ(I)

)2
)

ν21 +

(

σ2
2I

2 + σ2
5

(

SI

φ(I)

)2
)

ν22

+ σ2
3R

2ν23 + σ2
4C

2ν24 − 2σ2
5

(

SI

φ(I)

)2

ν1 ν2

> K|ν|2,

Thus, the first condition of Lemma 1 is satisfied.
Let us C2-function V : R4

+ → R is in the following form

V (X) = M

(

−c1 lnS − c2 ln I − c3 lnR− c4 lnC + β

∫ t+κ

t

I(t− κ) ds

)

+
1

θ + 1
(S + I +R+ C)θ+1 − lnS − ln I + β

∫ t+κ

t

I(t− κ) ds− lnR− lnC

= MΥ1 +Υ2 +Υ3 +Υ4 +Υ5 +Υ6,

where cj, j = 1, . . . , 4 are positive constants that will be specified later. θ is a constant satisfying
1 < θ < 2γ

σ2
1
∨σ2

2
∨σ2

3
∨σ2

4
∨2σ2

5

, a ∨ b = max{a, b}, and M > 0 satisfies

−Mλ+G 6 −2, (8)
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where λ = 4γ
[

R
1

4
s − 1

]

> 0, and

G = sup
X∈R4

+

{

−
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Iθ+1

+4γ + 2βI + α+ δ + η +B +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

}

. (9)

and

B = sup
X∈R4

+

{

γ(S + I +R+ C)θ −
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

× (S + I +R+C)θ+1

}

< ∞.

(10)
It can be easily verified that

lim inf
k→∞,X∈R4

+
\Dk

V (X) = ∞,

where Dk =
(

1
k
, k
)

×
(

1
k
, k
)

×
(

1
k
, k
)

×
(

1
k
, k
)

. Furthermore, V (X) is a continuous function, that
must have a minimum point V (X(0)) in the interior of R4

+. Then, the C2-function V : R4
+ → R+ is

non-negative and defined as follows

V(X) = V (X) − V (X(0))

= MΥ1 +Υ2 +Υ3 +Υ4 +Υ5 +Υ6 − V (X(0)), (11)

where

Υ1 = −c1 lnS − c2 ln I − c3 lnR− c4 lnC + β

∫ t+κ

t

I(s− κ) ds,

Υ2 =
1

θ + 1
(S + I +R+ C)θ+1 =

Zθ+1

θ + 1
, Υ3 = − lnS,

Υ4 = − ln I + β

∫ t+κ

t

I(s− κ) ds, Υ5 = − lnR, Υ6 = − lnC,

The application of Itô’s lemma to various Υj (j = 1, 2, . . . , 6) provides that

LΥ1 = −c1
γ

S
+ c1γ + c1β

I(t− κ)

φ(I)
− c1η

C

S
+ c1

σ2
1

2
+ c1

σ2
5

2

(

I(t− κ)

φ(I)

)2

− c2β
SI(t− κ)

φ(I)I
− c2µβC − c2(γ + α) + c2

σ2
2

2
+ c2

σ2
5

2

(

SI(t− κ)

φ(I)I

)2

− c3(1− µ)β
CI

R
− c3α

I

R
+ c3(γ + δ) + c3

σ2
3

2

− c4δ
R

C
+ c4βI + c4(γ + η) + c4

σ2
4

2

6 −

(

c1
γ

S
+ c2β

S

φ(I)
+ c3(1− µ)β

CI

R
+ c4δ

R

C

)

+ c1

(

γ +
σ2
1

2
+

σ2
5

2

)

+ c2

(

γ +
σ2
2

2
+

σ2
5

2

)

+ c3

(

γ + δ +
σ2
3

2

)

+ c4

(

γ + η +
σ2
4

2

)

+ β (c1 + c4) I,

6 −4
[

c1c2c3c4γβ
2δ (1− µ)

]
1

4 + β (c1 + c4) I + c1

(

γ +
σ2
1

2
+

σ2
5

2

)

+ c2

(

γ +
σ2
2

2
+

σ2
5

2

)

+ c3

(

γ + δ +
σ2
3

2

)

+ c4

(

γ + η +
σ2
4

2

)

.

