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This paper focuses on the nonlinear anisotropic parabolic model of the form 9,C(u) —
div(AVu) + R(u) = f, where C, R, f, and A are respectively: two nonlinear functions, a
source term and an anisotropic tensor diffusion. For space discretization, various types of
the Discrete Duality Finite Volume (DDFV) scheme are elaborated leading to positive def-
inite stiffness matrices for the diffusion term. A general mesh is used and hard anisotropic
tensor with discontinuous effects is considered. An implicit time scheme is developed as
well as the Newton—Raphson method to solve the resulting nonlinear system. An iterative
incremental approach is elaborated handling the effects of anisotropy, discontinuity and
non-linearity. The performance of the presented direct and indirect DDFV schemes for
different meshes has been demonstrated by various numerical tests. A super-convergence
in the discrete L? and H'-norms is also demonstrated.
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1. Introduction

In this paper, the study and focus are on a finite volume method on the associated rectangular and
triangular meshes for a nonlinear parabolic diffusion-reaction problem (P) defined as follows:

0C(u) — div(A(z)Vu) + R(u) = f(x,t) on Qr = (0,T) x Q,
(P) = u(z,t) =0 on (0,7) x 09, (1)
u(x,0) = up(z) in Q.
Hypotheses (H)
H,: C is continuous and strictly increasing function with C'(0) = 0.
Hy: Vo € Q C R% VE € R? Apin|€)? < A(2)€ - € < Apmax€]? with 0 < Apin < Amax.
Hs: ug € L>®(9).
Hy: f e L>*(Qr).
Hj: we take the same assumption in [1] for the nonlinear function R.

The problem (P) arises in many scientific fields, such as flow in anisotropic porous media, plasma
physics, chemistry and reservoir simulations. The unknown function w and the function C' can represent
water pressure and water content respectively. The A matrix is a possibly anisotropic and heterogeneous
diffusion tensor. The function R represents chemical reactions, and f is the source term. In the
simulation of geological basins and reservoirs, the standard finite volume method cannot be applied,
as the orthogonality condition defined in |2] is not verified and the diffusion tensor may be anisotropic.
This is why many authors are interested in developing a finite volume method that handles anisotropic
effects, distorted meshes and non-linear effects. To take advantage of the cheap implementation of the
classical finite volume method, several contributions have analyzed the diffusion problem [3-5]. Several
numerical methods have been applied to the equation (1), for example the finite element method [6-§]
and the finite volume method [9-11].
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DDFV scheme for nonlinear parabolic reaction-diffusion problems on general meshes 97

In this work, the emphasis is on the DDFV (Discrete Duality Finite Volume) method introduced
for the Laplace equation in [12] and developed by numerous authors. In [13], it was proved that DDFV
is equivalent to a non-conforming finite element approach for the Laplace equation, for the diffusion
equation in the context of domain decomposition [14], the convection—diffusion problem [15,16], the
Maxwell’s equations [17], the Stokes and Navier-Stokes equation [18,19] and for linear or nonlinear
elliptic problems of the Leray—Lions type [20-22].

The DDFV method uses unknowns on the centers and at the vertices unlike classical finite volume
uses unknowns on the centers. With a larger number of unknowns, we can approximate the gradient
in the whole diamond [18], or in the half diamond [23] and on the quarter diamond [21].

On one hand, super-convergence is a common phenomenon in the finite volume method. Numerical
results can be found in [13] for the Laplace equation with a special refinement of triangular meshes.
General quadrilateral meshes with convex and concave elements for the diffusion equation, where the
diffusion tensor can be anisotropic and discontinuous, super-convergence is obtained in [23]. On the
other hand, in this paper, we will test the refinement strategy for rectangular mesh presented in [23],
for the nonlinear parabolic reaction-diffusion equation in rectangular and triangular associated meshes
using different DDFV schemes.

