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1. Introduction

Stochastic processes are fundamental in research of various phenomena: physical, financial and oth-
ers [1-3]. In order to model stochastic processes one uses stochastic differential equations (SDE), that
are also known as Langevin equations [1,2,4-6]. SDE contain stochastic variables that are usually based
on stochastic Wiener process (Brownian motion). System of SDE is compared to Fokker—Plank equa-
tion (FP) that allows to determine the transition probability density of stochastic process variables (the
Cauchy problem for FP equation) and other stochastic characteristics. As it is known, application of
SDE results in stochastic integrals (differentials of functions of stochastic variables) for which a special
rules of stochastic calculus were developed, like Itd, Stratonovich, and some intermediate schemes [4,5].
As a result, each schema of SDE system corresponds to a slightly different Fokker—Plank equation.

The path integral method [7-10] plays an important role in obtaining solutions of FP equations.
Actually, integral over Wieners measure is a path integral for the simplest stochastic equation, that
describes Brownian motion. Path integral methods are well developed for one-dimensional SDE, where
path integrals are built based on solutions to FP equations as well as by variable substitution in
Wieners measure [9-11].

In the case of stochastic processes of multiple variables, there are a lot of inconsistencies in building
solution to FP equation using path integral method. In many papers building a solution to Fokker—
Plank equation for transitional probability density is done by analogy like for the propagator of the
Schrodinger equation in quantum mechanics for imaginary time [7]. In [12] for Fokker—Plank equation
a known solution was used for propagator of Schrodinger equation [13] in the multi-dimensional curved
space. The FP equation was received based on SDE in a generalized schema that contains Itd6 and
Stratonovich exceptional cases. Let us note, that solution [13]| for Schrédinger equation in form of
Feynman integral in multi-dimensional curved space differs from a similar solution [14] by a coefficient
near a term with scalar curviness in Lagrange function. Other generalizations of Feynman integral
known for propagator in curved space [15] differ by a mentioned term with scalar curviness as well as
contain different structure terms.

In of [16] the operator of Fokker—Plank equation is considered as operator of some quantum-
mechanical system with a “classic action” expression received by means of Weyl rule of ordering of
“coordinate” and “momentum” operators. Noted “classic action” was used to build solution to FP
equation in the form of Feynman path integral. A similar approach was used with application of other
ordering rules of “coordinate” and “momentum” operators in [17]. Let us note, that in such approach
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Solution to the Fokker—Plank equation in the path integral method 1047

solution to FP equation is written using various path integrals. The Siggia—Rose—Janssen—deDominicis
(MSRJD) method is also used to determine solution to FP equation in the form of path integral [15].

In our work a solution to multi-dimensional FP equation in the form of path integral was built
based on methods described in [11,18,19]. We consider FP equation corresponding to Itd’s stochastic
calculus that is generally used in problems of financial engineering. Based on received path integral we
found a solution to the two-dimensional Heston model which is used in research of assets and derivatives
pricing in financial engineering. Obtained solutions of Heston model are compared to solutions found
in [20] using different approaches. We also point out differences in results based on path integrals built
in a number of works mentioned above.

2. Construction of path integral for the Fokker—Plank equation

Let us consider a general stochastic model of multiple variables which is given by system of SDE, which
are also known as Langevin equations [1,2,4]:

dXi(r) = Ay(X (7)) dr + Y Bij(X(7))dW;(r), i€ {l,...,n}. (1)
J

Here we introduce notation of stochastic variables X;(7) and variables of Wieners processes W;(7),
ie{l,...,n}, T € [to,t]. Values A;(X (7)), ¢ € {1,...,n} denote components of drift vector which
depend on set of variables X;(7), B;;(X (7)) is matrix of dimension n X n, elements of which set
the volatility of stochastic variables ((i,7) € {1,...,n}). Wiener processes W;(7), i € {1,...,n} are
considered to be uncorrelated and fulfill the following known equations:

dWZ(T) de(T) :5ij dr, (Z,j) S {1,...,n}.
For the SDE system (1) using Itd’s stochastic calculus we receive the following FP equation for tran-
sitional probability density of stochastic process [1,4]