Now, taking cj (j = 1, . . . , 4) such that

c1

(

γ +
σ2
1

2
+

σ2
5

2

)

= c2

(

γ +
σ2
2

2
+

σ2
5

2

)

= c3

(

γ + δ +
σ2
3

2

)

= c4

(

γ + η +
σ2
4

2

)

= γ,
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then

LΥ1 6 −4γ







[

γβ2δ (1− µ)
(

γ +
σ2
1

2 +
σ2
5

2

)(

γ +
σ2
2

2 +
σ2
5

2

)(

γ + δ +
σ2
3

2

)(

γ + η +
σ2
4

2

)

]
1

4

− 1







+ β (c1 + c4) I

= −λ+ β (c1 + c4) I; (12)

LΥ2 = Zθ[γ − γZ] +
θ

2
Zθ−1

[

σ2
1S

2 + σ2
2I

2 + σ2
3R

2 + σ2
4C

2 + 2σ2
5

(

SI

φ(I)

)2
]

6 Zθ[γ − γZ] +
θ

2
Zθ+1

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

6 γZθ − Zθ+1

[

η −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

6 B −
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Zθ+1

6 B −
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 +Rθ+1 + Cθ+1
)

, (13)

where B is defined by (10).

LΥ3 = −
γ

S
+ γ + β

I(t− κ)

φ(I)
− η

C

S
+

σ2
1

2
+

σ2
5

2

(

I(t− κ)

φ(I)

)2

(14)

LΥ4 = −β
SI(t− κ)

φ(I)I
− µβC − (γ + α) +

σ2
2

2
+

σ2
5

2

(

SI(t− κ)

φ(I)I

)2

(15)

LΥ5 = − (1− µ)β
CI

R
− α

I

R
+ (γ + δ) +

σ2
3

2
(16)

LΥ6 = −δ
R

C
+ βI + (γ + η) +

σ2
4

2
(17)

From (14)–(17) one gets:

LV 6 −Mλ+Mβ (c1 + c4) I −
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 +Rθ+1 + Cθ+1
)

−
γ

S
+ 4γ − η

C

S
− β

SI(t− κ)

φ(I)
− µBC − (1− µ)β

CI

R
− α

I

R

− γ
R

C
+ 2βI + α+ δ + η +

σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)
.

The bounded close set is defined by

D =

{

X ∈ R
4
+ : ε1 6 S 6

1

ε1
, ε2 6 I 6

1

ε2
, ε3 6 R 6

1

ε3
, ε4 6 C 6

1

ε4

}

,

where εj > 0 (j = 1, 2, 3, 4) are sufficiently small constants satisfying the following conditions

max

{

−
γ

ε1
,−α

ε2

ε3
,−γ

ε3

ε4

}

+ F 6 −1, (18)

−Mλ+Mβ (c1 + c4) ε2 +G 6 −1, (19)

−
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

1

εθ+1
1

+H 6 −1, (20)

−
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

1

εθ+1
2

+ J 6 −1, (21)

−
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

1

εθ+1
3

+K 6 −1, (22)

−
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

1

εθ+1
4

+ L 6 −1, (23)
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where

F = sup
X∈R4

+

{

Mβ (c1 + c4) I +B −
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 +Rθ+1 + Cθ+1
)

+ 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

}

,

H = sup
X∈R4

+

{

Mβ (c1 + c4) I +B −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Sθ+1

−
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Iθ+1 +Rθ+1 + Cθ+1
)

+ 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

}

,

J = sup
X∈R4

+

{

Mβ (c1 + c4) I +B −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Iθ+1

−
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 +Rθ+1 +Cθ+1
)