This document is structured as follows: First, we give some notations to clarify and simplify the
DDFV framework. In section 2, we will present different DDFV meshes with two ways of constructing
the dual mesh. The discrete gradient and the divergence operator in the half-diamond will also be
defined. Section 3 will focus on the approximation of equations (1), while in the discretization of space,
various DDFV schemes will be used and an implicit Euler time discretization will also be considered.
The last section is devoted to analyzing the accuracy of various DDFV schemes in several tests.
Different meshes with convex and concave elements, strongly anisotropic tensor diffusion, discontinuous
and nonlinear effects will be taken into account. The resulting nonlinear system is solved using the
Newton—Raphson method.

Remark 1. The weak solution of the problem (P) is presented in [1|, with some assumptions for the
function R and here the same proof for uniqueness in [24] can be adapted.

Notations
e ri: centroid of K. e mp: the measure of the diamond Dy o+ .
e o: primal edge. e ©: set of all diamonds.
e zjc+: center of *. e D ={Dyor €D,0 € &}
e my: measure of K. ¢ Dy = {Dy o € D,0% € Ec-}.
e &: set of edges of the primal mesh o of — ;I/*C or (;i’ with ‘;IV*C = [zk,2s] and
e it set of interior edges of the primal mesh. ;i = [0, 22).
® Eext: set of boundary edges of the primal mesh. | ax or ag: angle between ¢ and o in 0, 2].
: fr’f:: Sleeilg‘fhe((i)%e;. of k. ° 35~ : set of all half-diamonds.
. xlé’ centroid of e D or Dy x: half-diamond associated with the
e o*: dual edge. polygon K. _ ~
e myc+: measure of C*. ¢ g’c* - {?U’K GP’ ok € &
e £*: set of edges of the dual mesh. ° E’C ={Pox €D,0 €&}
o kv set of edges of K* € M*. ° n(}i:,lc*: the unit normal to of.. outwards KC*.
o &, : set of interior edges of the dual mesh. ° ﬁa,zv’c the unit normal to ;zv* outwards /C*.

e 1,+«: middle point of the edges o*.

® my+: length of o*.

° ﬁo,;c: the unit normal to o outwards .

° WU*,K*: the unit normal to o* outwards IC*.

e D set of boundary diamonds.
e Di,i: set of interior diamonds.
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98 Bazirha Z., Azrar L.

2. DDFV framework
2.1. DDFV meshes

Discretization in context of DDFV requires three meshes: A primal mesh denoted by M is a set of the
union disjoint polygon X recover the whole domaine  such as: Q = LxeokK and V K, £ LNK=go
with K and £ are neighboring volumes. For given polygons K is not necessary convex and the center
of gravity maybe outside of K, so we choose zx be inside K (case: concave quadrilateral element [23]).
We note by 0 = K|L = (xzx*,xr+) € Ent the internal edges of primal mesh, otherwise o € ey if
o € 082 is boundary primal edges.

The dual mesh will be constructed in two ways. The first way is by joining all centroid xx directly
as presented in Figure 1. Second way is by connecting the centroid xx with midpoints of each primal
edge o of K denoted by x, see Figure 2, where x, = 0 N¢™* in the first case. We designate by M* the
dual mesh in two cases. By the same way o* = K*|L* = (zk,zz) € &, is the internal edges of the
dual mesh.

The quadrilateral diamond cell D or D, 5+, defined by the primal edge o and the dual edge o* which
are here diagonal. The vertices of D, o+ are (rx,zz, Ti+, xc+). Note that the diamond is the union of
the disjoint triangles (xx, zxc, 2 c) and (xg,g:;o,xg*) see Figures 1-2, the two triangles construct the
two half-diamond such as: Dy o« = Dy U Dy . Furthermore, if 0 € Eqy, the quadrilateral Dy o+ is
degenerate and becomes a triangle as presented in Figure 3. The set of all diamond and half-diamond
are denoted respectively by ® and ® such as:

,,,,,,,,,,,,, Diamond mesh
Direct dual mesh
-~ Primal mesh

,,,,,,,,,,,,, Diamond mesh
Indirect dual mesh
- Primal mesh

Fig. 1. DDFV meshes with direct way to construct Fig.2. DDFV meshes with indirect way to con-
the dual mesh. struct the dual mesh.

diamond cell

Fig. 3. Boundary meshes. Fig. 4. Notations for two half-diamonds.