OK (2,1) 1= 9*2(0)K(2,t) = 04A;(2)K(2,1)

infuial Sk Al A — . 2
Here K(z,t), Ai(x), ¥;j(x) depends on set of variables x;, (4,5) € {1,...,n}. Diffusion matrix 3(z)
is defined by matrix B(z):

Sij(x) =Y BaBjl(x), (i,4) €{1,...,n}. (3)
k

In the system of Stratonovich stochastic calculus or for a number of intermediate systems the FP
equation differs by drift quantities A;(x), i € {1,...,n} [4,12,15,16] hence the following series covers
all mentioned use cases.
Let us write FP equation (2) in operator form
0K (x,t
oK)y

where H is the operator of FP equation
I~ 0? “~ 0
=—= — —A;(x). 4
=32 G, 0+ A @
For transitional probability density let us build solution in a form of exponential operator

n
K (w0, t,t0) = e " TT 6(2; — woy). (5)
i
Formula (5) gives a solution to Cauchy problem for FP equation. By generalizing one-dimensional
case [11], let us write operator (4) in the equal form

’H:—%Zk:ﬁg—kU(w). (6)
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1048 Yanishevskyi V. S.

The following operators are denoted:

Pr :;Blk(x)aixl —pr(x), ke{l,...,n}. (7)
Values U(z) and pg(x), k € {1,...,n} we shall determine from equality of operators (4) and (6). After
a number of transformations we receive a system of equations for determining pi(x), k € {1,...,n}:
n 0B 1 — OB;i(x) .
B; J Ai(z) — = B, 1,...
> 5ue) (eto) Z m]> 0-3 L B, el ©

and also expression for U(z )

S nwr Y 2,
k ki !

. 9)
+Z k(2 , ke{l,...,n}

From the system of equations (8) it results that representation (6) is valid if matrix B(x),
(i,k) € {1,...,n} is invertable. Then the system of equations (7) unequivocally is solvable for py,
k € {1,...,n}. For exponential operator (5) taking into account form (6) we shall apply Gaussian
path integral [11,18,19]

e~ (t—to)H /Dq exp(——Z/ G(r dT)Texp< Z/ ’Pde—/t:U(a:)dT>. (10)

The following is denoted:

- dr
—T[Dg(r), D Vo (11)
1;[ i gk (T H g (7

T=to
symbol ‘T’ denotes chronological ordering of operators.
Let us consider differential operator in exponent (10) in details

Z(zak ") o (12

Since terms ~ a— for various i € {1,. n} in (12) do not commute in pairs, it is impossible to
“untangle” them. For this let us mtroduce new set of variables y;, i € {1,...,n} based on the following
system of equations:
xzzgoi(yl,yg,...,yn), ie{lv"'7n}' (13)
Here ¢;(y1,y2,---,Yn), ¢ € {1,...,n} is a set of some linearly independent functions. Actions of
differential operators on arbitrary function ®(x1,x9, ..., x,) of variables x1,xs, ..., x, we shall give as
follows:
ZBZk :El,ajg,...,:nn):aiykfb(gol,gpg,...,gon), kEe{l,...,n}. (14)

Here functlons i, © € {1 ,n} (14) we omit variables for simplicity. Based on (13) and (14) we
receive the following solutlon.

g;}: = Bisly), (i,k) € {l,...,n}, (15)

where in matrix B;x(¢) elements we performed substitution z; = ¢;, ¢ € {1,...,n} according to (13).
Since determinant ||8“0’ || # 0, the variables yi, £ € {1,...,n} are linearly independent and map-
ping (13) is bijective.

As a result we receive the following form of operator action in exponent (10)

Texp< Z/ (T dTa—yk—/to dT>H5 ©i(y) — z01), (16)

where F(z) is a some function of n variables.
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Differential operators easily “untangle” and for (16) we receive
n

exo (= [ Feototr) ar ) TTdutta) - an) (17)

to i=1
Here y(7) denotes a set of variables yi(7), k € {1,...,n}:
t

yk(T):yk—/ qk(Tl)dTl, ke{l,...,n}.
In path integral (10), after transformations (12)—(17), we perform the following variable substitution:
t t
‘Pi<---ayk_/ Qk(Tl)dTh---) :332'_/ vi(ti)dm, i€{l,....n} (18)