+ 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

}

,

K = sup
X∈R4

+

{

Mβ (c1 + c4) I +B −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Rθ+1

−
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 + Cθ+1
)

+ 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

}

,

L = sup
X∈R4

+

{

Mβ (c1 + c4) I +B −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Cθ+1

−
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 +Rθ+1
)

+ 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

}

,

To complete the proof, we must demonstrate that LV 6 −1 for any X ∈ R
4
+\D = R

4
+\ ∪

8
i=1 Di, where

D1 =
{

X ∈ R
4
+ : 0 < S < ε1

}

, D2 =
{

X ∈ R
4
+ : 0 < I < ε2

}

,

D3 =
{

X ∈ R
4
+ : 0 < R < ε3, I > ε2

}

, D4 =
{

X ∈ R
4
+ : 0 < C < ε4, R > ε3

}

,

D5 =

{

X ∈ R
4
+ : S >

1

ε1

}

, D6 =

{

X ∈ R
4
+ : I >

1

ε2

}

,

D7 =

{

X ∈ R
4
+ : R >

1

ε3

}

, D8 =

{

X ∈ R
4
+ : C >

1

ε4

}

.

Case 1: For all X ∈ D1,

LV 6 −
γ

S
−

1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 +Rθ+1 +Cθ+1
)

+Mβ (c1 + c4) I +B + 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

6 −
γ

S
+ F

6 −
γ

ε1
+ F 6 −1,

which is obtained from (18). Therefore, LV 6 −1 for any X ∈ D1.

Mathematical Modeling and Computing, Vol. 11, No. 1, pp. 84–95 (2024)



92 Ben Lahbib A., Azrar L.

Case 2: For all X ∈ D2,

LV 6 −Mλ+Mβ (c1 + c4) I −
1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Iθ+1

+B + 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

6 −Mλ+Mβ (c1 + c4) I +G

6 −Mλ+Mβ (c1 + c4) ε2 +G 6 −1,

which is obtained from (19). Then, LV 6 −1 for any X ∈ D2.
Case 3: For all X ∈ D3,

LV 6 −α
I

R
−

1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 +Rθ+1 + Cθ+1
)

+Mβ (c1 + c4) I +B + 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

6 −α
I

R
+ F

6 −α
ε2

ε3
+ F 6 −1,

which is obtained from (18). Thus, LV 6 −1 for any X ∈ D3.
Case 4: For all X ∈ D4,

LV 6 −γ
R

C
−

1

2

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 +Rθ+1 + Cθ+1
)

+Mβ (c1 + c4) I +B + 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

6 −γ
R

C
+ F

6 −γ
ε3

ε4
+ F 6 −1,

which is obtained from (18). So that, LV 6 −1 for any X ∈ D4.
Case 5: For all X ∈ D5,

LV 6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Sθ+1 +Mβ (c1 + c4) I

−
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Iθ+1 +Rθ+1 + Cθ+1
)

+B + 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Sθ+1 +H

6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

1

εθ+1
1

+H 6 −1,

which is obtained from (20). Thereby, LV 6 −1 for any X ∈ D5.
Case 6: For all X ∈ D6,

LV 6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Iθ+1 +Mβ (c1 + c4) I

−
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 +Rθ+1 + Cθ+1
)

+B + 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)
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6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Iθ+1 + J

6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

1

εθ+1
2

+ J 6 −1,

which is obtained from (21). Therefore, LV 6 −1 for any X ∈ D6.
Case 7: For all X ∈ D7,

LV 6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Rθ+1 +Mβ (c1 + c4) I

−
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 + Cθ+1
)

+B + 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Rθ+1 +K

6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

1

εθ+1
3

+K 6 −1,

which is obtained from (22). Then, LV 6 −1 for any X ∈ D7.
Case 8: For all X ∈ D8,