The approximate solution u” is defined as u”7 € R7 < u” = ((uic)cem, (U )icrer= ).

Such as:

1 1
uK = —/ u(z)dr and wuix = / u(z) dzx.
’C *

 mk mic
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2.2. Discrete operators in the half-diamond
We define the discrete gradient in half-diamond as follow:

) 1 (us — ux) (uge — uk~)
VP = z n = " ln— .,
o U Sin(Oé]C) ( m—~ o e My oK )
K
where
2mp = MMz sm(a;g) (2)

Using (2) (see Figure 4) we will give an explicit expression for the discrete gradient and divergence in

the half-diamond:

Definition 1 (Discrete gradient on half-diamond). Let ul € RT, we assume
(VD T)5._= and we define the discrete gradient as follows: V®: R7T s (R?)® such as on the half-

VouT =

DeD
diamonds DU;C and Dgg are defined by:
1
V u” 7<mu—un + m—~(ugx — ug+)n *)
oL 2 X mp, oo = ug)mor +me (ugs —u )=
VU ,Cu # <mg(ug —u)Ng i+ m= (ups — ugs)n -+ > .
2 % mg . ’ I T K
Remark 2. mgng- o = MmN e T M N
T e K:*y C* C*’

Definition 2 (Discrete divergence on half-diamond). The discrete divergence operator is defined
as follows:

div (V9 Ty = <d1v (VﬁuT),divmn(VﬁuT),divm*(vﬁuT),divagm*(vﬁuT»

with div™(V2uT) = (divi(VOuT)) div?(VOuT) = 0, div™ (VOuT) = (divic- (V2uT))

xem’ Cremm=’
div?™ (VOuT) = (divie- (V2uT)) ,C*Em*,

VK em  dive(V2u”) Z me VP u” - ng,

UE&'}C
. = 1
* xint . D, T\ _ —
VIC* ¢ M le}C*(V u )_m’C* *ZC; ( J,Cu n% +m Vaﬁu n02*7lc*>a
ag JC*

~ 1 ~ ~
* xext . D, T\ _ D T D T . o
VK" e divie« (V7u’ ) = - ( E <m07<* A N e + mo_z*vmﬁu naz*’,c*>

U*Eglc* no

3. DDFV schemes for parabolic reaction-diffusion equation

The discrete duality finite volume procedure will be applied to the nonlinear parabolic reaction-diffusion
equation (1). Each term will be discretized in time and space.

3.1. Approximation of the diffusion term
By integrating the diffusion term over K and applying Green’s formula, lead to:

—/ div(AVu(z)) dx = — AVu(s) - ngyx ds
K oK
=— Z /AVu ) - ng i ds.
o€
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The primal flux —AVu(s) - ny i is approximated by:
—AD"”CV;DJCUT Nk = a}c (ug — ug) + b;c (uc —ugx),

where

Aﬁa,X — 1

A(z)dxr with X € {K,L}.

mDUVX DU,X
Integrating now over K* leads with the same way to:

—/ div(AVu(z)) de = — AVu(s) - ng« gds
* 8’C*
= — Z / Avu cNg* ]C*ds
O'ESK*

For the dual flux —AVu(s) - nge= g+ can be approximated by
- Z maAD“v"V?’XuT Mg e = (che + ) (ucr — ugx) + bic(ux — ug) + b (uy — ug),

XxXe{K,L}
such that

i Aﬁa,X

Ay = 53xm=~ MeMeNo K - No K,

~D0',X

biy = 522 moman o . n with X € {K, L}
X 2><m5026 o UX *,IC* o,KC) ) )

cl, = ADim m-~mn-— n-—
X 2><m50,)( oy o X*,IC* X*’K*’