Differentiating (18) for 7 we receive:

> Bin((n) ar(r) = vi(r), i€{1,...,n}. (19)
k

Here variables z;(7), i € {1,...,n} are given by right sides of equalities (18).
As a result for transitional probability density (5) we receive the following solution in the form of
path integral

K (2,20, 1, t0) = /DV(T) J exp ( _ %an:/tt vi(r) S5 () () d¢>
X exp <§Z: /t: pe(x(7)) B (2(7)) vi (1) dr — dT> H(S(a:, — 0; — / i(T) dT>. (20)

to

Here values pg(z), k € {1,...,n}, U(x) are defined in formulas (8) and (9). Functional Jacobian J of
variable substitution (18), (19) is given in Appendix A. Element of functional measure Dy (7) is defined
in formula (11).

Let us perform a number of transformation in formula (20). In particular, the term in exponent (20)
and the term from Jacobian (49), taking into account equation for pg(z(7)) (8), we shall transform
like the following

Zpk(a:(T)) B x(T) vi(T) + % Z MB{ZI(%(T)) vi(7)
ik

E?xk
= _ 1 o= 0% (z(7))
- Syl _ _Z RiVAT))
=S o) (A — 5 3 PR
Matrix ¥(z) is defined in formula (3). For U(z) (9) after analogous transformations we receive

‘( B 1 = 0AS(z(T
ZA ())A(”H?;#

" 2B, T\ T
+33 PO S ey TR,

kij

zgk ijk

Here the following is denoted

AS(a(r)) = Ay(a(r)) — % > %ﬂfj@)‘

The last three terms in (22) can also be reduced to the form
OA( O*W, ~ 0B (x(7)) 0Bix(x(7))
2 ZZ: ax Z Z?xl ax] -8 Z 0x; ox;

ijk
Term (21) and the first term in (22) we shall unite with the term ~ v;(7) v;(7) in exponent (20) and
as the result we write the following:

2
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1050 Yanishevskyi V. S.

K(z,x0,t,t0) :/ﬁu(f)exp< tL d7> H5< —mol-—/t: I/Z-(T)d7'>, (23)

L(z(7)) = Lo(z(7)) + Uo(x(7)),
Lo(x(7)) = % > (wilr) = Af () 25 (2(n) (vi(7) = A5(a(r))) dr,
',j
o)) = § 3 P g SR S PO
[ )

Here Up(z(7)) has a missing first term (~ A A;) if compared with formula (22), and also element of
functional measure in (23) is equal to:

H det(B HD”’“ o Dulr H \/Ed”k (24)

This way the path 1ntegral (23) give the solutlon for transitional probability density of FP equa-
tion (2), which corresponds to the system of SDE (1). Path integral (23) is given in the “velocity”
space v;(7) [7,11,18,19|, where the solutions with “coordinates” x;(7), i € {1,...,n} is defined in (18).
One can be convinced that for one-dimensional case of for a system of independent one-dimensional
SDE the path integral (23) coincides with the one given in [11].

Let us make a few comments regarding building of path integral for FP equation based on quantum-
mechanical analogy [7,16,17]. In particular, based on (23) one can obtain description of “quantum-
mechanical system” by transition to imaginary time ¢ — it and by substitution vg(7) — vk(7)/i,

k e€{1,...,n} (i is imaginary unit). Then inside exponent (23) we receive

t t

—/ L(a(r)) dr — 1/ Lo ((r)) dr,

t t

where ’ ’
1 e - pe
Lom(z) = 5 Z (v; — iA§ (:L'))Eijl(ﬂj‘) (vj —iAf(z)) — Uo(x) (25)
.3

is a Langrange function of some “classic system”. Based on (25) we find Hamilton function by ususal
means |7

Hou(z) =Y v % — Lom (),
and “momentum”:

OLom(z)
pi=——7">"", 1€4{l,...,n}.
! 8VZ' { }
As a result we find Hamilton function of the system
HQM sz 2] pj IZ AC pz + UO( ) (26)
Hamilton function (26) compares to FP operator (4)
I, . N
H = §Zpipj Ekj(:n)+12piAi(aj), (27)
] )
where following “momentum” operators are denoted:
R .0 .
pi:—la—wi, ie{l,...,n}. (28)

Application of Feynman integral in phase space [7,16,17| for Hamilton function (26) and transforming
back to real time allows to obtain solution to FP equation which is equivalent to (23).