LV 6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Cθ+1 +Mβ (c1 + c4) I

−
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

(

Sθ+1 + Iθ+1 +Rθ+1
)

+B + 4γ + 2βI + α+ δ + η +
σ2
1 + σ2

2 + σ2
3 + σ2

4

2
+

σ2
5

2

I2 + S2

φ2(I)

6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

Cθ+1 + L

6 −
1

4

[

γ −
θ

2

(

σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ 2σ2
5

)

]

1

εθ+1
4

+ L 6 −1,

which is obtained from (23). So, LV 6 −1 for any X ∈ D8.
Obviously, the second condition of Lemma 1 is satisfied. The system (1) is then ergodic and has a

unique stationary distribution. �

5. Numerical results and discussion

This section is devoted to numerical simulations of the considered stochastic SIRC epidemic model
in order to use the theoretical results obtained above and to give an insight in the understanding of
the real-world dynamics. The numerical solution of the system (1) is simulated by using the Euler–
Maruyama method [19, 20]. By discretizing the time interval into 100 equidistant time steps, we
simulate the system (1) with specified parameters, initial conditions and that incidence function Φ(I) =
1 + I2.

The sample paths (solid lines) of Figure 1 present the dynamics of susceptible S(t), infected I(t),
recovered R(t) and cross-immune C(t), which show that if the threshold RE < 1, then the epidemic
disease will go to extinct, and if the value Rs > 1, then the stochastic model has a unique ergodic
stationary distribution in Figure 2. The corresponding mean of each group (dashed lines) is obtained
by using Monte Carlo method with 10000 solutions of the considered stochastic SIRC in the case of
disease extinction and stationary distribution.
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Fig. 1. Path solution and the corresponding mean of
10000 solutions of the stochastic SIRC model in the

case of disease extinction.

Fig. 2. Path solution and the corresponding mean of
10000 solutions of the stochastic SIRC model in the

case of stationary distribution.
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Fig. 3. The Kdensity based on 10000 sim-
ulations for Infected population at time t =

100 with different incidence functions.

In Figure 3, we compare the Kdensity of infected indi-
viduals I(t) by using three different nonlinear functions.

6. Conclusion

Based on the deterministic analysis of SIRC epidemic
model, the stochastic version is improved by incorporat-
ing white noise type of stochastic perturbation factors. We
also combined time delay and nonlinear incidence function
βS(t) I(t−κ)

φ(I(t)) to describe the mechanisms of transmission of
the disease.

The considered stochastic SIRC epidemic model with
time delay and nonlinear incidence is investigated theo-
retically and numerically. The Lyaponov analysis method
is used to prove the existence and uniqueness of the solu-

tion. Moreover, the sufficient conditions for extinction and the existence of stationary distribution are
obtained. Numerical procedures are also elaborated allowing to study the stochastic dynamic SIRC
behavior. The effects of time delay, nonlinear incidence and intensity of withe noise can be analyzed.
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Вплив часової затримки та нелiнiйної захворюваностi на
стохастичну модель епiдемiї SIRC

Бен Лахбiб А., Азрар Л.

Науковий центр STIS, M2CS, кафедра прикладної математики та iнформатики,

ENSAM, Унiверситет Мохаммеда V, Рабат, Марокко

У цiй статтi подано теоретичнi та чисельнi дослiдження стохастичної моделi епiдемiї
SIRC iз часовою затримкою та нелiнiйною частотою. Доведено iснування та єдинiсть
глобального додатного розв’язку. Використано метод аналiзу Ляпунова для отриман-
ня достатнiх умов iснування стацiонарного розподiлу та зникнення хвороби за певних
припущень. Також здiйснено чисельне моделювання для розглянутої стохастичної
моделi з метою пiдтвердження теоретичних висновкiв.

Ключовi слова: модель SIRC; стохастичний; часова затримка; функцiя Ляпуно-

ва; нелiнiйна захворюванiсть; стацiонарний розподiл.
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