Uy is located at the point z, (x, is the middle point of the edges o in this case).
Using the continuity condition at o: —AD“vazKUT “Ne g = ADJvCV(gﬁuT ‘Mg, leads to the
following expression of u,:
aluc +abus bl — bl
ug = KT —FF + £ (ugs —ugr).
ap +a, a,C + al T

The local stiffness matrix of the diffusion problem can be written as follows:

- i i
a,cac a)cb£+a£b

Dlpc _ al+a’. a}C+a£ o | = qll qz2.
i = | agbbtatby (bi-b? | T\ gt 4 )
aK+a Ci + c£ al tar 2 43

Where D%OC is calculated for a D € Djy, and if D € Deyy the contribution D%OC is defined as follow:

Dl-OC . (CLIC bl > <Q1 q%) )
' bk i 4 qs

By assembling these local contributions, we obtain a global stiffness matrix denoted by D;.
If we suppose that the unknown u, is located at the point of intersection between o and ¢*, and we
replace n_— ,., by ng« g+ in the formulas of bgg and ng, where X € {K, L}, we obtain the following
X*0

expressions:
D

d _ Ao, X

b/\/ = Ixm~ MM 5 N K* * Mo Ky
Da X X

d APo,x with X .

Cx = Bimgy Moy, Mgy, o™ K - Mo K €Ll
D, x x

d

a% = aly,

Using the continuity condition at ¢ in the same way, we obtain the following explicit expression for u,:

d d d d
Uy = v — + = 7 (s —ugx).
aj +ar aig +ar
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If D € ®jnt, the expression for the local stiffness matrix of the diffusion problem is given by

z(ai%adcd ad,cb%—i-aﬁbd qd qd
+a al.tad 1 2
Dloc: a KTaL =
agblrafnt g 0" (bEowir | T g g
agtar K N af+af

For D € D the contribution D}ioc is

Dloc _ <a% b%) — <Qg Qg>
b o) \&8 ¢
By assembling the contribution of Diloc for all the diamonds, we obtain the global stiffness matrix

denoted Dj.

Remark 3. Two matrices D; and D, are symmetric and positive definite as motioned and proved
in [25].

3.2. Approximation to other terms

Our problem is time-dependent, so the discretization of the time interval [0, T is needed and given by
0<t' <...<tV =T. The time step 6t is supposed uniform such that t"** — t" = §t. The first step
consists in integrating each equation of problem (P) over Jt*,t" 1] x K:

J.

tn+1

/ 0,C (u(z, 1)) de dt ~ m(CE — CF) with O = O(uH),

/t
tn+1
/t\

/ div(AVu) dz dt = Z /

tn+1

/f x,t) dxdt ~ St mi f"Jr1

/ R(u(z,t)) dz dt ~ dtmy R,
K

tn+1

.

/AVu N e dodt ~ 0t (¢f (u — uft™) + g (ut! — i) with 2 € {4,d}.

with

These approx1mat10ns lead to the following expression:

m(CE = Cp)
5t +

tn+1

Z Fomye R%H = myg ,2“, Vn > 0.
DG,G*EDK
Using the same steps and integrating over ]#", " 1] x K£* lead to
myc-(Ct — C.)
ot

+ Z Fc’ffl + my R"+1 micx ,@;H, Yn > 0.
DU,U*EQK*
Thus, the numerical scheme for the problem (P) is
mi(CE — CR)
ot "

> FM v mi R =me [t VK EM, Wn =0,
Do’ €DK
mycx (C;é* C’C*)
5t

+ Y PR e R = mge S VKT e ME, Wi >0,

DO’ o* GZD)C*
where FP1 = ¢F (uit!h — ™) + g (ut! — ui) and FI = g (upt™ — o) + g8 (updt — i,
x € {i,d} indicate that we use direct or indirect dual meshes For the direct dual mesh, the scheme
will be noted D-DDFV and for indirect will be it denoted by I-DDFV.
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Fig.6. Used triangular meshes.