Approach of works [7,16,17] for building path integral consists in establishing a form of Hamil-
ton function (26) and application of Feynman integral in phase space. Procedure of “quantification”
(replacement of “momentum” with corresponding operators (28)) in combination with the certain rule
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of “ordering” must lead to operator of FP equation (27). However application of such an approach in
this case does not give expected results. It can be seen from application of various ordering rules of
operators [16,17] for function (26) lead to scalar expressions built using matrix elements 3;;(z) and
their derivatives. At the same time Up(z) in (26) contains expressions with elements of matrix B;;(z)
and their derivatives, which are not possible to express in terms of X;;(x). This way operator (27)
cannot be received from (26) using any of the ordering operators of “momentum” and “coordinates”.

3. Heston model

Let us consider Heston model given by the following two SDE

dS(t) = pS(r)dr + S(1)\/ V(1) dW(T
AV (r) = k(0 =V (r dT+U\/V ) AW (

First equation models price dynamics S(7), where volatility contains stochastic value V (7), dynamic
of which is given by the second equation. Equation of price dynamics is a generalization of geometric
Brownian motion and the second equation is known as CIR stochastic process [21]. Wiener process in
equations (29) are considered correlated:
(AW (7)) = (AW, (7)) = 0,  (dW(7)?) = (W, (7)?) = dr,
(dWy(T)dWy(T)) = pdT, —1<p<1.

Heston model is an extension of Black—Scholes option pricing model and takes into account stochastic
volatility. Heston obtained solution for option price in mentioned model [21] by means of selection
of characteristic function and giving form structure of option price. Equation for option price in
Heston model was investigated by various methods [21] like: characteristic functions, transformations
of Laplace and Fourier. Let us note that option price equation C'(¢) is an inverted Kolmogorov equation
for discount average of the payment function

C(t) :e—"“—to)/ / K(S,S0,V,Vy,t,t0)(S — K)dV dS,
K 0

(29)

where r is interest rate, K is strike price [21].

FP equation for transitional probability density of stochastic variable in (29) model where investi-
gated much less. In particular FP equation for Heston model was solved in work [20], where Fourier
and Laplace transforms of S and V' variables respectively where applied.

In equations (1) Wieners processes are given correlated, for that matter let us perform transforma-
tion to uncorrelated Wieners processes Wi (1), Wa(7) in (29):

= /1= p2Wi(T) + pWal(T), Wy(r) = Wa(r), (Wi(r)Wa(r)) =0.

System of equatlon of Heston model (29) we leave in the form
as(rt)\ _ wS(T) S(T)V1—=p% S(1)p\ (dWi(T)
<dV(T)> < 0V VT 0 o J\amn) B0
Based on (30) we write drift vector and diffusion matrix of the model:

Alr) = <,{(;‘ s (VT()T))> . B() = V(D) <S<T>V01 —e S f’) . (31)

3.1. Case of uncorrelated Wieners processes p = 0
Let us consider the case of uncorrelated Wieners processes and set p = 0 in (31). Substituting val-
ues (31) in general formula (23) we receive:

L(r) = Lo() + Up(V), (32)
2 20— V()2
Lolr) = & (m(r) - ‘;‘?ﬁ;g;(f)mvm) i1 (va(r) + z 2v<(:; V) (33)
K o? 3V(r)
V) ==5+5 " mvm s
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Element of functional measure (24) is the following;:
t

Du(r) = < 11 e ) prk . Duy(r H Wduk ke{1,2}.  (34)

T=to T=to
Dependency on S(7) is only in the first term Lo(7) (33), so let us split expression Lo(7) intot two parts
Lo(T) = Los(7) + Loy (1),

where
1 (i) = uS())® wa(r)
Los(r) = 5 SEEV(T) S (35)
vo(7)2 K —« — a)2q2 )2
Loy () = %Jf‘(/()T) + <; - ;V—(T)> vo(T) + é% + %V(T) —p+ %(1 —a)r+ o5 (30)

Here denoted o« = %‘Lf.