4. Numerical results

In this section, errors and convergence rates in several numerical tests with known analytical solution
are used to analyze the accuracy of the elaborated DDFV methodological approach. This method has
been developed on general convex and concave quadrilateral meshes and associated triangular meshes.
The discrete norms L2, H' and the convergence rate are defined as follows:

1/2
ER,L2 = ( Z m;duexact(x/c,T) — u(x;c,T)|2 =+ Z mK*|Uexact(l‘}C*7T) — U($[C*,T)|2) s

KeMm KxeM*
- N 1/2
ERpg1 = ( Z mp|(V?’L +V2K)(uexact(mK,T) —u(x;c,T))|2) ,
'DU’U*EQ
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_log((ERx)i/(ERx)i-1)
Oftx = log((0n)i/(dn)i-1)

where T is the final time, (dp,); and (dp);—1 corresponding the sizes of two successive meshes.

A numerical code was developed in Matlab to generate the convex and concave meshes shown in
Figures 5a—5d. To analyze the errors and convergence rates in several numerical tests the quadrilateral
meshes in Figures 50-5d are refined with the procedure presented in [23]. The associated triangular
meshes are obtained by dividing each quadrilateral element into four triangles, as shown in Figures 6a—
6¢. In all tests, the expression of the nonlinear function C'is C'(u) = u®+u. For the exact solution u, the
diffusion tensor A and the nonlinear function R will be given in each test. For the Dirichlet boundary
data, initial condition ug(x) and the source term f are determined accordingly. The computational
domain in this work is fixed to the unit square Q = [0,1]2. The time discretization ¢ is equal to
T x (6,)%, where &, is space discretization such that &), = magx my. The number of unknowns denoted

with X € {ERHl,ERLz},

by N is calculated as follow: N; = number of cells + nurrirlfer of interior dual cells.

The resulting nonlinear system from the numerical scheme can be expressed like F(U*) = 0. Other-
wise, the resolution of the nonlinear system by Newton—-Raphson method, require to find the solution
of the linear system of the form:

J(UR)sU* = —F(U"),
where §U* = U1 — U* and the Jacobian matrix is J(U¥). The stopped criterion is chosen as follows
|6U%|| <1078,

Based on the presented methodological approach a numerical code has been elaborated for anisotropic
media and various nonlinear function R and C. Various direct and indirect DDFV meshes may be used.

4.1. Test 1
In the first test, a non-polynomial function is considered for the exact solution with expression:
u(z,y,t) = (1 + cos(wz))(5t) also taken in [26], with the tensor diffusion, reaction term and final

time are respectively:

Mo = (% j0) A=,
The mesh in Figure 5a is obtained by a smooth transformation of the square mesh and the numerical
results in this mesh and it is associated triangular mesh presented in Figure 6a are shown in Tables 1
and 2. These tables show the second-order convergence rates in discrete L?-norm and greater than
1.7 in the discrete H'-norm for the two schemes. The rate of convergence in the discrete H'-norm
on the triangular mesh is slightly greater than that on the rectangular mesh, as shown in Tables 3—4.
For linear diffusion equation, the D-DDFV scheme is the first-order in the discrete L?-norm in a mesh
providing a concave diamond element such as the meshes in Figures 5b and 6b [23|. In contrast, in the
Tables 3 and 4, both schemes retain the second-order convergence in the discrete L?-norm. This may
be due to the nonlinear effects.

and T =0.2.

Table 1. Test 1: Rate of convergence and errors in rectangular meshes Rg.

Scheme 5}1 N] ERLz ERHl ORLz ORHl
0.5312 | 41 | 2.212e-01 | 1.517e+00 - -

LLDDFV 0.3073 | 145 | 6.065e-02 | 5.715e-01 | 2.3635 || 1.7837
0.1648 | 545 | 1.542e-02 | 1.838e-01 | 2.1968 || 1.8201
0.0837 | 2113 | 3.781e-03 | 5.273e-02 | 2.0398 || 1.8422
0.5312 | 41 | 2.169e-01 | 1.606e+00 - -
0.3073 | 145 | 5.994e-02 | 6.110e-01 | 2.3494 || 1.7656

D-DDEV 0.1648 | 545 | 1.528e-02 | 1.893e-01 | 2.1928 || 1.8798
0.0837 | 2113 | 3.837e-03 | 5.339e-02 | 2.0391 || 1.8676
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Table 2. Test 1: Rate of convergence and errors in triangular meshes Ts.
Scheme 5h N[ ERLz ERH] ORLz ORH]
0.5312 | 105 | 2.011e-01 | 1.750e+00 - -
I.DDFV 0.3073 | 401 | 5.717e-02 | 6.572e-01 | 2.2978 || 1.7896
0.1648 | 1569 | 1.461e-02 | 2.018e-01 | 2.1892 || 1.8946
0.0837 | 6209 | 3.674e-03 | 5.617e-02 | 2.0366 || 1.8868
0.5312 | 105 | 2.572e-01 | 1.604e+00 - -
0.3073 | 401 | 6.987e-02 | 5.998e-01 | 2.3485 || 1.7964
D-DDFV 0.1648 | 1569 | 1.797e-02 | 1.900e-01 | 2.1768 || 1.8443
0.0837 | 6209 | 4.528e-03 | 5.432e-02 | 2.0351 || 1.8476
Table 3. Test 1: Rate of convergence and errors in rectangular meshes Rop.
Scheme 5}1 N] ERL2 ERHI ORLz ORHI
1.1700 | 41 1.743e-01 | 2.378e+00 - -
LDDEFV 0.5850 | 145 | 4.822e-02 | 7.847e-01 | 1.8537 || 1.5999
0.2925 | 545 | 1.299e-02 | 2.597e-01 | 1.8921 || 1.5952
0.1463 | 2113 | 3.318e-03 | 7.625e-02 | 1.9693 || 1.7680
1.1700 | 41 2.184e-01 | 1.896e+00 - -
0.5850 | 145 | 5.300e-02 | 7.105e-01 | 2.0427 || 1.4158
D-DDFV 0.2925 | 545 | 1.350e-02 | 2.392e-01 | 1.9733 || 1.5706
0.1463 | 2113 | 3.396e-03 | 7.389e-02 | 1.9907 || 1.6948
Table 4. Test 1: Rate of convergence and errors in triangular meshes T¢p.
Scheme 5h N[ ERL2 ERHI ORL2 ORHl
1.1700 | 105 | 2.638e-01 | 3.909e+-00 - -
L.DDFV 0.5850 | 401 | 6.940e-02 | 1.120e+00 | 1.9263 || 1.8026
0.2925 | 1569 | 1.765e-02 | 2.915e-01 | 1.9755 || 1.9424
0.1463 | 6209 | 4.428e-03 | 8.124e-02 | 1.9947 || 1.8431
1.1700 | 105 | 2.591e-01 | 2.177e+00 - -
0.5850 | 401 | 6.911e-02 | 8.564e-01 | 1.9062 || 1.3460
D-DDFV 0.2925 | 1569 | 1.763e-02 | 2.633e-01 | 1.9707 || 1.7018
0.1463 | 6209 | 4.429e-03 | 7.624e-02 | 1.9932 || 1.7879
4.2, Test 2

The test presented in [27], is also considered herein for comparison. On the other hand, we take
T = 0.25. Where the tensor diffusion is:

The exact solution:

where \; = ﬁ and Ay =

L
16’

u(z,y,t) =

= (9

0
0.1)"

)\1(1‘ — 0.5)2 + )\g(y — 0.5)2

1—t¢
reaction term is R(u) = sin(u).

The considered exact solution is polynomial with nonlinear function in time ¢. Highly anisotropic
tensor diffusion and very skewed mesh are considered herein. In triangular meshes the Figures 7a and
7b present solution profile by two schemes, and the obtained results are well compared to the exact
solution as presented in Figure 7c. On the other hand, the refinement procedure presented in [23]
allows us to obtain super-convergence in the discrete norms L? and H' without worrying about the
presence of non-convex control volumes in the coarse mesh presented in Figure 5¢ for the problem (P),
as shown in Tables 5 and 6. These tables also show that the order of convergence in the discrete
H'-norm for the I-DDFV scheme is slightly higher than for the D-DDFV scheme.