Path integrals we calculate successively, first over variable S(7). In particular, for the second term

n (35) we receive .
o (- [55) o [[3510)-%

Taking into account the form of the first term in (35) we perform variable substitution in path integral
v1(T) — q1(7) using formula

Vl(T) - MS(T) _ (7_) (37)
STV ()
Let us consider the first order differential equation (37) relative to function S(7) (S(7) = vy (7))

with initial condition S(t) = S, where functions V(7),q1(7) are considered unknown. Solution of
equation (37) is the following

S(T):exp< (t—7) / dn)S

For corresponding d-function in formula (23) we recelve
5<exp < —pu(t—to)— | VV(r)q(r dT) S — So> (38)

By calculating Jacobian of variable substitution (37) using approach given in Appendix A we receive

( H S(r )@ (39)

T=tg

51/1

In order to calculate path integral for ¢ (7'), T € [to,t] we use Fourier transform for d-function (38),
which is given in Appendix B. As a result for path integral of variable ¢1(7), T € [to, t] we receive the
following

3 . |
Is(V) = (%) /pql(T) o3 i ql(r)sz%/ Sioe—ikln(So/S)e—lk(u(t—t0)+f:0 a4

_ S0 L[ ik(n(So/S) tult—to)) .~ S V(r)dr
=\ B /_ooe e 0 dk

Multiplier from Jacobian (39) is partially reduces with an analogous in (34). So transitional probability
density is determined using following path integral
~ t t
K (8,50, V, Vot to) = / Dus(7) e‘fto(LW(”*U‘)(V”dTIs(V)6<V— Vo — / va(T) d¢>-
to
Here element of functional measure is given by the following expression

Duy(1) = 1__[ 1/#7‘-/(7_)d1/2(7').
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For the second term in Loy (1) (36) we receive (V (1) = (7))

oo (- (5 ) oo (- ) ()

In the next step, using structure of the first term (36) we shall perform the following variable substi-
tution

—= ”2_‘(;()7) = ga(r). (40)

We shall solve differential equation for V(7) with initial condition V' (t) = V:

Vi) _ Z(1), 22(T) =22 — /t q2(71) d71,

o/ V(1)

receiving

V(r) = 30222(7)2.

Jacobian of variable substitution (40) we calculate using approach given in Appendix A. Thus we

receive the following:
3= ()i

T=to

ovs
5Q2

=5

Taking into account mentioned transformations for transitional probability density we receive

1(2a-3) o0
(V-Vp)k .
K(S,50,V, Vo, . to) = %e%ww@(t—tou /gg e (%) ' % gt k(In(So/8)Fultio))

% /qu(T) e—%ffo 22(T)2d7—6—5w2 ffo zg(T)ZdT—%(Az_%)ft% 22(7)2[175(22(%) _ 220) k. (41)

Here the following was denoted:

\/4/<;2 + (4k2 +1)02, A=a—1,

2223W7 220:;\/%-

The path integral in (41) is also known as integral for radial oscillator [17] and it’s value is given in Ap-
pendix C. By substituting value of integral (50) into formula (41) and after a number of transformations
we receive the following

1
2 / _(V=V)w z(a=1) 1 SO
K(Sa SO? ‘/7 ‘/07 t7 tO) ;e%(“—l—aﬁ)(t_to) gg O'EO <¥0> % / elk(ln(S/So)—u(t—to))

X exp <_ V—I—‘/(])wco;ch(w(t—to))) w I,\< .4\/VV0w > ik, (12)

o sinh (w(t — tg)) o2 sinh(w(t — tp))

This way formula (42) gives solution for transitional probability density in Heston model. As we know,

there was no such solution given in the literature before. As we already noted the FP equation for

Heston model is solved in work of [20], where there was the Laplace transform over variable V' used.