)
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Table 5. Test 2: Rate of convergence and errors in rectangular meshes R¢.

Scheme 5h N[ ERL2 ERH1 ORLz ORHl
0.9375 | 41 1.690e-02 | 2.885e-01 - -
0.4688 | 145 | 4.540e-03 | 1.279e-01 | 1.8958 || 1.1738

I-DDFV 0.2344 | 545 | 1.044e-03 | 5.304e-02 | 2.1208 || 1.2696
0.1172 | 2113 | 2.417e-04 | 1.929e-02 | 2.1104 || 1.4590
0.9375 | 41 1.688e-02 | 2.612e-01 - -

D-DDFV 0.4688 | 145 | 4.551e-03 | 1.145e-01 | 1.8910 || 1.1898

0.2344 | 545 | 1.046e-03 | 4.841e-02 | 2.1210 || 1.2420
0.1172 | 2113 | 2.426e-04 | 1.855e-02 | 2.1085 || 1.3840

Table 6. Test 2: Rate of convergence and errors in triangular meshes T¢.

Scheme 5}1 N[ ERLz ERHl ORLz ORHl
0.9375 | 105 | 8.673e-03 | 1.123e-01 - -
0.4688 | 401 | 1.891e-03 | 4.532e-02 | 2.1975 || 1.3089

I-DDFV 0.2344 | 1569 | 4.723e-04 | 1.736e-02 | 2.0012 || 1.3843
0.1172 | 6209 | 9.972e-05 | 5.498e-03 | 2.2438 || 1.6586
0.9375 | 105 | 8.778e-03 | 9.272e-02 - -

D-DDFV 0.4688 | 401 | 1.887e-03 | 3.983e-02 | 2.2179 || 1.2192

0.2344 | 1569 | 4.658e-04 | 1.551e-02 | 2.0181 || 1.3602
0.1172 | 6209 | 9.879e-05 | 5.184e-03 | 2.2374 || 1.5813

a Solution by D-DDFV scheme b Solution by I-DDFV scheme ¢ Exact solution
Fig. 7. Test 2: Exact solution and solution profile with D-DDFV and I-DDFV schemes with coarse mesh T¢.

4.3. Test 3
In the last test, discontinuous case for the exact solution and the tensor diffusion are considered and
their expressions are given respectively as follow:

w(z,y,t) = (cos(mx) sin(7r‘y))t if 2 < 0.5,
0.01(cos(mz) sin(my))t  else,
and

IACES) if 2 <0.5,
A({If, y) - {( 100 0O ) else
0 0.01 )

where T'= 1 and R(u) = u — u?.

The test considered herein is adapted for the problem (P) from [28]. The mesh presented in
Figure 5d is considered allowing the discontinuity in the line of equation x = 0.5, where the nodes
located in this line are moved only in the y-direction. As presented in Figures 8a and 8b two schemes
give similar solution profile compared to exact solution in Figure 8c. In this test, hard anisotropy
with discontinuous tensor diffusion is considered. The obtained results given in Table 7 show the non-
sensitivity of the order of convergence in the discrete L? and H'-norms, where are the second order
convergence in the discrete L?-norm and greater than 1.7 in the discrete H'-norm.
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Solution by D-DDFV Solution by I-DDFV Exact solution

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

a Solution by D-DDFV scheme b Solution by I-DDFV scheme ¢ Exact solution
Fig. 8. Test 3: Exact solution and solution profile with D-DDFV and I-DDFV schemes with coarse mesh R 4.

Table 7. Test 3: Rate of convergence and errors in rectangular meshes R4.

Scheme 5h N[ ERL2 ERHI ORL2 ORHl
1.5300 | 41 1.519e-02 | 2.152e-01 - -
0.7650 | 145 | 3.289e-03 | 5.951e-02 | 2.2077 || 1.8545

I-DDFV 0.3825 | 545 | 8.135e-04 | 1.721e-02 | 2.0156 || 1.7896
0.1913 | 2113 | 2.031e-04 | 5.177e-03 | 2.0020 || 1.7333
1.5300 | 41 1.359e-02 | 1.974e-01 - -

D-DDFV 0.7650 | 145 | 2.924e-03 | 5.738e-02 | 2.2164 || 1.7822

0.3825 | 545 | 7.163e-04 | 1.699e-02 | 2.0293 || 1.7559
0.1913 | 2113 | 1.781e-04 | 5.154e-03 | 2.0080 || 1.7208

5. Conclusions & perspectives

In this paper, different DDFV meshes are presented: primal, dual and diamond meshes. The con-
struction of the dual mesh with direct and indirect methods leads to different DDFV schemes called
D-DDFV and I-DDFV respectively. Using discrete operators: gradient and divergence in the half-
diamond, discretization for the diffusion term with various DDFV schemes are presented, where the
resulting stiffness matrix is positive definite. For time discretization, an implicit Euler discretization
is used, as well as the Newton—Raphson method for solving the resulting nonlinear system. Various
numerical experiments are presented, to show the performance of the developed DDFV scheme for
different distorted meshes, nonlinear, anisotropy and discontinuous effects. The super-convergence in
the discrete L? and H'-norms is demonstrated in presence of anisotropy, distorted meshes and discon-
tinuous tensor diffusion. As perspectives, we will develop a finite volume method for the degenerate
parabolic convection—reaction—diffusion equation and Richard’s equation to achieve super-convergence
in the discrete norms L? and H'. On the other hand, we will project this finite volume method to the
Navier—Stokes problem.
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Cxema DDFV pnsa HenidiiHnx napabonivyHmnx
3apa4 peakuii—andy3ii Ha 3arasibHUX CiTKax

Baszipxa 3., Azpap JL.

Hayxoso-docaionut yewmp STIS, M2CS, xagedpa npuksadnoi mamemamury ma indopmamuru,

ENSAM, Ywisepcumem Moxammeda V, Pabam, Mapoxko

g crarrs upucssdena uesinifiniii amizorponniit napabosiuniii mogem sumy 0;C(u) —
div(AVu) + R(u) = f, ne C, R, f i A — ne Bignosiguo: nsi meminifini byHkii, mKe-
peJio i amizoTpomnuunit TeH3opHUil Koedimient audysii. g guckperusariii mpocTopy po3-
POGJIEHO pi3HI THIM cxeMu AUCKPETHO! moBiitHocTi ckinuenoro o6’emy (DDFV), mo npu-
3BOJUTH 0 JOJATHO BUSHAYEHNX MATPHUIlh KOPCTKOCTI Jiyist udy3iitHOro wieHa. Bukopu-
CTOBYETBHCsI 3arajibHa CiTKa Ta PO3TJISIIAECTHCS KOPCTKUI aHI30TPOIHUIT TEH30D i3 po3pu-
BHUME edekTamu. PO3po0JIeHO HesIBHY 4acoBy cxeMy, a Takok Mmeros Herorona—Padcona
JI7IsT PO3B’sI3yBaHHs OTPUMAaHOl HeMiHiftHo1 cuctemu. Po3pobseHo itepariitauit iHKpeMeHT-
HUH TiaxXis, Mo BpaxoBye edbekTu aHi3oTporii, po3pusiB Ta mesiniitnocti. [IpogykTuBHicTH
nofaHux npsaMux i Henpsamux cxem DDFV s pizuux ciTok Oy/a mpogeMOHCTpOBaHa pis-
HEMH YHCeILHIME TeCTaMI. TaKoXK MPOIEeMOHCTPOBAHO CyNep3biKHICTh y mucKpeTHnx L2
ta, H'-HOpMaX.

KntouoBi cnoBa: neainitini napaborivii 3adayi peaxuii—oudysaii; anizomponnuti men3op;
DDFYV; memod Hvromona—Pagpcona.
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