However there was no inverse Laplace transform given for the solution. For that matter let us consider
transitional probability density for stochastic variable S for YV € [0, o0]

K(Svs(]v‘/o)tvt()) :/ K(S7507‘/7‘/07t7t0) dv (43)
0

and compare it to the respective expression from work [20]. After integrating (42) over variable V' we
receive

(S SO7%7t to) - 62(“'—"_0“{ t to ’l SO 2 / ln S/SO /J(t—to))
T

(1 + 4]{:2 V'O /-isinh(w(t . tO)) —a
exp ( A(k + 2w coth(w(t — to)))> (COSh( (t—to)) + % ) dk. (44)
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Also in (44) we shall perform variable substitution x = In S% and make a drift of variable & in complex
plane k — k — 5. This transformation is reasonable since the integral function (44) is analytic in the
region —3+/1+ (26/0)2 < ks < 31/1+ (2k/0)? of complex plane (k = k. +1ik;). As a result we shall
write the following

K(z,Vo,t,t0) = e%an(t—to)i/oo ol k@—p(t—to))
) s Uy o .
Vok(k — i) ) ksinh(@(t — )\
B h(w(t - k, (4
exp ( K + 2@ coth(w(t — to))> (COS (@(t —t0)) + 50 dk, (45)

where the following is denoted

0= %\//{2 + k(k —1)o2.

Expression (45) for transitional probability density matches with the one given in [20]. Using for-
mula (45) it can be seen that transitional probability density normalized f_oooo K(x,Vy,t,tog) dx = 1.

By a similar approach one can obtain transitional probability density for stochastic variable V' by
integrating over S in (42)

_ K l a_l
K(V,Vo,t,to):e%an<t—to>e—(v_0%r><v>2< )

Vo
y exp(— (V+Vo)mcoth(%/<(t—t0))> K 7 ( 2VV Vo K ) (46)
o? o?sinh 1k (t — to) o2 sinh sh(t —to)/

The received expression (46) is a known solution to the Cox-Ingersoll-Ross model [21] (the second
equation of (29)) for the transitional probability density.

Let us consider some peculiarities that arise as a result of application of path integrals to solution of
FP equation in a number of works we mentioned earlier. In particular in [16] the FP equation received
based on a system of SDE in Stratonovich scheme was considered. As it is known from [12,15,16] in
order to transition to Stratonovich scheme in (23) one should perform variable substitution

1< OB,

With all that being said let us find out a difference between Lagrange functions in [16] (Lag) for
Heston model and the expression found based on (32) L(7)

. . 2
S(ry V(r) V(O)+0s—-% &
L(t)— Lar = — -
M -lar=555 -5 T 4
In work [12] for a multi-dimensional FP equation the path integral was used for propagator of
Schrodinger equation in a curved space of imaginary time. Comparing L(7) with Lagrange function

(Lgrc) [12] for Heston model we find that

o

L(1) — Lrc = e

One can show that “scalar curvature” [12| for Heston model is equal to R = % It follows that the
other options of path integral where the Lagrange functions differs by a multiplier near the term with
a scalar curvature [14,15] lead to a different results than those from this work. In [15] a path integrals
with Lagrange functions are given, which apart from other multiplier near the scalar curvature term
contain other terms of a fairly complicated structure. However we do not give comparison them in
this case. Regarding the MSRJD method for building the propagator of Schrédinger equation an it’s
application to the FP equation solutions, the respective formulas in [15] contain double path integrals
(over conjugated variables) and so it is impossible to perform comparison of Lagrange function.

3.2. Correlated Wieners processes p # 0

In the case of correlated Wieners processes the algorithm of obtaining a solutions follows the one
described above, hence we give the summary result. Transitional probability density is equal to (for
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variable z = In S—S;))

1
2 (VN e | V-1
1 (e —p(t—t0)) , Sary(t—to) ~ 2
K(z,V,t) = <V0> o e ez e
% oxp < 2V + Vo)wco;h(w(t — to))> . w Ia—l( ‘4 VoVw >dl<:. (47)
o sinh (w(t — to)) o2 sinh (w(t — o))

Following is denoted:

1
vy=k+ikpo, w= 5\/72+k(/<:—i)02.

Integrating over variable V' in (47) we receive transitional probability density for stochastic variable x

1 ™ i etomn(tmton) Lot k(k — )V
K(x.t) = — ik(z—p(t—to)) ,3av(t—t0) _
(2,) 27r/ ° ¢ P v + 2w coth(w(t — tg))

X (cosh(w(t —to)) + Ysinh((t — to)) > _adk‘. (48)

2w

From formula (48) it also follows, that K (x,t) is normalized and formula (48) transforms into (45)
for p = 0. The expression for transitional probability density (48) matches with an analogous for-
mula given in [20]. From formula (45), (48) it can be seen that they define a ground expression for
characteristic function of Heston model of variable x = In S%, since integral over k is fairly complicated.

4. Conclusions

The path integral method was applied to solution of FP equation of multiple variables that corresponds
to a system of SDE. Solution for transitional probability density of stochastic variables written in the
form of path integral is given. The solutions for transitional probability density in Heston model was
found in [20] based on FP equation using integral transforms of Laplace and Fourier over corresponding
variables. As a result it is shown that the solutions obtained using path integrals matches the one given
in [20] work.

Based on an example of Heston model it is also shown that path integrals obtained in a number
of works for FP equation based on quantum-mechanical analogy [12-15] lead to different results. We
illustrated that application of a known quantum-mechanical approach for FP equation does not allow
to receive the path integral given in the current work.

The path integral for transitional probability density is convenient for analyzing models of multiple
variables that contain two or more SDE [22,23]. Those and others problems will be a subject of study
of a separate work.

Appendix A
Specified Jacobian of variable substitution (18), (19) is equal to functional determinant of derivative
matrix
7 |[d=@ ||
5Vi (T’)

As a result we receive .
_ ", OBy (x(1))
J = HBkil(:E(T))(S(T -7 _27]83: o(t" — 1) vi(7)]|.
j (A
After a number of transformations we receive

Tl owstr— v o ry S=2BaCD oy
= (I agategy ) ot =06 =02 By () ()|

- Oy, It
As a result, we receive the following for Jacobian [11,18|

(H det(B >eXp< Z/ 8Bkéwk By (a(7)) wi(T) dr). (49)

kij
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Appendix B

Let us consider the Fourier integral
1 [ ~
0(Se” = So) = o /_OO f(k)et*dk.
From where we receive f(k)

f(k) = / 5(Se — Sp) e ki = Sie—ikln(SO/S)'

oo 0

As a result

1 .
5(Se” — Sp) = 5750 / e k(@=In(So/9)) g,

Appendix C

The path integral in formula (41) is known from the problem of radial oscillator and has analytical
solution [7,17]. Transforming to the “velocity” variables we receive
todr
/t Z(T)2> (Z( 0) ZO)

/'Dq(T) exp < - % /t: 2(7)%) exp < - %w2 /t: 2(r)2dr — % (v - i) O

_ %exp < _ %(zz + 22)w coth(w(t — to))> \/g — (wz‘; — b <Sinh(i Z(Ot“_ to))) (50)
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Posg’si30k pieHaHHA Pokkepa—Tlnanka
B MeToAi (PpyHKLIIOHANbHOIO iIHTErpyBaHHs

Suimescekuii B. C.

Hauionarvrut ynisepcumem “/Ivsiscora nosimexnira”,
eyn. C. Bandepu, 12, 79013, Jlveis, Yrpaina

PosrisinyTo piBasinas @okkepa—Ilianka 6araTbox 3MiHHUX, 10 Biamnosinae cucremi CIIP.
Posp’s30K 17151 rycTHHE YMOBHOI fiIMOBipHOCTI 3amucanuit y BUIVIAA DYHKITIOHAJILHOTO iH-
terpaJty. Ilokazano, mo myis mozeni 'ectora 3amnpornonoBanuit GyHKITIOHAILHIHN IHTErpaJ
[IPUBOUTH JJIs BIIOMOrO pe3yJIbTaTy OTPUMAHOTO iHIMM ILISXOM. BKa3aHO TakoXK Ha
BiMiHHOCTI pe3y/IbTaTiB HA OCHOBI (DYHKITIOHAJBHUX 1HTErPAJIiB HABEIEHUX y Psiii POOIT.

Kntouosi cnosa: cmozacmuuhi dudepenyianvii piehanna; pienanns Qoxxepa—Ilianka;
YMOBHA UMOBIPHICTNDG, GYHKUIOHAALHUT THMeepan; modeav Tecmona.
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